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Two-  and  Three-Level  Superfluoresence  Calculations 
and  an  algorithm  for  Optical  Bistability 

F.P.  Mattar 

Abstract 

I .  Methodology 

Computational  methodologies  were  developed  to  treat  rigorously  (i) 
transverse  boundary  in  an  inverted  (amplifying)  media;  (ii)  to  treat  quantum 
fluctuations  in  an  initial  boundary  conditions  in  the  light-matter  interactions 
problem;  (iii)  construct  a  two-laser  three-level  code  to  study  light  control 
by  light  effect;  (iv)  construction  of  a  data  base  that  (a)  would  manage  the 
production  of  different  types  of  laser  calculations:  cylindrical,  cylindrical 
with  atomic  frequency  broadening,  cartesian  geometry;  all  of  the  above  with 
quantum  mechanical  initiation),  (b)  allow  parametric  comparison  within  the 
same  type  of  calculations,  by  establishing  a  unifying  protocol  of  software 
storage,  of  the  various  refinements  of  the  model  could  be  contrasted  among 
themselves  and  with  experiment;  (v)  construct  an  algorithm  for  counterbeam 
transient  studies  for  optical  bistability  and  optical  oscillator  studies. 


A.  Transverse  effects  were  shown  to  be  inherent  to  the  problem  of 
superfluorescence.  By  refining  the  propagational  model  advocated  by  Feld, 
we  were  able  to  simulate  correctly  Gibbs,  et  al's  Cs  data  for  the  first  time. 
The  mean  field  approach  was  shown  not  to  directly  relevant  to  the  Cs  data. 
The  interplay  of  quantum  fluctuations  and  transverse  dynamic  effects  lead  to 
Fresnel  variation  of  the  time  delay  statistic  in  conformity  with  experiments. 


B.  The  previously  studied  as  totally  independent  effects  super¬ 
radiance  and  swept-gain  superradiance  were  shown  to  be  strongly  related  to 
and  to  evolve  assymptotically  from  the  first  one  to  the  second  one.  Output 
energy  stabilization  was  obtained  by  balancing  the  gain  (from  the  inverted 
medium)  with  the  dynamic  diffraction  loss  (from  the  finiteness  of  the  beam). 

C.  The  Study  of  three-level  systems  exhibited  that  injected  coherent- 
pump  initial  characteristic  (such  as  on-axis  area,  temporal  and  radial  width 
and  shape)  injected  at  one  frequency  can  have  significant  deterministic  ef¬ 
fects  on  the  evolution  of  the  superfluorescence  at  another  frequency  and  its 
pulse  delay  time,  peak  intensity,  temporal  width  and  shape.  The  importance 
of  Resonant  Coherent  Roman  processes  was  clearly  demonstrated  in  an 

example  where  the  evolving  superfluorescence  pulse  temporal  width  x  is 

s 

much  less  than  the  reshaped  coherent  pump  width  tp  eventhough  the  two 
pulses  temporarily  overlap  (i.e.,  the  superfluorescence  process  gets  started 
late  and  terminates  early  with  respect  to  the  pump  time  duration).  The 
results  of  the  three-level  calculations  are  in  quantitative  agreement  with 
observations  in  C02  pumped  CH3F. 


Collaborations : 


(i)  Physics 

(a)  two  levels  superfluorescence 

-  Prof.  Hyatt  M.  Gibbs  (previously  at  Bell  Lab,  now  at  the  Optical 
Science  Center  at  the  University  of  Arizona) 

-  Dr.  Samuel  L.  McCall  (Bell  Lab) 

-  Prof.  Michael  S.  Feld  (M.I.T.) 

-  Edward  A.  Watson  (MSc.  student  under  Prof.  H.  Gibbs  who  helped 
implementing  the  fluctuations  in  the  cylindrical  program  exported  to 
Arizona) 

(b)  two-level  swept-gain  superradiance  and  three-level  pump  dynamics 

-  Dr.  Charles  M.  Bowden  (MICOM) 

(ii)  Numerics 

-  Prof.  Gino  Moretti  (Polytechnic  Institute  of  New  York)  for  the 
Counter  beam  propagation. 

(iii)  structure  software  and  system  programming 

-  Richard  E.  Francoeur  (Mobil  International  Division) 

-  Pierre  Cadieux  (system  routine  for  data  bases) 

-  Michel  Cormier  (user  interface  for  data  base) 

-  Yve  Claude  (pagination  of  the  program  to  simulate  on  CDC  the 
virtual  memory  facility  existing  on  IBM) 
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TRANSVERSE  EFFECTS  IN  BURNHAM -CHI AO  RINGING  AND  SUPERFLUORESCENCE 

F.P.  Mattar* 

Polytechnic  Institute  of  New  York 
Brooklyn,  New  York  11201 

H.M.  Gibbs 
Bell  Labs 

Murray  Hill,  NJ  07974 
and 

Optical  Sciences  Centert 
University  of  Arizona 
Tucson,  AZ  85721 

ABSTRACT 

Dynamic  diffraction  coupling  is  examined  in  superfluorescence  experiments  using  semi-classical  model  with 
initial  tipping  angle.  Effects  of  Fresnel  number  and  of  the  radial  dependence  of  initial  polarization  and 
atom  density  on  ringing,  delay,  and  intensity  are  reported. 


Semi- classical  Treatment  of  Superfluorescence  and  Propagation  Effects 

Analytic  solutions*  of  superfluorescence  pulse  shapes  have  been  obtained  only  by  neglecting  propagation 
effects.  Such  solutions  are  somewhat  academic  in  that  all  experiments  so  far  use  extended  samples  for  which 
propagation  effects  play  a  major  role.  Furthermore,  a  sample  of  volume  less  than  X3  would  experience  dipole- 
dipole  dephasing  which  would  destroy  SF  or  at  least  greatly  modify  it  from  the  analytic  descriptions. 

Propagation  effects  can  be  taken  into  account  fully  in  pulse  propagation  problems  by  numerically  inte¬ 
grating  coupled  Maxwell-Bloch  equations.  Such  seiri-classical  calculations  have  been  carried  out3  and  found 
in  good  agreement  with  self-induced  transparency  experiments5''’4  many  years  ago. 

An  identical  semi-classical  approach  was  taken  in  the  first  simulation  of  SF.3  SF  begins  by  spontaneous 
emission  which  requires  a  quantized  field  description.  In  a  semi-classical  model  a  purely  inverted  medium 
does  not  radiate  in  the  absence  of  an  external  electromagnetic  field.  Consequently,  in  order  to  apply  the 
semi-classical  formalism  to  SF,  the  quantum  initiation  process  was  swept  into  a  single  initial  polarization 
tipping  angle  90  or  into  a  randomly  fluctuating  initial  polarization.5  More  recent  work  has  studied  the 
quantum  fluctuations  both  theoretically6  and  experimentally.7 


The  need  to  include  propagation  effects  in  SF  simulations  was  first  shown  by  Skribanowitz,  Herman, 
MacGillivray,  and  Feld.5  Their  SF  data  in  HF  often  contained  pulses  with  substantial  ringing  in  sharp  contrast 
with  the  sech7  symmetrical  single-pulse  output  predicted  by  the  propagationless  analytic  solutions. 

Skribanowitz  et  al.  were  influenced  strongly  by  the  work  of  Burnham  and  Chiao(3e)  who  predicted  ringing  when 
small  area  pulses  propagate  through  absorbers.  In  fact  the  Burnhara-Chiao  or  McCall simulations  for  w-60 
area  pulse  propagation  in  absorbers  or  for  90  area  pulses  in  inverted  media  are  identical  to  all  of  the  early 
SF  simulations.  Namely,  the  calculations  were  uniforra-plane-wave  one-way  treatments.  No  transverse  variables 
were  included.  I.e. ,  the  following  equations  were  numerically  integrated: 


u  « 
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where  u,v,w  are  the  Bloch  components  of  the  pseudo  polarization  vector,  E  is  the  slowly  varying  envelope  of 
the  electromagnetic  field,  n  is  the  density  of  atoms  with  electric  dipole  transition  moment  p,  <  «  2p/'h,  and 
T'  and  T  are  the  coherence  and  energy  relaxation  times,  respectively. 


•Work  jointly  supported  by  the  Research  Corporation,  the  International  Division  of  Mobil,  the  University  of 
Montreal,  and  the  U.S.  Army  Research  Office  (Durham). 
tPresent  address. 
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Such  simulations,  which  are  just  solutions  of  the  sine-Gordon  equation  when  relaxation  is  negligible, 
predict  very  strong  ringing  where  each  ring  can  be  50%  as  intense  as  the  preceeding  ring.  Ringing  that 
pronounced  has  never  been  observed.  MacGillivrav  et  al.6  introduced  a  linear  loss  term  -KE  to  the  right 
side  of  Eq.  (4)  to  account  for  linear  diffraction  losses.  A  value  KL  =  2.5  reduced  the  ringing  to  that 
observed,  but  the  corresponding  Fresnel  number  is  0.08  compared  with  their  experimental  value  of  order  unity. 
At  any  rate  their  simulations  showed  clearly  that  the  polarization  and  electric  field  vary  appreciably  along 
the  sample,  i.e.,  propagation  effects  are  very  important  and  a  mean-field  approximation  is  unjustified. 


Initiation  by  Quantum  Fluctuations 
8a. 

The  Cs  experiment  provided  much  more  quantitative  data  on  pulse  shapes  and  densities  for  SF  under  near¬ 
ideal  conditions.  Attempts  to  simulate  those  data  by  uniform-plane-wave  simulations  were  made  by  Gibbs  5 
Vrehen^b  and  by  Saunders,  Bui lough,  and  collaborators. 9  They  found  much  more  pronounced  ringing  and  longer 
(as  much  as  twice)  delays  than  observed.  Relaxation,  inhomogeneous  dephasing,  and  diffraction  were  too  weak 
in  the  Cs  case  to  account  for  these  discrepancies.  At  that  time  the  proper  value  of  90  was  under  discussion. 
It  was  found  that  large  90's  of  order  l//iiN  did  improve  the  fits  substantially  but  not  completely.  (The 
shape  factor*”  u  is  typically  10"6.)  It  is  now  generally  accepted  from  theoretical  calculations  and  a  small 
area  injection  experiment***  that  9  -  2//N.  That  formula  yields  90  :  10"4  for  the  Cs  experiment,  resulting 

in  far  too  much  ringing  and  too  long  delays.  But  determining  the  appropriate  90  was  very  significant;  by 
fixing  that  parameter,  the  need  for  other  explanations  of  the  Tinging  and  delay-time  discrepancies  was 
underscored.  And  the  likelihood  that  two-way  effects  were  very  important  was  greatly  reduced  because  compli¬ 
cated.  two-way  computations  by  Saunders,  Bullough,  Hassan,  and  Feuillade9  as  well  as  MacGillivray  and 
Feldl*  revealed  insignificant  reduction  of  ringing  by  two-way  competition  for  90  =  10-4.  Only  for  very  large 
0O,  of  order  0.1,  were  two-way  effects  found  to  appreciably  reduce  ringing. 

Those  quantized- field  studies  of  0O  led  naturally  to  another  significant  numerical  calculation,  namely 
a  study  of  fluctuations  in  the  output  pulse  shape  as  a  result  of  the  quantum  nature  of  SF  initiation.  A 
distribution  of  initial  90’s  consistent  with  the  quantized-field  results  was  used  to  initiate  the  usual 
coupled  Maxwell-Bloch  simulations.  The  resulting  distribution*2  of  delay  times  is  in  good  agreement  with 
those  observed  by  Vrehen7  and  with  an  analytic  expression  for  the  variance.63 

These  fluctuation  results  also  reduced  the  discrepancy  between  experimental  and  simulation  densities 
for  the  same  delay.  It  became  clear  that  the  data  presented  in  Ref.  8 .which  simulations  were  trying  to 
reproduce,  were  selected  for  approximately  minimum  delay  at  a  given  density.  It  was  estimated  that  the 
average  delay  was  about  30%  longer  than  the  pulses  presented  in  Ref.  8.*°  The  density  in  the  simulation 
would  then  need  to  be  1.3  times  higher,  so  that  a  2X  discrepancy  is  reduced  to  less  than  the  +60%  quoted 
uncertainty  in  the  density. 

Transverse  Effects 


At  this  stage  of  the  numerical  simulations  the  primary  discrepancy  between  the  Cs  data  and  the  one-way 
uniform-plane-wave  computations  with  90  =  2//n  lay  in  pulse  shapes.  MacGillivray  and  Feld  noted  quite  some 
time  ago,  that  a  Gaussian  inversion  profile  results  in  a  distribution  of  delay  times  and  that  a  Gaussian 
average  of  plane-wave  solutions  predicts  a  highly  asymmetric  output  pulse.  The  ringing  is  largely  removed, 
but  the  averaging  of  the  large  ringing  results  in  a  composite  output  with  a  tail  much  longer  than  observed. 

Encouraged  by  the  importance  of  dynamic  transverse  effects  in  self-induced  transparency  numerical 
simulations*4  and  actual  experiments,*4  we  have  allowed  one  transverse  degree  of  freedom  in  SF  simulations. 
One  must  add  to  the  righthand  side  of  Eq.  (4) , 


i 


E 


(5) 


where  72  =  (p  =  r/r  ,  r  is  the  radius  of  the  initial  inversion  density  at  half  maximum,  l  is 

t  p  So  V  3P  /  P  P 

2 

the  sample  length,  and  F  =  xr  /XL  is  the  Fresnel  number.  E  is,  of  course,  complex  so  that  phase  variations 

lc 

introduced  by  diffraction  can  be  included  consistently.  Thus,  neither  the  mean-field  approximation  no  the 

substitution6  of  a  loss  term  for  diffraction  coupling  is  used.  Instead,  self-consistent  numerical  methods*6 
are  adopted  which  take  into  account  fully  both  propagation  and  transverse  (both  spatial  profile  and  Laplacian 
coupling)  effects.  Thus  our  model  possesses  a  degree  of  realism  long  hoped  for.*6 


These  transverse  simulations  are  in  much  better  agreement  with  the  Cs  data  as  shown  in  Fig.  1 . 17  Each 
simulation  density  n  was  adjusted  to  roughly  reproduce  the  observed  delay  using  90  =  2/1  nr2L.  The  *nver* 

°  2  2  Vo  p  ' 

sion  density  radial  dependence  was  nQ(r)  =  n0  exp[-(ln2)r  /r  ].  These  transverse  simulations  fit  the  data 


much  better  than  the  Gaussian  average  of  plane-wave  solutions  for  at  least  two  reasons.  First,  the  diffrac¬ 
tion  coupling  between  the  minimum-delay  center  portion  of  the  excited  cylinder  and  the  outer  cylindrical 
"shells"  causes  the  delay  times  of  the  latter  to  be  reduced.  This  allows  more  of  the  cylinder  to  emit  at  the 
same  time;  the  overall  delay  is  lengthened  slightly,  but  the  asymmetry  is  also  reduced.  See  Fig.  2.  Second, 
relaxation  included  in  Fig.  1  was  found  to  reduce  the  asymmetry  more  than  was  anticipated  from  their  rather 
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Figure  2.  Total  energy  coherently  emitted  per  unit  atom  in  arbitrary  units,  as  a  function  of  time  with 

Fresnel  number  as  the  labelling  parameter.  80  =  10'*  for  all  radii,  t  =  8itT0/3n°  =  0.046  ns, 

and  L  *  5.2?  cm.  (a)  Uniformly  inverted  cylinder:  inversion  constant  out  to  o0  and  zero  beyond 
with  F  *  ito'AL.  The  output  is  accepted  only  out  to  o0.  (b)  Gaussian  inversion  cylinder  with 

F  and  n0(r)  defined  as  in  Fig.  1. 
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long  times  of  T.  =  70ns  and  T,'  =  80ns.  Although  there  is  still  more  of  a  tail  in  the  simulations  than 
the  data,  the  agreement  is  rather  good  and  far  better  than  the  uniform-plane-wave  attempts. 

The  ratio  of  the  simulation  density  to  the  experimental  density  ranges  from  1.63  to  2.85  in  Fig.  1.  It 
was  mentioned  before  that  the  average  delays  for  the  experimental  densities  were  about  1.3  times  longer  than 
the  selected  pulses.  One  would  then  expect  to  use  1.3  times  higher  simulation  densities  in  that  case, 
reducing  the  ratio  to  1.25  to  2.2.  The  quantum  calculations^  actually  yield  60  =  {2/^H  )  (£n (2tt.NI)  1/®)  l/2 , 
not  just  2/i/N,  which  is  a  9 %  correction,  reducing  the  ratio  to  1.14  to  2.0.  Since  the  assigned  experimental 
uncertainties  are  -^60%,  -40%  the  agreement  is  fairly  good.  If  one  chooses  30  =  6/^ft,  which  agreed  better  with 
the  small  injection  experiment,  the  ratio  ranges  from  1.01  to  1.78,  in  still  better  agreement. 

Burnham-Chiao  Ringing 

Fig.  3  illustrates  that  this  model  of  SF  predicts  appreciable  ringing  if  one  observes  the  output  with 
a  detector  much  smaller  than  the  output  diameter.  This  suggests  that  the  single-pulse  symmetric  Cs  5F 
pulses  have  substructure  in  space  and  time  which  retains  the  strong  ringing  predicted  by  the  uniform-plane- 
wave  approach.  The  extended  cylinder  of  unit  Fresnel  number  F  does  not  emit  its  energy  in  one  single  cooper¬ 
ative  superfluorescence  burst  after  all.  In  fact,  simulations  reveal  that  ringing  is  reduced  by  decreasing 
F.  This  allows  emission  from  the  cylinder's  axis  to  diffract  to  the  outer  cylindrical  shells  in  a  shorter 
distance.  Consequently,  F  somewhat  less  than  one  may  be  better  than  F  equal  to  one  for  single  pulse  emission, 
contrary  to  the  usual  arguments. 


Figure  3.  Energy  as  a  function  of  (a)  transverse  coordinate  o  -  r/rp  and  time  and  (b)  only  time  after 

integration  over  p,  Notice  that  strong  ringing  is  predicted  for  a  small -aperture  detector  in 
the  center  of  the  beam  although  very  little  ringing  is  in  evidence  after  radial  averaging. 
e0  »  2.38  X  10*4  exp(-p2/2),  iR  =  4.9  ns,  F  =  1,  L  =  22.4  cm,  and  transverse  Gaussian  inversion 
profile.  As  F  is  decreased,  ringing  is  washed  out  into  smaller  and  smaller  p. 


780 


Future  Work 


l 


4 


1 


It  must  be  emphasized  that  this  transverse  simulation  of  SF  contains  approximations;  strictly  speaking 
it  is  a  solution  of  the  propagation  of  a  small-area  uniform-plane-wave  coherent  pulse  through  an  inverted 
medium  with  a  Gaussian  transverse  inversion  profile.  Experiments  could  be  performed  under  such  conditions 
and  our  semi-classical  description  should  be  complete.  The  transverse  SF  simulation  should  be  extended  to 
explore  more  thoroughly  the  quantum  and  three-dimensional  aspects  of  SF.  Quantum  fluctuations  in  the  initia¬ 
tion  should  be  included  in  the  transverse  calculation  to  examine  the  fluctuations  in  output  shape  and  delay. 
The  initiation  should  not  be  inserted  as  a  homogeneous  tipping  of  all  the  individual  polarization  vectors 
phased  to  emit  a  plane  wave  in  the  forward  direction.  Ideally  the  initiation  and  calculation  should  allow 
three  spatial  degrees  of  freedom  so  that  transverse  modes  can  compete.  The  strong  ringing  on  axis,  as 
predicted  above,  may  not  persist  with  three-dimensional  fluctuations.  Two  transverse  effects  previously 
observed  in  Cs  might  emerge.  It  was  found  at  high  densities,  approximately  for  sample  lengths  longer  than 
the  Arecchi-Courtens18  coherence  length,  that  SF  from  a  Fresnel-one  sample  fluctuates  and  shows  little  or  no 
correlation  between  the  pulse  shapes  at  two  different  transverse  positions.^  And  large  Fresnel -number  SF 
is  emitted  over  the  full  geometrical  angle  with  only  small  fluctuations.^ 
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Abstract 

We  discuss  coherent  propagation  effects  in  vapors  of  polyatomic  molecules  under  conditions  of  multiple 
photon  excitation,  including  the  generation  of  new  frequencies  and  the  development  of  transverse  effects 
such  as  self-focusing  and  self-defocusing.  We  give  a  discussion  of  the  adiabatic-foliowing  Approximation 
for  multilevel  systeas,  and  discuss  the  generation  of  new  frequencies  in  this  limit  as  well  as  in  the  limit 
of  an  instantaneously-switched-on  pulse. 

Introduction 


The  multiple-photon  excitation  of  polyatomic  molecules  has  attracted  much  attention  since  the  demounts 
tion  of  isopotic  selectivity  in  the  multiple-photon  dissociation  of  BC£.  {1]  and  SF,,  (2)  particularly 
after  these  processes  were  shown  to  occur  in  the  absence  of  collisions  |3).  In  the  ensuing  debate  14]  as 
to  the  origins  of  the  multiple-photon  excitation  and  dissociation  of  polyatomic  molecules,  little  has  been 
said  about  the  possible  influence  of  coherent  propagation  effects  and  other  collective  processes  upon  the 
interpretation  of  the  experimental  measurements  of  energy  absorption  that  have  been  carried  out  to  date. 

It  has  recently  been  suggested  (5 J  that  the  generation  of  near-resonant  sidebands  as  the  result  of  propagal 
in  a  multilevel  molecular  gaseous  medium  may  be  responsible  for  a  number  of  eflects  that  have  previously 
been  ascribed  to  a  hypothesized  rapid  intramolecular  relaxation  of  energy,  such  as  the  observed  pumping  of 
nearly  all  rotational  states  by  laser  pulses  oi  modest  intensity  [6].  Also,  the  recent  discovery  of  stron| 
self-focusing  in  SFfi  under  conditions  of  collisionless  multiple-photon  excitation  calls  into  question  most 
of  the  measurementsof  energy  deposition  that  have  been  reported  in  the  literature  to  date  [7].  Under 
these  circumstances  we  have  chosen  to  review  the  current  status  of  propagation  calculations  in  multilevel 
systems,  both  from  the  point  of  view  of  generation  of  new  frequencies  and  from  the  point  of  view  of  trans¬ 
verse  effects  such- as  self-focusing  and  self-defocusing.  Following  a  brief  introduction  to  the  current 
understanding  of  the  energy  levels  of  polyatomic  molecules  such  as  SF,,  we  summarize  the  derivation  of  the 
Scbrodinger  equation  for  multilevel  systems  and  the  propagation  equation  for  the  optical  electric  field 
under  the  slowly-varying-amplitude-and-phase  approximation  (SVAPA) .  We  then  discuss  the  generation  of  new 
frequencies  and  transverse  effects  in  two  limits:  the  limit  of  a  rapidly-switchedon  pulse  and  the  limit  of 
an  adiabatically-switched-on  pulse.  In  the  limit  of  a  rapidly-switched-on  pulse,  sidebands  are  generated 
that  are  nearly  resonant  with  all  the  molecular  radiative  traositions  that  are  accessible  from  the  initial 
molecular  state  (-5,8);  the  sideband  amplitude  saturates  at  a  constant  value  after  a  finite  propagation 
distance.  In  the  limit  ol  an  adiabatically-switched-on  pulse,  a  sideband  spectrum  is  generated  by  the 
process  of  self-phase  modulation  |9).  Finally,  we  present  numerical  results  concerning  the  generation  of 
new  frequencies  by  a  system  that  models  some  of  the  qualitative  characteristics  of  SF.  irradiated  by  a 
rapidly-switched-on  pulse. 

Practical  applications  where  coherent  propagation  effects  in  multilevel  molecular  systems  may  be 
important  include  laser  chemistry  and  isotope  separation,  and  the  propagation  of  powerful  laser  beams 
through  the  earth's  atmosphere.  In  laser-induced  chemistry  and  isotope  separation  the  generation  of  addi¬ 
tional  frequencies,  whether  for  rapidly-switched-on  pulses  or  adiabatically-switched-on  pulses,  will  resul 
in  a  reduction  of  isotopic  or  cbemical-bond  selectivity  and  an  overall  increase  ot  multiple-photon  excitat 
Trausverse  effects  such,  as  self-iocusiug  or  selt-detocusing  will  alter  the  volume  illuminated  by  a  laser 
during  multiple-photon  absorption  experiments  and  will  thereby  affect  the  calculation  of  the  number  of 
laser  photons  absorbed  per  molecule.  On  a  practical  scale,  selt-tocusing  may  detine  a  fundamental  limit  t 
the  optical  path  length-that  can  be  utilized  in  industrial  laser  chemistry  or  isotope  separation,  and  may 
thereby  limit  the  useful  through-put  of  an  industrial  plant.  For  the  problem  of  atmospheric  propagation, 

* 

Research  at  UTD  partially  supported  by  the  National  Science  Foundation  under  Grant  No.  CHE-8017324 


270 


the  generation  of  additional  frequencies  will  result  in  an  increase  of  absorption  and  hence  a  reduction  of 
transmission  tor  pulsed  laser  beams  with  respect  to  that  calculated  for  low-intensity  CW  beams.  Self-focusing 
and  self-detocusing  will,  of  course,  have  an  important  effect  on  beam  <1113111/  and  the  ultimate  achievable 
tar-field  irradiance. 

Energy  levels  of  Polyatomic  Molecules 

From  the  point  of  view  of  calculations  of  coherent  propagation,  the  domioant  feature  of  the  energy 
levels  of  polyatomic  molecules  is  the  splitting  of  these  levels  by  vibrational  and  rotational  effects  (4J. 
Originally  it  was  supposed  that  multiple-photon  excitation  of  polyatomic  molecules  would  be  very  difficult 
owing  to  the  general  tendency  of  the  spacing  of  the  vibrational  energy  levels  of  an  enharmonic  oscillator 
to  decrease  with  increasing  excitation  energy.  However,  early  force-field  studies  of  polyatomic  molecules 
such  as  SF,  that  possess  degenerate  modes  of  vibration  indicated  that  the  splitting  of  the  degenerate 
excited  vibrational  levels  of  these  molecules  by  vibrational  enharmonic  effects  could  provide  an  important 
compensation  for  the  anharmonicity  of  the  vibration,  and  thereby  increase  the  probability  for  finding  a 
nearly  resonant  ladder  of  states  for  multiple-photon  excitation  |10|.  These  early  calculations  have  recently 
been  strikingly  confirmed  by  experiment  111].  Rotational  compensation  of  anharmonicity--in  other  words, 
the  compensation  of  vibrational  anharmonicity  by  a  change  of  rotational  energy— has  also  been  suggested  as 
an  important  factor  in  the  occurrence  of  nearly  resonant  pathways  for  the  excitation  of  polyatomic  molecules 
1 12].  The  pathways  for  excitation  to  an  excited  state  with  three  vibrational  quanta  in  SF,  are  indicated 
schematically  in  Fig.  1.  In  the  numerical  calculations  reported  in  this  paper,  we  shall  use  a  model  of  the 
excited  states  and  transition  moments  of  SFg  that  was  recently  reviewed  by  Cantrell,  Letokhov  and  Makarov 
1 1(c)].  In  this  model  we  employ  effective  states  |n£JR>  that  represent  grouped  states  of  the  real  SF, 
molecule,  with  with  energy  levels  given  by 


E(nJUR)  »  nv3  ♦  n(n-l)X33  ♦  (4(4+1)  -  2n]  G33  ♦  BQJ(.J+1)  ♦  B0C3(R(R+t)  -  J(W)  -  4(2+1)  ♦  2n]  (1) 

where  n  is  the  number  of  vibrational  quanta;  £  is  the  vibrational  angular  momentum  number;  J  is  the  total 
angular  momentum  of  molecules;  R  is  the  rotational  angular  momentum  of  the  molecular  framework;  B.  is  the 
rotational  constant  of  the  ground  state  of  the  molecule;  £.  is  the  magnitude  of  the  vibrational  angular 
momentum  in  units  of  h;  v  is  the  molecular  vibrational  frequency  corrected  for  anharmonicity;  X..  is  a 
vibrational  anharmonicityJconstant;  and  G..  describes  the  anharaonic  splitting.  The  transition  moments  in 
this  model  are 


“niJR;  n+1,  IIJ’R 


(1/3)1/2  <MQl><n4flq  ||  n+1,  i’>  V(4* •*4J*J*1R) 


(2) 


where  <pQ.>  is  the  dipole  transition  moment  reported  in  the  literature;  W  is  a  Racah  coefficient;  and  the 
reduced  matrix  element  <ni ij  q  II  n+1 ,  £'>  is  given  in  the  review  (1(c)  |.  A  detailed  account  of  other  improved 
models  for  the  energy  levels  of  SFfi  for  purposes  of  calculations  of  multiple-photon  excitation  will  be 
published  elsewhere. 


Equations  for  Propagation 


The  propagation  of  a  plane  quasimonochromatic  electromagnetic  wave  may  be  described  in  the  slowly 
varying  amplitude  and  phase  approximation  (SVAPA)  by  the  equation 


3z 


(3) 


where  E'exp(ip)  is  the  complex  electromagnetic  field  with  envelope  £'  and  phase.  0;  z  is  the  propagation 
distance;  t'  »  t-nz/c  is  the  retarded  time;  n  is  the  linear  index  of  refraction;  k=2nn/A  is  the  propagation 
constant;  and 


(P  »  2iM  2 
m.A.B 


w  wir 


cmA  Cm-1,B  ^mAjm-l.B 


(4) 


*  (S+iC)  el*  (5) 

•*  the  slowly  varying  complex  polarization.  The  complex  amplitude  fi  is  related  to  the  real  dipole  moment 
P+f  unit  volume  P=N<p>,  where  p  is  the  molecular  dipole  operator,  by  the  equations 

P  «  WefDe^)  (6) 

■  C  cos  5  +  S  sin  5  (7)  . 


where 
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5>»  2iDe** 


{  *  kz  -  ut  +  ♦  (9) 

*  -  wt*  ♦  0  (10) 

In  Eq .  (4),  the  subscripts  ■  and  A  denote,  respectively,  the  vibrational  quantum  number  and  the  set  of 
remaining  quantum  numbers  needed  to  specify  the  effective  state.  The  amplitudes  c  .  of  the  states  ) mA> 
have  been  subjected  to  the  transformation  ** 

—  •iawt  ’ 

CmA  *  CmA  e  (11) 

which  results  in  the  Schrodinger  equation 

dc 

“at7  *  ^mA  cmA  f  »  |  ^•‘mAjm+l.B  cm*l,B  *^tJmA;m-l,B  cs*1,b'  (12) 

»  ma.  -  E^/tt  (13) 

which  must  be  solved  in  order  to  calculate  the  polarization  P ,  Eq.  (4).  Preliminary  accounts  of  results 
obtained  by  the  self-consistent  numerical  solution  of  Eqs.  (3)  and  (12)  have  recently  appeared  (81  and  a 
more  detailed  discussion  is  in  preparation. 

Excitation  of  a  Multilevel  System  by  a  Pulse  with  Finite  Risetime 

When  all  the  detunings  A^  for  m  #  0  are  large  compared  to  the  Rabi  frequency  (1(c)] 

|6I,  04) 

2^34 

then  the  amplitudes  c  .  of  the  states  |mA>  that  are  connected  by  dipole-allowed  transitions  with  the  initial 
(ground)  state  ]0B>  may  be  calculated  by  first-order  time-dependent  perturbation  theory.  For  an  incident 
pulse 


£(f) 


hr*' 

J«  -‘•"o 


which  describes  a  laser  pulse  with  a  risetime  t.  and  a  fall  tine  y  ,  an  analytical  expression  for  the 
amplitudes  of  the  states  with  mel  may  be. obtained  provided  that 

0  <yt0<  1.  (16) 

In  this  case  the  solution  of  Eq.  (12)  in  first-order  time-dependent  perturbation  theory  for  the  initial 
condition  cQg  *  1,  <^*0  (m*0), 

'mA(t’>  *  35  expUA^f)  J*^  exp(-iA^t")Ml#A>0B£(t")dt"  ,  (17) 


may  be  explicitly  evaluated  (8(a)]  with  the  result 


c^Cf— )  * 


/MaA,0BE<A  2jtt0exp(iAaAC') 

\  “  J  e*w  -  ew 


w  * 


In  the  limit  of  a  rapid  rise  (Ia^I  tQ«l)  and  a  slow  fail  (ytft«n, 
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CmA('* 


> 3  •**’(iA«At,) 


MaA.0BE0 


nA 


(20) 


and  the  polarization  becomes  (assuming  chat  only  m=l  is  excited) 

(?«****  t-^iS""g 

A  aA 


eXpUA«At') 


(21) 


This  is  identical  with  earlier  estisutes  based  on  the  approximation  of  an  instantaneously  switched-on 
pulse.  In  the  opposite  limit  of  a  slow  rise  ijA^Jt^M)  and  a  slow  fall  (ytg<<l). 


c-i(t')  a 


e”M«A.08£0t0explUAmAt'  '  ,UinAL0)c| 


2ft 


(22) 
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where  C  *  sign  (A^),  and  the  polarization  becosws 

ft3  1  (P^oB^V^^aA^^nAV**  .  (23) 

In  other  words,  the  amplitude  of  the  sideband  at  the  frequency  u/-A  .  a  e  ./ft  is  reduced  .in  this  case  by  the 
factor  exp(-rt|ft  .(t..).  This  general  conclusion  for' multilevel  sysTems  establishes  an  analytical  foundation 
for  qualitatively  similar  conclusions  arrived  at  by  nusterical  methods  in  the  special  case  of  a  two-level 
system  by  Eberly,  Konopicki  and  Shore  (13]. 

The  Adiabatic-Following  Approximation  for  Multilevel  Systems 

For  a  general  pulse  (for  which  I  A.  I  need  not  be  large  compared  to  cu) ,  and  in  the  sudden  approximation, 
in  which  the  incident  field  £(0,t')  is  0  for  t'  $  0,  and -is  E.  for  t'>  0,  then  at  the  entrance  face  of  the 
medium  (z  »  0)  the  Schrodinger  equation  (12)  is  (for  t’>0)  that  of  a  system  evolving  under  the  influence  of 
a  time- independent  effective  Hamiltonian  whose  matrix  elements  are 


5AB  \ 


lmI;(m-l)B  *  <“)  1^MmA;(m-l)8 


(24) 


In  this  case  it  is  natural  to  introduce  the  eigenvectors  |\>  of 
H*£f  |A>  =  A|A> 


(25) 


which  are  known  as  the  ’’dressed”  states.  In  the  sudden  approximation,  the  molecular  system  is  initially 
(at  t'  *  0+e)  in  that  superposition  of  dressed  states  that  results  in  the  initial  state  just  prior  (t'30-e) 
to  the  switching  on  of  the  field  £  ; 

♦(0)>  *  I  <\|v(0)>|A>  .  (26) 

A 


Subsequently  each  dressed  state  JA>  evolves  with  the  time  dependence  exp  (iAt'),  so  that 

c  ,(t')  *  Z  exp  (ismit’-iAt’ )'mAlA><xji|»(0)> 

“  A 


In  this  case  the  macroscopic  polarization  induced  by  £(t')  is  (at  z*0,  before 
£  is  modified  by  propagation) 

(P(O.t’)  *  I  dj^.exp  (i(A-A’)t'l 
AA 


where 


ft,.,  »  2 IN  Z 
m,A,B 


Z 

n.p 


Z  c.(0)  c*n(0)<m-l  .BlA'xA'I  pD> 
C.D  180  p0 


<nC|A><AlaA> 


(27) 


(28) 


(29) 


n 
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Eqs.  (28)  and  (29)  show  explicitly  the  generation  of  sidebands  at  every  frequency  A'  -  A  for  every  possiblej 
pair  of  "dressed"  states  A,  A’ . 


n 

m 


In  the  opposite  limit,  in  which  the  detuning  A  4  is  large  compared  to  the  reciprocal  of  the  shortest 
time  in  which  the  field  £  changes  significantly,  t§en  the  phase  of  the  polarization  P  generated  by  the 
medium  quickly  becomes  the  same  as  the  phase  of  E.  This  statement,  which  is  evident  from  the  general 
discussion  of  adiabacitity  in  the  textbook  of  Laudau  and  Lifshitz  [14J,  and  from  the  calculations  of  Arecch: 
and  Bonifacio  [IS],  and  which  has  been  discussed  more  recently  for  a  two-level  system  by  Eberly,  Konopicki, 
and  Shore  [IS],  may  easily  be  established  by  using  the  language  of  dressed  states  (8(a)).  When  the  field 
is  switched  on  adabiatically  slowly  on  the  time  scale  of  the  reciprocal  of  the  minimum  detuning,  then  the 
system  remains  in  that  "dressed"  state  that  is  correlated  with  the  initial  eigenstate  of  the  system  |Aq>-» 

|  tli(-»)>  at  infinite  time  in  the  past,  i.e.,  with  the  initial  eigenstate  in  the  presence  of  a  vanishing 
optical  field.  In  this  approximation  the  Schrodinger-pieture  amplitudes  are 

-iAnt'-imuit' 

cBA(t’)  =  <«A|A0>e  0  (30) 

(where  Afl  and  |A^  >  are  (adiabatic)  functions  of  t'),  and  the  polarization  in  this  approximation  is 

£(°’t*)=2iN  I  <mrt\0><mrl,B\K0>  <31) 


Since  the  components  <aA|A>  of  the  dressed-state  eigenvectors  |A>  in  the  basis 

JmA>  may  be  chosen  to  be  real,  the  polarization  given  by  (31)  is  pure  imaginary.  Comparison  with  (5)  (with 
t=0)  shows  that  in  this  case  S(t')sO,  i.e.,  that 


P(0,f)  *  C(0,t')cos  C 


(32) 


so  that  the  macroscopic  polarization  adiabatically  "follows"  the  field  E(0,t')  =  E'(0,t')cos  £. 
evaluation  of  the  eigenvectors  |A>  and  eigenvalues  A  for  a  two-level  system  shows  that  Eq.  (31) 
in  that  case  with  the  adiabatic-following  approximation  of  Grischkowsky  et  al .  For  a  two-level 
dressed-state  eigenvalues  are 


An  explicit! 
is  identicall 
system  the  I 


A  =  f  ±  i  [A2  ♦  402)1'2  (33a) 

(1)  2  2 


where  Q  *  p0E’/21l.  The  eigenvalue  A  (A.)  is  correlated  with  the  upper  (lower)  level  as  E'-*0.  The  eigenvectl 
correlated  with  the  initial  (i.e. .ground)  state  at  E’*0  is  I 


<o|a2> 


_ LQJ _ 

ia2*?]1/2 


<i|a2> 


)o!  *2 

T  tA2*)alV'2 


(33b) 


(33c) 


so  that  the  polarization  for  a  two-level  system  initially  in  the  ground  state  is,  in  the  approximation  of 
Eq,  (31), 


e 


QA, 


2iN 


[(A2)2*l2]1/2 


=  -  2iNp 


[4W],r3 


(34) 


which  is  identical  with  the  adiabatic-following  approximation  of  Grischkowsky  et  al.  [16].  Thus  Eq.  (31) 
defines  an  adiabatic-following  approximation  for  multilevel  systems. f]We  reiterate  that  this  approximation 

is  valid  only  sufficiently  far  from  resonance,  i.e.,  when  | (A  ,)  .  ]  'is  small  compared  to  the  risetime  of 
E*(f).  mA  min 

It  is  evident  that  in  the  adiabatic-following  situation  described  by  Lq.  (311  no  resonant  sidebands 
are  generated.  However,  frequencies  other  than  the  incident  frequency  ui  will  still  be  present  in  the  tield 
radiated  by  the  system, 


'rad 


(*,t’)  * 


,f)dt’ 


(35) 


due  to  the  phenomenon  of  self-phase  modulation  (9,17].  In  the  adiabatic-following  limit  it  is  possible  to 
define  the  aoalioesr  susceptibility  x(E')  ss  follows: 


vfy.l  -  P(O.t’)  -  C(O.t')  _  2Se0(0.t' ) 
xu  ‘  ~  E(0,t’)  "  Er{0,t')"  E’(O.t’) 


where  D  may  be  read  off  from  Eqs.  (4)  and  (8).  We  note  that  x  as  defined  in  (36)  contains  all  powers  of 
E' .  Eq.  (36)  is  not  restricted  in  validity  to  a  particular  order  of  perturbation  theory.  However,  under 
soae  circumstances  one  may  expand  the  nonlinear  index  of  refraction 

aML  *  (in) 1/2  (37) 

approximately  in  the  usual  way: 

n81  3  nn  ♦  5  n,(E’)2 

W  *  *  /<ia\ 


We  shall  report  a  detailed  numerical  calculation  of  n‘’*\  n.  and  a,  as  functions  of  ui  in  a  separate  publication. 
However,  we  note  here  that  for  a  system  of  length  L  the  field  (35;  radiated  by  the  medium  initially  (for 
sufficiently  small  z)  grows  as  kL  n.(E')  ,  so  that  the  Fourier  amplitude  of  £  .  at  a  detuning  hut  will  be 

inversely  proportional  to  the  second  derivative  of  (E'(t')r  at  the  stationary-phase  points: 


fir»d(aw) 


,2  *  -»/* 

-2-7(E'(f)J2 

dt’*  I  dm  »  -kn2f.(d(E')Vdt’)/2n0 


This  is,  of  course,  the  phenomenon  of  self-phase  modulation,  which  is  well  known  in  quasi-two-level  systems 
[ 17 J .  The  bandwidth  of  frequencies  generated  by  self-phase  modulation  will  exceed  the  original  laser 
bandwidth  huig  provided  that 


_L  *  i 

As0  dt7  1 


kn2(E']2 


kL  i  1 


Preliminary  estimates  made  with  Eq.  (40)  indicate  that  the  bandwidth  of  frequencies  generated  by  self-phase 
modulation  exceeds  dui.  under  the  conditions  of  most  multiple-photon  absorption  experiments  performed  to 
date  [91.  0 

Transverse  effects  (self-focusing  and  self-defocusing)  will  occur  in  the  case  of  a  rapidly-switched-on 
pulse  (i.e.,  for  nearly  resonant  excitation)  for  a  multilevel  system  as  well  as  for  the  two-level  systems 
that  have  been  the  subject  of  previous  studies.  We  are  now  conducting  numerical  calculations  of  trans  arse 
effects  in- pulse  propagation  for  multilevel  systems,  using  previously  developed  numerical  techniques  [18]. 
One  of  these  techniques  is  a  perturbation  approach  that  correctly  describes  the  initial  self-focusing 
behavior  without  the  numerical  complexity  associated  with  a  full  coherent  self-focusing  calculation.  The 
perturbation  method  uses  two  plane-wave  pencils,  one  located  on  the  axis  of  the  (cylindrically  symmetric) 
beam,  the  other  slightly  off-axis  and  with  smaller  intensity.  It  may  be  shown  analytically  that  these 
pencils  move  with  different  velocities,  and  that  the  initial  self-focusing  is  directly  attributable  to  this 
difference  of  velocities. 

However,  in  the  limit  of  a  slowly-switched-on  pulse  (i.e.,  for  nonresonant  excitation)  the  transverse 
effects  associated  with  pulse  propagation  in  multilevel  systems  nay  be  discussed  using  the  nonlinear  index' 
of  refraction,  Eq.  (37).  Whenever  the  expansion  (38)  is  valid,  then  transverse  effects  may  be  calculated 
using  standard  theoretical  approaches  that  take  (38)  as  a  point  of  departure.  We  shall  give  a  discussion 
of  transverse  effects  based  on  this  approach  in  a  future  publication.  Here  we  content  ourselves  with  the 
observation  that  the  spatial  growth  rate  a  of  the  mode  of  the  self-focusing  instability  with  maximum  growth 
rate  (19]  is  such  that 

an  1  (41) 

provided  that 


kL  t  1. 


Self-focusing  effects  may  be  expected  to  play  an  important  role  whenever  (42)  is  satisfied,  ss  it  appears 
to  be  in  many  multiple-photon  absorption  experiments  (7). 

For  a  real  molecular  system  subject  to  a  thermal  distribution  of  initial  states,  some  molecules  will 
satisfy  the  criterion  for  rapidly-switched-on  pulses  and  other  molecules  will  satisfy  the  criterion  for 
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•diabatic»lly-*wi tcbed-on  pelses.  Under  these  circumstances  the  calculation  must  be  pursued  along  differ 
lines  for  different  classes  «f  initial  conditions.  The  dynamics  of  those  molecules  that  are  excited  clos 
to  resonance  must  be  described  using  the  full  Schrodinger  F.q.  (12),  while  the  dynamics  of  molecules  excit 
far  from  resonance  My  be  described  by  Eqs.  (30)-(31).  Calculations  using  this  technique  will  be  report* 
elsewhere. 

numerical  Studies  of  Pulse  Propagation  in  Multilevel  Systems 


Since  Eqs.  (3)  and  (12)  are  (fonaally)  two  ordinary  differential  equations  in  the  different  independi 
variables  2,t’,  coupled  by  the  (nonlinear)  polarization  t'),  the  self-consistent  numerical  solution  < 
(3)  and  (12)  My  be  obtained  by  essentially  the  same  methods  used  for  pulse  propagation  in  two-level  systi 
by  Hopf  and  Soilly  ( 20 )  and  Icsevgi  and  Lamb  [21 1.  In  broad  outline,  the  method  consists  of  integrating 
(12)  to  find  c^te, t')  and  eventually  (P(z.t')  (Eq.  (4))  as  functions  of  t'  for  a  given  (fixed)  value  of  1 
using  the  (known)  dependence  of  £(z,  t')  on  t'  at  the  position  z.  Eq.  (3)  is  then  integrated  one  spatial] 
step  Ax  for  each  (discrete)  value  of  t'  to  find  the^field  £(z+A2,t')  as  a  function  of  t'  at  the  new  posil 
z+Az.  Equation  (12)  may  now  be  integrated  to  find  c  . Cz+Az,t')  as  a  function  of  t'  at  2+A2,  and  so  on. 

BA 

The  choice  of  a  numerical  algorithm  for  the  solution  of  equations  such  as  (3)  and  (12)  has  been  carei 
studied  by  Icsevgi  and  Lamb  (21],  who  found  the  modified  Euler  predictor-corrector  method  to  be  fast  and  t 
give  acceptable  accuracy.  Since  our  problem  involves  substantially  more  time  points  (values  of  t')  than 
were  employed  by  Icsevgi  sad  Lamb,  we  chose  the  slightly  more  accurate- Hamming  predictor-corrector  Mthod 
[22]  for  the  integration  of  (12),  but  retained  the  modified  Euler  Mthod  for  (3).  In  fact,  the  difference 
between  results  obtained  with  the  Hamming  and  modified  Euler  predictor-corrector  Mthods  in  the  integratia 
of  (12)  in  test  calculations  were  not  significant.  In  .all  cases  we  used  iteration  to  provide  the  initial 
values  at  two  successive  temporal  or  spatial  steps  required  to  start  the  predictor-corrector  algorithm 
[21]. 

The  temporal  and  spatial  step  sizes  h  and  h  were  chosen  to  be  sufficiently  small  that  further  refin 
Mat  did  not  significantly  affect  the  solution,  but  large  enough  to  minimize  computational  tiM  given  the 
desired  accuracy.  It  My  be  shown  that  Eqs.  (12)  display  an  absolute  instability  for  tiM-step  sizes  h 
such  that 

ivL^t"1*  (43) 

The  necessity  to  avoid  this  instability  (even  for  the  amplitude- c.  of  a  state  for  which  |  A. |  is  so  large 
in  comparison  with  uip  that  je  .  |  is  always  «1)  imposes  a  maximum  acceptable  value  of  h  that  (for  weak, 
fields)  My  be  very  smII  given  the  other  physically  relevant  tiM  scales  in  the  problem,  such  as  (u^)  1 .. 

Tor  the  molecular  energy  levels  and  laser  frequencies  used  in  our  calculations,  the  choice 

h.*15o  |  <“> 


gave  acceptable  results  without  requiring  too  much  computational  effort  at  low  values  of  at..  Typical 
nuMrical  results  for  the  amplitude  |£|/Eq  and  phase  0 In  of  a  pulse 
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are  shown  in  Fig.  2. 

In  order  to  investigate  the  frequencies  introduced  into  the  pulse  as  the  result  of  propagation,  we 
calculated  the  spectrum  of  the  field  radiated  by  the  medium,  Eq.  (35).  Since  the  field  calculated  self- 
consistently  is£(z,t'),  and  since  Eq.  (3)  may  be  rephrased  as  the  integral  equation 

=<finc  (t'}  +  5rad  (2’t')  (46) 

(where  is  to  be  calculated  using  the  self -consistently  determined  polarization  (P  ) ,  we  see  that 

^rad  =£<«.«’)  *  ^inc  (t>)  (47) 

To  calculate  the  spectrum  of  <£  ,  (z,t'),  we  have  calculated  the  numerical  Fourier  transform  of  the  auto¬ 
correlation  function  rfl 

rt„+T  * 


C(t0,T)  a  T 


1  py 
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,(t’eT)df  . 


Since  the  generation  oi  sidebands  is  a  non-adi ihatic  phenomenon,  the  autocorrelation  G(t.,T)  and  its  Fourie 
transform  will  depend  on  tn.  Vie  have  chosen  t.=U  in  the  spectrum  ot  Fig.  3,  which  corresponds  to  the  taoe 
conditions  as  in  Fig.  2.  u 


Using  this  technique  we  have  calculated  the  sideband  spectra  (or  system  consisting  of  two,  four,  and 
ten  energy  levels,  as  functions  of  the  propagation  distance  z  and  the  User  electric  field  Ea,  and  for  a 
variety  of  functional  forms  for  the  incident  pulse  €  h' )  (8(a)).  The  energy  levels  jr>'  .is  f-illow:::  (.1' 
two-level  system:  The  levels  (niJK)  =  IDOJ-Jq)  and  t?'l,Jg-l ,Jn) .  Our  numerical  results  tor  this  case 
appear  to  be  in  qualitative  agreement  with  the  previously  published  calculations  of  Eberly,  Konopicki  and 
Shore  (13).  A  quantitative  comparison  is  impossible,  owing  to  the  fart  that  the  vertical  scale  indicating 
the  magnitude  of  the  Fourier  transform  of  G(t.,T)  was  omitted  from  their  Figs.  2-4.  (b)  Four-level  system: 

the  levels  (n2JR)  -  and  (1,1,J,R7  with  J  -  JQ,  Jn  t  1.  This  system  is  an  example  of  a  general 

family  of  systems  with  a  common  lower  level,  and  in  vhichthe  upper  levels  are  not  radiatively  connected 
among  each  other.  Our  calculations  reported  in  Ref.  8(a)  are  the  first  calculations  of  which  we  are  aware 
that  treat  the  general  problem  of  transient  phenomena  in  pulse  propagation  in  this  type  of  system.  Earlier 
pulse-propagation  calculations  on  a  three-level  system  with  a  common  upper  level  pumped  by  a  transition 
from  one  of  the  two  lower  levels  addressed  primarily  the  problem  of  gain  on  the  transition  that  was  not 
pushed  initially  123].  The  published  calculation  of  distortionless. pulse  propagation  in  a  three-level 
system  by  Higginbotham  et  al.  [24]  actually  assumed  two  of  the  levels  to  be  degenerate,  thereby  eliminating 
many  of  the  effects  we  wish  to  investigate.  The  investigation  of  pulse  propagation  in  degenerate  systems 
by  Hopf,  Rhodes  and  Szoke  { 2S }  concerned  an  ensemble  of  two-level  systems,  and  not  a  truly  multilevel 
system  of  the  type  considered  here,  (c)  Ten-level  system:  the  levels  (aUR)  =  (0,0,Jo,J  );  (1,1, J,J.) 
with  J  *  J. ,J0  ♦  1;  (2,0,Jf),J0);  and  (2,2,J,J0)  with  J  *  J.  -  2,  ...,  J.  ♦!.  This  is  an  example  of  au 
general  type  of  energy-level  scheme  in  which  each  level  with  vibrational  quantum  number  n  is  connected 
radiatively  to  several  levels  with  o'  *  n±  1.  Our  results  reported  in  Ref.  8  and  in  Figs.  2-3  here  are  the 
first  published  calculations  of  pulse-propagation  phenomena  in  such  a  system. 
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Swept-gain  superradiance  in  two-  and  three-level  systems 
with  transverse  effects  and  diffraction  (*) 
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Aerodynamic*  Laboratory,  Polytechnic  Institute  of  New  York,  Farm  in  (dale,  New  York  1 1735,  U.S.A. 
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Abstract.  —  Results  of  numerical  calculations  using  computational  methods  developed  earlier  to  efficiently  treat 
transverse  as  well  as  longitudinal  reshaping  associated  with  single-stream  and  two-way  pulse  propagation  and 
generation  effects  in  cooperative  light-matter  interactions,  using  the  semiclassical  model,  are  presented.  Specifically, 
the  results  are  presented  and  discussed  for  the  two-  as  well  as  three-level  system  for  a  traveling  excitation  for  both 
Gaussian  and  uniform  gain  distributions.  Conditions  are  established  for  lethargic  and  highly  nonlinear  soliton 
pulse  evolution  through  the  asymptotic  large  Z  regime. 


Summary.  —  Computational  methods  based  upon 
'.-'he  Bloch- Maxwell  semiclassical  model  were  developed 
artier  [1]  to  efficiently  treat  transverse  as  well  as 
^longitudinal  reshaping  and  diffraction  associated  with 
fy  ingle-stream  and  two-way  pulse  propagation  and 
‘/  eneration  effects  in  cooperative  interaction  between 

■  '  he  radiation  field  and  a  medium  consisting  of  a 
»  o  I  lection  of  two-level  atoms.  Results  of  the  calcula¬ 
tion  are  presented  for  pulse  evolution  as  a  function 
■f  propagation  distance  Z  in  the  two-level  system  for 
:  traveling  excitation  with  both  Gaussian  and  uniform 

sin  distributions  with  a  classical  initial  tipping  angle 
'  istribution.  We  present  the  conditions  under  which 

■  le  system  evolves  from  a  superfluorescent  condi- 
jn  {2J.  where  the  atoms  are  contained  within  a 

*4  operation  volume,  to  an  asymptotic  steady-state  [3] 

[  r  sufficiently  large  propagation  distance  Z  where 
>liton  behavior  is  exhibited.  The  steady-suuc  condi- 
on  is  interpreted  in  terms  of  the  asymptotic  behavior 
the  principal  mode  pulse  area  and  stabilization  of  the 
uire  pulse  shape.  Pulse  areas  greater  than  x  are 
I  own  to  occur  because  of  multiple  pulse  generation 
T  id  self-focusing.  Furthermore,  it  is  shown  that 
[  (Traction  plays  a  much  greater  role  in  the  results  for 
•  e  swept-gain  superradiance  regime  [3]  than  for  the 
",  ndrtions  for  which  superfluorescence  occurs  [2]. 
■-  «  results  of  our  numerical  calculations  for  the 
Hlymptotic  large  Z  regime  are  compared  with  the 
e-dimensional  analytical  results  for  swept-gain 
perradiance  [3]. 

*)  Work  jointly  sponsored  by  the  Research  Corporation,  the 
l  srnationai  Division  of  Mobil  Corporation,  the  University  of 
[j  unreal  the  US  Army  Research  Office,  DAAG29-79-COI48. 

Office  of  Neval  Research,  NOOO-I4-80-C-0174,  and  Battclie 
’  Iambus  Laboratories  contrect  DAAG29-76-D-OIOO. 


The  numerical  code  was  extended  [1]  to  represent  a 
collection  of  three-level  atoms  in  the  presence  of  two 
laser  fields,  consistent  with  the  usual  parity  conside¬ 
rations  [4,  5].  Results  are  presented  for  traveling 
excitation  corresponding  to  optical  pumping  for  both 
Gaussian  and  uniform  radial  gain  distributions  and 
several  different  temporal  functions  for  the  excitation. 
Superfiuorescence  is  shown  to  occur  for  conditions 
analogous  to  those  for  the  two-level  case  [1] ;  however, 
two-photon  (coherent  Raman)  effects  play  a  strong 
role  in  pulse  delay  and  shape  characteristics,  as 
predicted  from  earlier  analytical  work  [4,  3].  Pulse 
evolution  characteristics  are  shown  to  depend  upon 
the  excitation  temporal  function  dependence  and 
radial  (unction  dependence  as  well  as  temporal 
duration  and  total  area. 

We  show  also  in  this  case  the  conditions  under  which 
the  system  evolves  to  an  asymptotic,  steady-state 
condition  at  sufficiently  large  Z  in  terms  of  the  prin¬ 
cipal  mode  pulse  area  and  total  pulse  shape  stabiliza¬ 
tion.  As  in  the  case  of  two-level  swept-gain  super¬ 
radiance,  strong  self-focusing  and  multiple  pulse 
generation  is  indicated. 

Finally,  results  for  simulton  [6]  behavior  in  the 
three-level  system  is  presented  with  two  injection 
signals  and  also  with  one  injection  signal  (the  optical 
pump)  and  a  uniform  tipping  angle  (determined  from 
a  thermal  population  distribution)  which  allows  the 
second  pulse  to  evolve.  The  latter  conditions  cor¬ 
respond  most  realistically  in  the  large  [7]  region  with 
experimental  conditions  for  swept-gain  superradiance 
reported  in  the  literature  [7,  8],  Results  of  the  calcu¬ 
lation  are  presented  and  compared  with  the  experi¬ 
mental  data. 
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ADAPTIVE  STRETCHING  AND  REZONING  AS  EFFECTIVE  COMPUTATIONAL  TECHNIQUES 
FOR  TWO-LEVEL  PARAXIAL  MAXWELL-BLOCH  SIMULATION  * 

FJ*.  MATTAR  ••  and  M.C.  NEWSTEEM  •** *** 

Polytechnic  Institute  of  New  York,  Brooklyn,  NY  11201,  USA 


Tbe  methods,  devdoped  in  gas  dynamics,  which  make  possible  the  detailed  calculation  of  the  coherent  interaction  of 
short  optical  pulses  with  a  nonlinear  active  resonant  medium  are  presented.  This  paper  extends  earlier  work  by  giving  a 
rigorous  and  self-consistent  solution  of  the  coupled  nonlinear  MaxweO-Bloch  equations  including  transverse  and  time- 
dependent  phase  variations.  In  addition,  the  onset  of  an  on-resonance  self-focusing  and  beam  degradation  were  predicted 
in  absorbers  and  in  amplifiers.  To  accurately  handle  such  severe  energy  redistribution,  dynamic  nonunifoxm  computational 
grids  were  found  to  be  necessary.  The  self-focusing  result  agrees  very  well  with  a  previous  perturbation  treatment  and  with 
recent  experiments  in  sodium,  neon  and  iodine,  whereas  severe  beam  distortion,  when  rigorously  addressing  the  problem  of 
transverse  boundary,  was  observed  in  high-power  lasers  utilized  in  inertial  fusion  experiments.  The  formation  of  dynamic  self- 
action  effects  is  due  to  the  combined  effects  of  diffraction  and  the  inertial  response  of  the  active  medium. 


1 .  Introduction 

When  an  intense  laser  beam  propagates  through  a 
resonant  active  medium,  the  absorptive  and  dispersive 
properties  of  the  medium  affect  the  shape  of  the  laser 
beam  profile,  thus  altering  the  characteristic  structure 
of  the  medium  [1-6].  This  modified  matter  will  then 
reaffect  the  field  profile.  The  resulting  cross-modula¬ 
tion  of  light  by  matter  and  matter  by  light  is  a  con¬ 
tinuous  self-sustained  phenomenon. 

The  current  research  was  undertaken  in  an  effort 
to  answer  detailed  questions  relating  to  the  coherent 
exchange  of  energy,  nonlinear  phase  distortion,  and 
beam  quality  in  high-power  laser  transmission;  the 
method  was  chosen  to  develop  a  suitable  theory  and 
realistic  numerical  computer  code  based  on  close  col¬ 
laboration  with  experimentalists  [6-20].  It  is 
believed  that  real-life  experiments  would  depart  from 
the  predictions  of  previous  plane-wave  analysis  as 
sketched  in  fig.  1.  The  interplay  of  diffraction  cou¬ 


*  Work  jointly  supported  by  F.P.  Mattar,  the  Research 
Corporation,  the  International  Division  of  Mobil,  the 
University  of  Montreal  and  the  US  Army  Research 
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pling  and  the  medium  response  will  inevitably  redis¬ 
tribute  the  beam  energy  spatially  and  temporally 
[21-23],  This  transient  beam  reshaping  profoundly 
affects  a  device  that  relies  on  this  nonlinear  inter¬ 
action  effect. 

This  modeling  encompasses  self-phase  modulation, 
dynamic  longitudinal  and  transverse  reshaping,  and 
coherent  energy  exchange  in  an  inertial  medium. 
Effective  mathematical  transformations  which  are 
consistent  with  the  physics  make  attainable  a  hereto¬ 
fore  unachievable  solution  [24—29]. 

Light  propagating  in  free  space  experiences  diffrac¬ 
tion  spreading  which  alters  the  beam  shape  [30,3 1  ]. 
In  the  complicated  nonlinear  problem,  the  interaction 
intertwines  the  various  parts  of  the  beam;  the  beam 
transverse  dimensions  change  drastically.  As  the  trans¬ 
mission  distance  increases  from  the  launching  aper¬ 
ture,  one  is  inevitably  faced  with  substantial  numeri¬ 
cal  difficulties.  For  example,  a  numerical  paraxial 
code  using  a  uniform,  radial  grid  can  suffer  a  serious 
drawback  which  would  make  the  cost  of  the  calcula¬ 
tion  prohibitive.  The  number  of  points  required 
would  need  to  be  increased  tremendously  if  the  tran¬ 
sient  beam  undergoes  severe  self-divergence  or  self¬ 
convergence.  It  is  therefore  imperative  that  the  trans¬ 
verse  mesh  be  sufficiently  small  to  correctly  sample 
the  oscillations  of  the  field  amplitude  and  phase. 
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CoAnrwrt  Pul**  Propagation 


I.  Usual  Theory 
lOim.  f  t(r) 
'Uniform  Plana  Wave' 

H.  Usual  Experiment 
«•  *if>  •** 
’Gaussian' 


Fig.  1.  Tha  state  of  the  art  in  coherent  pulse  propegatjon  it 
displayed.  Tbs  theoret  ical  effort  w u  restricted  to  a  uniform 
plane  wave  prior  to  tha  work  of  Newstain  and  colleagues; 
whams  the  usual  experiment  was  carrM  out  uring  a  Gaus- 
dan  bum.  To  dmulata  a  uniform  plaae  wave.  tha  detect  or 
diameter  was  salaetad  aa  small  as  posribia  when  compared 
to  the  Gauarian  bum  diameter. 


If,  for  salf-focuaed  beams,  a  fixed,  tranmrse  mesh 
is  used,  there  may  be  in  the  vicinity  of  the  focal 
region  a  lade  of  resolution  as  displayed  in  fig.  2.  A 
nonnegligible  loss  of  computational  effort  in  the 
wings  of  the  beam  also  occurs.  In  an  effort  to  main¬ 
tain  accuracy  and  efficiency,  the  governing  equations 
were  integrated  using  a  simple  coordinate  transforma¬ 
tion  which  was  revised  at  suitable  intervals  to  allow 
the  numerical  grid  to  follow  the  pulsed-beam  behav¬ 
ior.  The  mesh  network  will  expand  or  contract 
accordingly. 

The  interdependent  nature  of  each  aspect  of  the 
problem  requires  a  thorough  comprehension  of  the 


Fig.  2.  (a)  Isometric  repmeotsaoo  of  the  beam  cross  section 
as  it  axpariaaoas  sstf-focastag:  Tha  crow  taction  decreeses  si 
a  fraction  of  tha  propagation  distance;  (b)  An  Isometric  dis¬ 
play  of  tha  that  Integral sd  field  energy  ss  a  Auction  of  o  and 
n  to  Curtate  tha  resolution  limitation  associated  with  urn- 
form  muh. 


»'  I  I  I  I  f  »  t  I  t  t  t  n 
i  to 

Fig.  3.  Two-dimensional  prescribed  rezoning  for  p  and  q.  As 
the  beam  narrows  the  density  of  transverse  points  and  the 
transmission  planes  increase  simultaneously. 
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Fig.  4.  Self-adjusted  two-dim  enaonal  rezoning  for  a  and  n  to 
follow  more  closely  the  tctuel  beam  characteristics.  The  (not- 
malidag)  Gautnan  reference  beam  is  redefined  during  the  cal¬ 
culation. 


relevant  physics,  in  setting  up  variable  grids  there  is 
an  important  factor  to  be  considered:  one  must 
address  any  transverse  energy  distribution  while  ana¬ 
lyzing  the  longitudinal  alterations  (figs.  3  and  4).  If  a 
variable  longitudinal  mesh,  Ay,  is  introduced  without 
carrying  a  variable,  radial  meah,  Ap,  to  handle  large 
increments  along  the  direction  of  propagation,  one 
inevitably  faces  a  steadily  decreasing  Ay  step  as  the 


beam  starts  to  break  up.  This  effect  will  intensify  to 
such  an  extent  that  Ay  crashes  to  an  increasingly 
smaller  value  and  the  calculation  must  be  discon¬ 
tinued. 

It  is  noteworthy  that  the  choice  of  Ay  and  Ap  is 
restrictively  subjected  to  the  definition  of  the  Fresnel 
number  [65].  The  smaller  the  Fresnel  number  the 
smaller  must  be  the  ratio  [AyJ(Ap)2)  so  that  the 
numerical  instability  criterion  obtained  by  linearized 
theory,  is  always  satisfied. 

Besides  the  coordinate  modification,  a  change  in 
the  dependent  variables  is  introduced  in  terms  of 
renormalizing  factors  (such  as  the  reference  beam 
waist,  wave-front  curvature  and  field  amplitude)  to 
extract  the  radial  dependence  of  the  phase  front  and 
any  important  source  of  amplitude  variation.  As  a 
result  of  the  phase  factorization,  the  new  dependent 
functions  vary  more  gradually  in  the  new  coordinate 
system:  what  one  calculates,  therefore,  is  a  deviation 
from  a  reference  Gauaian  beam.  As  soon  as  the  local¬ 
ized  computational  merit  departs  significantly  from 
the  physical  beam  waist,  the  renormalization  proce¬ 
dure  is  refreshed  using  pertinent  moment  properties 
of  the  physical  quantities.  Thus,  the  grid  can  be 
coarser,  lea  extensive  and  more  efficient. 

Another  major  obstable  is  the  cumulative  memory 
effect  fat  the  response  of  the  medium  to  the  laser 
beam.  For  computational  efficiency,  the  temporal 
grid  will  be  nonuniformly  stretched  as  indicated  by 
either  curve  fat  fig.  10.  In  such  an  involved  computa¬ 
tion  the  calculations!  efficiency  of  the  algorithm  is  of 
crucial  importance.  A  brute  force  finite  difference 
treatment  of  the  governing  equations  r%  not  feasible. 

The  adoption  of  nonunifbrm  meshing  techniques 
defined  in  connection  with  aerodynamics  problems 
has  proven  to  be  very  foresightful.  These  numerical 
methods,  designed  by  Motetti  [25-29],  discriminate 
between  different  domains  of  dependence  on  differ¬ 
ent  physical  parameters;  a  higher  degree  of  accuracy 
in  the  actual  physical  problem  thus  became  feasible. 


2.  Physical  background 

The  great  interest  in  understanding  the  transmis¬ 
sion  of  intense  ultra-short  pulses  through  a  non¬ 
linear  medium  is  due  to  their  application  in  laser- 
induced  energy  release  via  fusion  of  hydrogen  iso- 
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topes.  These  pulses  are  assumed  to  be  so  short  that  no 
appreciable  pumping  (or  other  energy-exchange  pro¬ 
cesses)  can  occur  during  the  pulse.  The  resonant  me¬ 
dium  is  thus  left  in  a  state  of  nonequilibrium  after  the 
pulse  passes.  When  designing  high  power  laser  sys¬ 
tems,  one  must  verify  that  no  beam  distortion  could 
evolve.  Any  departure  from  the  desired  uniform  illu¬ 
mination  of  the  target  could  prevent  the  fusion  mech¬ 
anism  from  taking  place.  One  controls  the  cumulative 
interplay  of  beam  diffraction  with  the  medium  inertia 
to  avoid  triggering  the  onset  of  any  substantial  self- 
action  phenomena. 

This  model  is  readily  deduced  from  the  Maxwell- 
Bloch  equations  while  taking  into  account  the  mutual 
influence  of  the  transient  beam  and  the  resonant  two- 
level  atoms.  The  intense  traveling  electric  field  is 
treated  classically,  whereas,  the  two-level  system  is 
analyzed  quantum  mechanically.  In  particular,  the 
medium  response  is  described  using  the  density 
matrix  formalism  [631].  None  of  the  simplifying 
approximations  (such  as  adiabatic  following  [17],  or 
rate  equation  [18]),  is  introduced;  instead  an  exact 
self-consistent  numerical  approach  is  developed. 

This  first  nonpiinir  study  simulates  more  accu¬ 
rately  the  experimental  configurations  than  the  pre¬ 
vious  restrictive  one-dimensional  theoretical  attempts. 
The  model  takes  into  account  the  interplay  of  diffrac¬ 
tion,  time-dependent  phase,  nonlinear  atomic  inertia 
and  initial  matter  and  field  boundary  conditions. 

This  modeling,  evolved  from  a  close  collaboration 
with  various  experimentalists,  can  lead  to  a  better 
understanding  of  the  basic  cooperative  effects  in 
light-matter  interactions.  Extensions  of  this  study 
may  also  help  select  optimum  design  configuration 
for  superfluorescence  [38— 43],  optical  bi-stability 
[41-47],  and  double  coherent  transients  [48-52]. 
Further  benefits  may  include  the  development  of  new 
methods  to  generate  ultra-short  pulses  as  required  for 
optical  information  transmission  and  optical  commu¬ 
nication. 


3.  Equations  of  motion 

In  the  slowly  varying  envelope  approximation  the 
dimensionless  semi-classical  field-matter  equations 
[6,22,23]  (which  describe  our  system  in  a  cylindrical 
geometry  with  azimuthal  symmetry),  are: 


-iFV$€  +  de/drj»9 ,  (1) 

39/dr  •  eW  -  0  Ml  +  l/r,)9  (2) 

and 

dWlbr  •  -l/2(e*9  +  e9*)  -  (W  -  Wa)lu  ,  (3) 

where 

e  -  <2v/h)  r/  and  9-  (2/p)9 ' , 

£  »  Re  [«'  exp  (i((x/c)  z  -  wf)}  ] ; 


x/c*  c u 


after  applying  L’Hopital’s  rule,  the  on-axis  Laplacian 
reads: 

V\e*2 ; 


P  -  i  Re [9*  exp  (i((x/c)  z  -  xr)}  ] . 

The  complex  field  amplitude  e,  the  complex  polariza¬ 
tion  density  9,  and  the  energy  stored  per  atom  W,  are 
normalized  functions  of  the  transverse  coordinate 
p  *  r/rp,  the  longitudinal  coordinate  q  *  rot,fr,  and 
the  retarded  time  r  »  (r  -  zn/e)/rp.  The  time  scale  is 
normalized  to  the  input  pulse  length,  rp  and  the 
transverse  dimension  scales  to  the  input  beam  spatial 
width  rr  The  longitudinal  distance  is  normalized  to 
the  effective  absorption  length  [7],  (a,#)"1,  where 


r<uniiy~i  , 


here,  u  h  the  angular  carrier  frequency  of  the  op¬ 
tical  pulse,  u  Is  the  dipole  moment  of  the  resonant 
transition,  N  is  the  number  density  of  resonant  mole¬ 
cules,  and  n  is  the  index  of  refraction  of  the  back¬ 
ground  material.  The  dimensionless  quantities  Aw  • 
(w  —  w0)Tp,  t|  *  7\/rp,  and  rj  »  rj/rp  measure  the 
offset  of  the  optical  carrier  frequency  u  from  the 
central  frequency  of  the  molecular  resonance  co0,  the 
thermal  relaxation  time  7*i,  and  the  polarization 
dephasing  time  Tt,  respectively. 

Even  in  their  dimensionless  forms,  the  various 
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quantities  have  a  direct  physical  significance.  Thus  9 
is  a  measure  of  the  component  of  the  transverse  oscil¬ 
lating  dipole  moment  (?  has  the  proper  phase  for 
energy  exchange  with  the  radiation  field).  In  a  two- 
state  system,  in  the  absence  of  relaxation  phenomena, 
a  resonant  field  will  cause  each  atom  to  oscillate 
between  the  two  states,  W  ■  — 1  and  W  =  +1,  at  a  Rabi 
circular  frequency /R  *  </rp  *  (n/h)e'.  Thus  e  mea¬ 
sures  how  far  this  state-exchanging  process  proceeds 
in  a  fwhm  pulse  length  rr 

The  dimensionless  parameter,  F,  is  given  by  F* 
M®«fr)_,/(4iWp).  The  reciprocal  of  F is  the  Fresnel 
number  associated  with  an  aperture  radius  rp  and  a 
propagation  distance  The  magnitude  of  F 

determines  whether  or  not  one  can  divide  the  trans¬ 
verse  dependence  of  the  field  into  “pencils”,  (one  per 
radius  p),  which  may  be  treated  in  the  plane-wave 
approximation.  The  diffraction  coupling  term  and  the 
nonlinear  interaction  terms  alternately  dominate 
depending  on  whether  F  >  1  or  F<  1. 

As  outlined  by  Haus  et  aL  [19],  the  acceptance  of 
eq.  (3),  as  describing  the  coupling  of  the  material  to 
the  dearie  field,  implies  certain  approximations. 

Eq.  (3)  shows  that  the  produd  e  9  of  the  electric 
field,  e,  and  the  polarization,  9,  causes  a  time  rate  of 
change  of  the  population  difference  (i.e.,  in  medium 
energy)  leading  to  saturation  effects:  inertial  effects 
are  considered. 


4.  Energy  consideration 

From  the  field-matter  relations  (l)-~(3)  one  ob¬ 
tains  the  energy  current  equation: 

+i F  V-KeV*  -  e’Vje)  +  3n  -  (e*9+  e9*) , 

V •  J  «  -2  [dTW  +  (W  -  W0)Iti  ]  ,  (5) 

where,  using  the  polar  representation  of  the  complex 
envdope,  we  have 

em A  exp[+i0]  ,  (6) 

A -A3  (7) 

and 

Jr  «  2/14 3  30/3p  .  (8) 

The  components/z  and/j  represent  the  longitu¬ 
dinal  and  transverse  energy  current  flow.  Thus,  the 


existence  of  transverse  energy  flow  is  clearly  asso¬ 
ciated  with  the  radial  variation  of  the  phase  of  the 
complex  field  amplitude  e.  When  Jj  is  negative  [Le., 
30/dp  >  0],  self-induced  focusing  dominates  diffrac¬ 
tion  spreading.  Since  30/3p  determines  the  direction 
and  speed  of  energy  flow,  it  is  reasonable  to  monitor 
either  a  phase  gradient  or  the  transverse  energy  cur¬ 
rent  for  a  central  diagnostic  as  the  calculation  pro¬ 
ceeds. 

One  may  rewrite  the  continuity  eq.  (5)  in  the  labo¬ 
ratory  frame  to  recover  its  familiar  form: 


V- /=  -  MlW*— —  A*]-  2 
3tL  CTpOrff  J 


W-  W0 
Tl 


(9) 


S.  Outline  of  numerics 

The  retarded  time  r  refers  to  the  aaual  arrival 
time  in  a  stationary  flame  of  the  front  of  the  pulse  at 
the  position  z.  This  coordinate  transformation,  from 
t  to  t,  fig.  Sa,  allows  an  accurate  numerical  scheme  to 
be  developed  for  which  the  increment  in  17  and  r  need 
not  be  related  in  any  special  way. 

Herein,  the  equations  of  motion  are  solved  in  the 
near-fleld  region  of  an  optical  pulse,  initially  Gaussian 


Fig.  S.  Graph  (1)  displays  the  retarded  time  concept; 

(b)  outlines  the  numerical  approach:  a  marching  problem 
along  v  for  the  field  simultaneously  with  a  temporal  up¬ 
grading  of  the  material  variables  along  r. 
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in  both  p  and  r.  This  amounts  to  a  mixed  initial 
boundary-value  problem.  The  initial  configurations  of 
the  laser  beam  and  the  resonant  medium  are  specified 
subject  to  certain  conditions  for  r  >0  which  must  be 
satisfied  at  all  space  points.  Furthermore,  the  field 
boundary  condition  at  q  *0  is  time-dependent.  See 
fig.  Sb.  For  the  numerical  solution,  a  temporal-spatial 
mesh  of  grid  points  is  used  to  represent  the  pqr  space. 
At  a  given  plane  t?,  the  values  of  the  various  depen¬ 
dent  variables  axe  obtained  for  all  stations.  This  is 
repeated  until  the  desired  propagation  length  has 
been  traversed. 

The  basic  numerical  algorithm  consists  of  a  com¬ 
bined  explicit/implicit  method.  The  MaoCormack 
[24]  two-level  predictor-corrector,  nonsymmetrical 
finite-difference  scheme  is  used  to  advance  the  field 
equation  along  the  direction  of  propagation,  ij,  while 
the  modified  Euler  three-level,  predictor-corrector 
scheme  is  used  to  update  the  material  variable  in 
time-retarded  time  r.  The  mutual  light-matter  influ¬ 
ence  is  a  mixture  of  a  boundary  value  (for  advancing 
the  field)  and  an  initial  value  problem  (for  calculating 
the  atomic  responses)  [9].  To  improve  accuracy  and 
speed  up  convergence,  cross-coupling  is  accentuated. 
With  such  steps,  the  scheme  becomes  as  flexible  as  a 
strongly-implicit  algorithm.  The  final  field  value, 
rather  than  the  predicted  one  as  done  classically 
[6—10, 25, 20, 22],  is  used  to  correct  the  material 
variable,  and  the  final  material  values  instead  of  the 
predicted  ones  are  used  to  correct  the  field.  The 
final  variables  are  obtained  as  solutions  of  a  set  of 
five,  simultaneous,  algebraic  equations. 


6.  Details  of  numerical  procedure 

An  outline  of  the  numerical  method  is  illustrated 
using  two  simplified  equations  that  are  representative 
of  the  full  set  describing  the  propagation  and  atomic 
dynamics  effects.  Here,  the  material  variables  are 
denoted  byAf;  either  of  the  electric  field  variables  is 
denoted  by  F.  Both  variables  are  complex  quantities 
which  are  functions  of  the  propagations!  coordinate, 
q,  the  transverse  spatial  coordinate  and  r,  the 
retarded  time.  With  the  equilibrium  value  of  M, 
one  can  write  the  representative  equations  as: 


with 


subject  to  the  initial  and  boundary  conditions: 


1 .  for  r  >  0:  F  *  0,  M  ■  M0  known  function  to  take 
into  account  the  pumping  effects; 

2.  for  tj  ■  0:  F  is  given  as  known  function  of  r  and  p; 

3.  for  all  q  and  r:  [3/73p]p-o  and  [3F/3p]Wm>x 
vanish,  with  pmax  defining  the  extent  of  the 
region  over  which  the  numerical  solution  is  to  be 
determined). 

The  derivatives  in  (23)  appear  only  with  respect  to 
space  variables;  time  enters  only  implicitly,  through 
the  right-hand  side  terms.  Conversely,  the  derivative 
in  (25)  is  a  time  derivative  only,  and  the  space  influ¬ 
ence  is  provided  by  the  right-hand  side  terms.  Thus 
the  equation  can  be  considered  as  somewhat  uncou¬ 
pled  and  separate  integration  procedures  are  adopted. 
We  cannot  be  sure  that  the  accuracy  of  the  integra¬ 
tion  procedure  is  of  the  second  order  in  A q  and  Ap  as 
well  as  in  At  for  the  material  variables,  and  similarly 
for  the  field  variable  with  respect  to  Ar.  This  algo¬ 
rithm  uses  the  two-level  nonsymmetric,  MacCormack 
explicit  predictor— corrector  finite  difference  scheme 
for  marching  the  electric  field  F  along  17  and  the 
three-level  modified  Euler  scheme  to  integrate  along  r 
the  material  variables.  To  ensure  second-order  accu¬ 
racy  in  all  space  and  time  increment  steps  simulta¬ 
neously  for  all  the  dependent  physical,  field  and 
material  variables,  the  final  field  F  instead  of  the  pre¬ 
dicted  F  is  used  to  evaluate  the  final  M\  and  the  final 
M  instead  of  the  predicted  M,  to  correct  the  field  vari¬ 
able  F.  For  amplification  a  quasi-linearization  (see 
Moretti’s  treatment  of  the  chemical  kinetics  problem 
[26])  is  introduced  as  follows: 

FM  »  -FiMy  *  FyM  +  FMi ,  (26) 

where  i  means  the  “initial  value”  and  can  reasonably 
be  denoted  by  the  predicted  values.  This  approach 
follows  readily  the  Taylor  expansion  of  the  product 
FM: 


-iV\F 


(23) 


FM  m  (FAf)i  + 


i(F-  F,) 
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+[i(FA0l(W'jWi)+"‘  (27) 

truncated  at  first -order  terms. 

Mathematically,  this  algorithm  reads  as  follows: 
with 

FQ  At],  m  Ap,  k  At)  (28) 

LF  *  i  V\F  ■  0 lp){Wp(pFf)  ,  (29) 

the  predicted  field  can  be  written  as: 

P&  =Fm.k  +  Ar?[<k-  IF<*]  ,  (30) 


whereas  the  corrected  field  reads  as  follows: 

/£'*  *  \  i(Fn,k + O + -  *Bf£V)]  . 

(31) 

1F  and  L*  are  the  forward  and  backward  differ¬ 
encing  of  the  transverse  Laplacian  operator  cylindri¬ 
cal  coordinates  with  azimuthal  symmetry. 

The  material  variables  are  integrated  in  the  follow¬ 
ing  manner.  The  predicted  values  are  defined  as: 

-  <V- 1  +  2  At[0£V  -  <1  , 

(32) 

while  the  corrected  values  are  given  by: 

-  {  «V  +  <V*t)  +  Ar  {(-*«&♦  sJBftV*,) 

♦(fl&Vvi+AO).  (33) 

Rearranging,  one  has 

fftVf,  - «.  +  *1^1  +  .  (34) 

I  “al  .  (35) 

which  is  a  set  of  linear  algebraic  equations  that  can 
readily  be  solved  by  straightforward  elimination. 

The  numerical  code  has  been  tested  systematically 
by  insuring  the  reproduction  of  analytical  results  of 
problems  such  as  free-space  propagation  [31]»  Gaus¬ 
sian  beam  propagation  through  lenselike  media  [32], 
Bloch’s  solution  at  the  input  plane  for  an  on-reso¬ 
nance  real  field  [6]  and  coupled  uniform  plane-wave 
calculations  for  an  input  2ir  hyperbolic  secant 
[6-11].  Identical  results  were  obtained  solving  these 
problems  expressed  in  the  eikonal  and  transport 
form  [1],  and  the  three-dimensional  results  have  been 
compared  qualitatively  and  quantitatively  with  an 
analytic  perturbation  in  the  reshaping  region  [22,40]. 


7.  Importance  of  boundary  conditions 

When  the  laser  beam  travels  through  an  amplifier, 
the  transverse  boundary  has  an  increasingly  crucial 
effect  in  contrast  to  the  absorber  situation.  The  laser 
field  which  resonates  with  the  pre-excited  transition 
experiences  gain;  whereas,  the  laser  field  which 
encounters  a  transition  initially  at  ground  state,  expe¬ 
riences  resonant  absorption  and  losses.  A  more  signifi¬ 
cant  portion  of  the  pulse  energy  is  diffracted  out¬ 
wardly  in  the  amplifier  than  in  the  absorber  [23]. 

In  resonant,  nonlinear,  light-matter  interactions, 
the  velocity  profile  is  not  uniform  across  the  beam. 
The  intensity  at  a  particular  radius  as  well  as  the  ini¬ 
tial  state  of  the  transition  dictates  the  distinct  delay/ 
advance  that  the  “pencil”  will  experience  at  a  partic¬ 
ular  radius.  Consequently,  these  boundary  reflection 
conditions  tend  to  play  a  substantial  role  in  the  am¬ 
plifier  calculations  and  could  obscure  the  emergence 
of  any  new  phyical  effects.  Hence,  acceptable  results 
are  achieved  only  by  carefully  coupling  the  internal 
points  analyst  1  —ith  the  boundary  points  [27], 

Special  car  .*  is  required  to  reduce  the  boundary 
effect  to  a  rrtnimum.  By  using  nonuniform  grids  and 
confining  the  active  medium  by  radially-dependent 
absorbing  she  ll  one  can  construct  an  effective, 
rehsble  algorithm,  locally  consistent  with  the  physics 
of  the  problem:  i.e„  the  boundary  condition  to  be 
discussed  below  is  an  absorbing  surface.  This  condi¬ 
tion  represents  an  actual  experimental  approach  in 
which  the  laser  amplifier  is  coated  to  circumvent  any 
spurious  reflections. 

Mathematically,  this  approach  is  implemented  by 
introducing  a  radially  dependent  loss  distribution. 

The  loss  coefficients  obey  a  Gaussian-dependence 
peaking  at  the  wall  itself.  Three  forms  of  loss  were 
studied:  Ohmic  linear  form,  cubic  Kerr  lost,  and 
reduction  in  the  nonlinear  gain  of  the  active  medium. 

For  strongly  amplifying  media,  the  transverse 
boundary  could  still  cause  computational  difficulties 
for  self-diverging  beams,  because  it  is  difficult  to 
select,  beforehand,  the  functional  location  of  the 
boundary.  An  alternate  approach  to  the  problem 
would  be  to  extend  the  transverse  grid  to  infinity  as 
displayed  in  fig.  6.  In  practice,  the  most  effective 
treatment  of  the  dynamic,  transverse,  boundary  con¬ 
sists  of  implementing  an  absorbing  surface  while  con-  ' 
currently  considering  an  infinite  physical  domain  and 
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Fig.  6.  (a)  Non-uniform  stretching  of  the  transverse  coordinate;  (b)  Contraat  the  Gaiuaian  beam  dependence  with  the  non-uniform 
physical  radius. 


mapping  it  on  a  finite  computation  region. 

Hence,  the  desired  transformation  process  for  the 
transverse  coordinate  is: 

S«tanh<fc»),  0<*<l,  NB>NAf  (36) 
*-<*-l)/;vB.  1<*<*b.  (37) 

Pnwa-P^A),  (38) 


'(iHS)- 


on  axis: 

The  diffraction  coupling  term  becomes: 

^  a$23p2  a$l  Tp*'’ 

with  the  on-axis  contribution 


0 


1 

2p(Ya) 


(40) 


srith  pOVa)  denoting  the  actual  maximum  radius 
where  the  active  medium  is  still  present.  In  the  region 
extending  from  p(N/d  to  p(N j)  there  is  no  ampli¬ 
fying  medium;  instead,  there  is  an  absorbing  layer. 

The  mapping  derivatives  can  also  be  defined  ana¬ 
lytically  as  follows: 

3|/3p  ■  0(1  -  {*)  ■  0  sech2(0p)  (41a) 


wY 


In  fig.  7,  thfc  jjt  and  second  radial  derivatives  and 
the  Laplacian  term  are  drawn.  Fig.  8  contrasts  in  the 
stretched  radial  coordinate  system,  the  transverse 
coupling  and  the  electric  field. 

When  using  the  above,  the  numerical  domain  sen¬ 
sitivity  and  the  dependence  of  the  physical  param- 
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Fig.  7.  Tim  graph  fflustittei  the  dependence  of  the  radial 
mapping  and  the  derivative!  on  the  different  parameters 
versus  the  uniform  mathematical  radius. 


eters  on  the  boundary  conditions  can  readily  be 
assessed. 


Fig.  8.  This  figure  contrasts  the  Laplacian  dependence  for  a 
given  Gaussian  profile  for  various  non-uniform  radial  point 
densities. 


8.  Prescribed  stretching 

Proper  handling  of  the  differential  equations  of 
motion  is  possible  provided  there  are  enough  mesh 
points  to  insure  adequate  resolution  where  phase  gra¬ 
dients  change  very  rapidly.  However,  to  keep  the 
computing  costs  at  a  minimum  a  nonuniform  grid  is 
used. 

It  is  defined  by  widely-spaced  computational 
nodes  in  the  area  most  distant  from  the  plane  of 
interest  and  densely  clustered  nodes  in  the  critical 
region  of  rapid  change;  the  latter  being  in  the  neigh¬ 
borhood  of  maxima  and  minima  or,  for  multi-dimen¬ 
sional  problems,  in  the  vicinity  of  saddle  points. 

Consequently,  resolution  is  sought  only  where  it  is 
needed.  The  costs  involving  computer  time  and  mem¬ 
ory  size  dictate  the  maximum  number  of  points  that 
can  be  economically  employed.  In  planning  such  a 
variable  mesh  size,  the  following  [28],  must  be  kept 
in  mind: 

(a)  The  stretching  of  the  mesh  should  be  defined 
analytically  so  that  all  additional  weight  coeffi¬ 
cients  appearing  in  the  equations  of  motion  in 
the  computational  space,  and  their  derivatives, 
can  be  evaluated  exactly  at  each  node.  This 
avoids  the  introduction  of  additional  truncation 
errors  in  the  computation. 

(b)  To  assure  a  maximum  value  of  AT,  the  mathe¬ 
matical  grid  step,  the  minimum  value  of  At,  the 
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physical  time  increment,  should  be  chosen  at 
each  step  according  to  necessity.  This  means  that 
the  minimum  value  of  At  must  be  a  function  of 
the  pulse  function  steepness. 

(c)  The  minimum  value  of  At  should  occur  inside 
the  region  of  the  highest  gradient  which  occurs 
near  the  pulse  peak. 

For  example,  following  Moretti’s  approach,  if  T  * 
tanh(crr)  (42a)  and  a  must  be  larger  than  1,  the  entire 
semi- axis  r  greater  than  zero  can  be  mapped  on  the 
interval  0<r<l  with  a  clustering  of  points  in  the 
vicinity  of  r  *  0,  for  evenly-spaced  nodes  in  t. 

This  mapping  has  several  advantages.  It  introduces 
into  the  equations  of  motion  new  coefficients  which 
are  defined  analytically  and  have  no  singularities.  It 
avoids  interpolation  at  the  common  border  of  meshes 
differently  spaced.  The  computation  is  formally  the 
same  in  the  T*  space  as  it  was  in  the  r  space.  Some 
additional  coefficients,  due  to  the  presence  of  the 
stretching  function,  appear  and  are  easily  defined 
by  coding  the  stretching  function  in  the  main  pro¬ 
gram.  By  a  proper  choice  of  the  function  and  by 
letting  some  parameters  (such  as  d,  above)  vary  as 
functions  of  the  propagation  distance  according  to 
physical  needs,  the  accumulation  of  points  can  be 
obtained  where  necessary  at  apy  distance  of  propa¬ 
gation.  In  the  laser  problem,  we  use  a  slightly  modi¬ 
fied  stretching  function: 


r»rc  +  (o/2)log(77(l-7))  (42b) 

where  a  is  a  stretching  factor  which  malcss  points 
more  dense  around  re,  the  centre  of  gravity  of  the 
transformation.  In  particular, 

<*  *  Twlndow/logf^up  -  2)  (43) 

with  JVup  is  the  number  of  uniform  points  in  the 
mathematical  grid,  and  rwindow  is  the  temporal  win¬ 
dow 

f window  *  (tfflu  "  foiio)  ■  (44) 

re  is  an  arbitrary  point  used  to  define  the  centre  of 
transformation  so  that  the  change  of  the  coordinate 
will  be  optimum  for  more  than  one  plane  along  the 
direction  of  propagation.  Fig.  9  illustrates  the  trans¬ 
formation  and  its  different  dependence  on  the  par¬ 
ticular  choice  of  its  parameters. 

Note  that  a  derivative  of  the  mapping  function 
produced  by  the  gradual  variation  along  the  T*  axis  is 
also  defined  analytically,  namely  dr/d7*  * 

(a/2)[r(l  —  r)]'1  (44b).  In  response  the  computa¬ 
tional  grid  remains  unchanged  while  the  physical  grid 
(and  the  associated  weighting  factors)  can  change 
appreciably. 

Should  one  need  to  study  the  laser  field  build-up 
due  to  initial  random  noise  polarization  (for  super¬ 
radiance),  or  to  an  initial  tapping  angle  (for  super- 


Fi*.  9.  Dependence  of  prescribed  stretching  and  its  derivatives  on  the  point  densities  and  the  centre  of  transformation. 
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fluorescence),  one  must  utilize  a  different  stretching 
[66].  This  stretching  is  similar  to  the  one  defined  for 
treating  radial  boundary  conditions.  The  mesh  points 
are  clustered  near  the  beginning  (small  r);  their  den¬ 
sity  decreases  as  r  increases.  Note  that  the  Fresnel 
number  for  the  super-fluorescence  simulation  was 
selected  to  be  one  [66],  in  accordance  with  present 
experiments. 


9.  Adaptive  stretching  in  time 

As  the  energy  continues  to  shift  back  and  forth 
between  the  field  and  the  medium,  the  pulse  velocity 
is  modified  disproportionately  across  the  beam  cross- 
section.  This  retardation/advance  phenomenon  in 
absorber/amplifier  can  cause  energy  to  fall  outside 
the  temporal  window.  Furthermore,  due  to  nonlinear 
dispersion,  the  various  portions  of  a  pulse  can  propa¬ 
gate  with  different  velocities,  causing  pulse  compres¬ 
sion.  This  temporal  narrowing  can  lead  to  the  forma¬ 


tion  of  optical  shock  waves.  The  quality  of  the  tem¬ 
poral  resolution  becomes  critical.  To  maintain  com¬ 
putational  accuracy  a  more  sophisticated  stretching 
than  that  described  in  section  8  is  needed.  The  accu¬ 
mulation  centre  of  the  nonlinear  transformation  used 
to  stretch  the  time  coordinate  should  be  made  to  vary 
along  the  direction  of  propagation.  This  adaptive 
stretching  will  insure  that  the  redistribution  of  mesh 
points  properly  matches  the  shifted  pulse  (fig.  10). 

Here  the  transformation  (42)  from  r  to  T  is 
applied  about  a  centre  rc  which  is  a  function  of  tj: 

f*Tc(l})  +  “lOgy~y  .  (45) 

The  stretching  factor  a  could  also  be  a  function  of  17 
(fig.  19b)  with 

rc(r?  +  Ar?)  *  Tc(n)  +  [jpk(n)  -  rpk(n  -  At?)]  ,  (46) 

where  rpk(n)  is  determined  from  the  previous  plane  tj 
as  the  time  at  which  the  electric  field  on  axis  is 
maximum.  The  time  delay/advance  accumulated  in 
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the  inteml  An 


At  »  Tpkfa)  —  rp^Ji  Aij)  (47) 

measures  the  velocity  of  the  peak  relative  to  the 
speed  of  light: 

vjc  ■  l/[c(Ar/Aij)  +  1]  .  (48) 

The  equations  are  very  similar  to  those  of  section 
3,  with  an  extra  term  added: 


-iFTfype  +  d^e  + 


dtj 


•9. 


(49) 


The  role  played  by  the  time  coordinate  is  different 
Previously  the  field  equation  did  not  contain  an  expli¬ 
citly  dependent  terni. 


10.  Rezoning 

The  main  difficulty  in  modeling  laser  propagation 
through  inhomogeneous  and  nonlinear  media  stems 
from  die  difficulty  of  preassessing  the  mutual  influ* 
ence  of  the  field  on  the  atomic  dynamics  and  the 
effect  of  the  induced  polarization  on  the  field  propa¬ 
gation.  Strong  beam  distortions  are  expected  to  occur 
baaed  on  a  perturb  alio  nal  treatment  of  initial  trends. 
One  must  normalize  out  the  critical  oscillations  to 
overcome  the  economical  burden  of  an  extremely 
fine  mesh  size.  To  insure  such  accuracy  and  speed  in 
the  computation,  a  judicious  choice  of  coordinate 
system  and  appropriate  changes  in  the  dependent 
variables,  which  can  either  be  chosen  a  priori  or  auto¬ 
matically  redefined  during  the  computation,  must  be 
considered  (fig.  11)  [33-37]. 

This  procedure  removes  the  necessity  for  sampling 
the  high  frequency  oscillations  induced  in  the  phase 
by  self-lensing  phenomena.  The  coordinate  transfor¬ 
mation  alters  the  independent  variables  and  thereby 
causes  the  dependent  variables  to  take  a  different 
functional  form.  The  new  dependent  variables  are 
numerically  identical  to  the  original  physical  ampli¬ 
tudes  at  equivalent  points  in  space  and  time. 

The  requirements  of  spatial  rezoning  will  be  satis¬ 
fied  by  simultaneously  selecting  a  coordinate  trans¬ 
formation  (from  the  original  coordinates  p  and  r>  to  new 
coordinates  (  and  r)  and  an  appropriate  phase  and 
amplitude  transformation.  The  chosen  transformation 
will  share  the  analytical  properties  of  an  ideal  Gaus- 


Fig.  11.  (a)  The  concept  of  the  prescribed  rezoning;  (b)  a 
dose-up  of  the  non-uniform  mapped  grid  of  fig.  2b. 


sian  beam  propagating  in  a  vacuum.  Using  Kogelnik 
and  Li’s  notation  [30],  the  Gaussian  solution  of  the 
free- space  (9  *  0)  equation 

2ibne*V2Tpe*0  (SO) 

is  well  known  and  may  be  written  as: 

e(ft,  17,  r)  »  «(i7.  r)*‘  exp  ( Hv.  r ) 


,/  1  (  itoio  \\ 

P  W(n,  T)  1  2/?(t?,f)/j  ’ 

(SI) 

where 

Hv,  r)  •  arctan(r?/teo) , 

(52) 

<*(i?>  r)  •  «o  sec  , 

(S3) 
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R(r),T)-n  cosec  4/  .  (54) 

The  parameter  a  is  the  measure  of  the  transverse 
scale,  and 

a0  =*a(0,  r)  (55) 

is  the  width  of  the  initial  intensity  distribution.  The 
parameter  a  shrinks  or  expands  as  the  beam  converges 
or  diverges.  It  is  logical  to  require  the  transverse  mesh 
to  vary  as  a  varies.  Therefore,  the  variable 

Z*  Plain,  t)  (56) 

is  introduced  (rig.  1 1).  More  specifically,  stability  and 
convergence  are  assured  if  the  ratio  [Ar?/(Ap)J]  is 
appropriately  defined,  according  to  the  Fresnel  num* 
ber  chosen,  and  kept  constant  throughout  the  calcula¬ 
tion. 

Accordingly,  one  must  introduce  a  new  axial  vari¬ 
able  2  so  that  this  parameter  automatically  remains 
constant  as  p  varies.  This  should  increase  the  density 
of  n  planes  around  the  focus  of  the  laser  field  where 
the  imdiince  sharply  increases  in  magnitude  causing 
a  more  extensive  and  severe  field-material  interaction 
to  occur.  This  is  accomplished  by  introducing 

*  -  *  (57) 

and  using  a  constant  A z.  This  has  the  effect  of 
making  the  extent  of  real  space  related  to  the  size  of 
the  vacuum  beam. 

In  terms  of  (  and  z  the  field  equation  now  appears 
as 


[2i  d*e  -  2i£(tan  z)  3^  +  Vf,«]  -  ic,  ,  (58) 

where  Cj  is  a  constant. 

For  the  field  and  polarization  envelopes,  the  vari¬ 
ables  B  and  S  are  defined  as: 


SJ CXP  [+i  \  14,1 2  “  “]  •  (59) 

The  quadratic  phase  and  amplitude  variation  have 
been  removed.  The  new  field  then  takes  the  form: 

{l/*1  CO)  [2i  +  (2  - 11)*]  “  •  (60) 

B  and  S  vary  more  slowly  in  their  functional  values 
than  their  predecessors  allowing  the  numerical  proce¬ 
dure  to  march  the  solution  forward  in  a  more  eco¬ 


nomical  fashion  by  using  larger  meshes.  They  are 
numerically  treated  in  an  almost  identical  fashion  to 
e  and  9 .  Strongly  nonlinear  media  require,  however, 
a  more  sophisticated  approach. 


1 1.  Adaptive  rezoning 

The  foregoing  concepts  may  be  generalized  by 
repeating  the  simple  coordinate  and  analytical  func¬ 
tion  transformations  along  the  direction  of  propaga¬ 
tion  at  each  integration  step.  The  feasibility  of  such 
automatic  rezoning  has  been  demonstrated  by  Her¬ 
mann  and  Bradley  in  their  CW  analysis  of  thermal 
blooming  [33]  and  by  Moretti  in  supersonic  flow  cal¬ 
culations  [28,29]. 

In  particular,  the  change  of  reference  wavefront 
technique  consists  of  tracking  the  actual  beam  fea¬ 
tures  and  then  readjusting  the  coordinate  system.  An 
adaptation  of  Hermann  and  Bradley’s  technique  to  a 
cylindrical  geometry  is  presented  herein. 

The  new  axial  coordinate  z  is  defined,  as  before,  as 

z  «  arctan(t)/fcao)  (61) 

and 

3 „z- (1/tor*).  (62) 

Previously,  the  centre  of  the  transformation  where 
the  radial  mesh  points  were  most  tightly  bunched, 
was  at  the  focus  (z  *  q  *  0).  Now  the  transformation 
will  be  defined  in  terms  of  an  auxiliary  axial  variable 
Z(  as  a  function  of  z,  which  is  calculated  adaptively 
in  a  way  that  reflects  and  compensates  the  changing 
physical  situation.  The  relationship  Z|(z)  will  be 
defined  later  in  this  section. 

The  radial  coordinate  £  is  then  defined  similarly  as 


(  -  p/a((z()  (63) 

with  an  auxiliary  axial  coordinate  z(  different  from  z. 
For  stability  reasons,  (Az{/A£z)  must  be  a  constant. 
From 

(64) 

this  leads  to: 

4{(zt)  ■  a0(l cos  z | ,  (65) 

dq  *  Hal  [tan(z  +  dz)  -  tan  z]  (66) 

■  far§t  [tan(rt  +  dzt)  -  tan  zt] ,  (67) 
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which  gives: 

(68) 

and  also  leads  to  an  expression  for  dzt: 
tan(d*|)  *  astan(dz)/  {a|  +  tan(dz) 

x  [^tan  *|  -  aftan  z]}  .  (69) 

This  enables  one  to  find  appropriate  values  for  a/a{. 
«o{  is  then  defined  by  writing: 

<*i< f|  +  dZ|)«  a0|/cos(Z|  ♦  dZ|) .  (70) 

In  this  adaptive  rezoning  scheme,  the  physical  solu¬ 
tion  near  the  current  z  plane  is  described  better  by  a 
Gaussian  beam  of  neck  radius  cp  whose  focal  point  is 
a  distance  Z{  away  than  by  an  initially  assumed  Gaus¬ 
sian  beam  with  parameters  Oo  and  z.  With  this  trans¬ 
formation  the  field  equation  (SO)  in  terms  of  z  and  $ 
becomes 

JX 

2i3i*+—  (V3*r-2i*tanz(3t«)]-ic?at:?.  (71) 

al 

To  remove  the  unwanted  oscillations,  new  dependent 
variables#  and  S  are  introduced  by  a  •  GB  and  “?m 
GS,  where 

G  ■  1  exp  j+  ~  £*tan  zt  iZ|| .  (72) 

All  the  values  at  the  end  of  the  previous  interval 
(if  plane)  are  indicated  with  a  subscript  p.  The  electric 
field  e  is  given  in  the  old  representation  as  e  *  Gp5p, 
and  in  the  new  representation  as  c  *  GB ;  where  Gp  is 
dependent  on  Z| p  and  G  on  Z|,  and  B  is  given  by 

#p-#exp[+i(af1+il*4)].  (73) 

The  best  match  is  obtained  by  requiring  that  $(#), 
the  phase  of  B,  should  vary  radially  as  little  as  possi¬ 
ble. 

*  (®IJ  +  ~.)  +  (|€*tanz{p  -  zjp) 
-(j{*tanzjZ|) ,  (74) 


plane  under  consideration  is  derived  from  the  old 
value  by 

zf  »  arctan(2a  +  tan  z{p) ,  (75) 

with  the  new  neck  radius  a0( 
floe-tfjCOSZt.  (76) 

The  equation  for  B  is  then: 

21 +4  ♦  (2  -  {*)#}  -  ic,^# .  (77) 

at 

By  using  this  final  differential  equation,  the  new 
equation  varies  lets  in  its  functional  values  than  does 
the  original. 

The  instantaneous  local  parameters  a  and  0  of  the 
quadratic  wave  front  are  determined  by  fitting  the 
calculated  tff)  of Bp  to  aquartic  in  £;  a  reasonable 
approach  is  that  the  intensity-weighted  square  of  the 
phase  gradient: 

fti1  [dp(a£2  +  ft4  +  </)]*  |  d|  *  minimum  ,  (78) 


where  }  is  the  phase  of  the  field  variable#  ■  A 
exp(-W)  [79  J.  The  minimization  of  the  phase  gra¬ 
dient  is  weighted  by  the  beam  intensity.  Conse¬ 
quently,  the  curvature  at  foe  highest  intensity  portion 
of  the  beam  contributes  the  most. 

The  following  different  moment  integrals  are 
introduced 


Mn  »/ U2"#2}  l d*  ,  7»  *  J* >dt*}  %  d* 

(80) 


using  the  relation 

#*d(^  •  —Im  {#*<>{#}  ,  (81) 

T„  -  -Imf  {#* 3e#)  P-”}  ?  df ,  (82) 


by  taking  partial  derivatives  with  respect  to  the  a’s 
and  0’s,  one  obtains 

a  *  -GMj7j  -MijJ/E 

and 


where  a  is  the  curvaturs. 

a  and  0  are  determined  in  a  appropriate  manner 
from  Bp  so  that  a  new  variable#  has  no  curvature.  It 
is  dear  that  the  new  value  of  z(  at  the  present  new 


0-(Wi7j-M,7i)/2#, 

where 

£-20fi-Af,iW,).  (83) 
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The  distinctive  advantage  of  these  stretching  and 
adjustable  rezoning  techniques  stems,  as  suggested  by 
Moretti,  from  the  fact  that  they  automatically  define 
the  mapping  and  all  related  derivatives  analytically. 


12.  Numerical  results 

In  this  section  are  outlined  basic  results,  obtained 
with  and  without  rezoning  and  stretching,  and  Qlus> 
trating  why  the  more  sophisticated  techniques 
required  less  computational  effort. 

The  first  part  of  this  investigation  which  dealt  with 
absorbing  material  led  to  the  discovery  of  new  physi¬ 
cal  phenomena  which  promise  to  have  significant 
applications  for  proposed  optical  communications 
systems.  It  had  been  shown  that  spontaneous 
focusing  can  occur  in  the  absence  of  lenses,  and  that 
the  focusing  can  be  controlled  by  varying  the  medium 
parameters.  The  second  part  of  this  analysis  dealt 
with  amplifiers. 

The  dependence  of  the  propagation  characteristic 
on  the  Fresnel  number  f1  associated  with  an  effec¬ 
tive  atomic  length,  on  the  on-axis  input  pulse  “area”, 
on  the  relaxation  times  and  on  the  off-line  centre  fre¬ 
quency  shift  have  been  studied.  Furthermore,  partic¬ 
ular  care  was  exercised  to  ensure  a  perfectly  smooth 
Gaussian  beam  [23,54—59]  thereby  eliminating  any 
possibility  of  small  scale  self-focusing  build-up 
[60-63]. 

The  effect  of  coherent  self-focusing  is  illustrated  in 
fig.  12.  The  time  integrated  pulse  ‘energy1  per  unit 
area  is  plotted  for  various  values  of  the  transverse 
coordinate,  as  a  function  of  the  propagation  distance. 
Two  orientations  are  shown  to  display  the  energy 
redistribution  as  the  laser  beam  is  transmitted  in  the 
nonlinear  resonant  absorber.  The  necessity  of  a  non- 
uniform  mesh  is  quite  evident. 

The  three-dimensional  numerical  calculations 
[23, 56—59]  substantiate  the  physical  picture  based 
on  time  changes  in  the  phase.  It  can  be  perceptually 
visualized  in  selected  frames  from  a  computer  movie 
simulation  of  the  numerical  model  output  data. 

In  fig.  13  the  isometric  plots  are  drawn  against  the 
retarded  time  for  various  transverse  coordinates  at 
four  specific  regions  of  the  propagation  process: 

(a)  the  reshaping  region  where  the  perturbation  treat¬ 
ment  holds;  (b)  the  build-up  region; (c)  the  focal 


Fig.  12.  The  energy  per  unit  am  {/Sle(e,  *),  Ol  Jdr}  the  flu¬ 
ency  is  displayed  as  a  (Unction  of  the  distance  in  the  direc¬ 
tion  of  propagation  for  various  values  of  the  coordinates 
transverse  to  the  direction  of  propagation.  To  illustrate  the 
gradual  inward  energy  flow  the  w/2  reorientation  is  also  dis¬ 
played.  The  longitudinal  orientation  illustrates  the  gradual 
boosting  mechanism  that  the  field  energy  experiences  as  it 
flows  radially  towards  the  beam  axis  (while  tj  increases).  The 
second  angle  displays  the  severe  beam  distortion  in  its  cross- 
section  as  a  function  of  tj. 


region;  and  (d)  the  post-focal  region.  While  in  fig.  14 
a  rotation  of  isometric  plots  is  displayed  to  emphasize 
the  radially  dependent  delay  resulting  from  the 
coherent  interaction.  Positive  values  of  the  transverse 
energy  current  correspond  to  outward  flow  and  nega- 


Fif.  13.  botnet  ric  plots  of  the  tbsotbet  field  «nmgy  and  transverse  energy  flow,  against  tho  retarded  time  for  various  transverse 
coordinates  at  four  regions:  (a)  reshaping,  (b)  build-up  region,  (c)  focal  region,  (d)  post-focal  region. 


tive  values  to  inward  flow.  The  results  of  the  top  two 
graphs  in  the  right  and  left  columns  are  also  in  agree¬ 
ment  with  the  physical  picture  related  to  the  analytic 
perturbation  discussed  elsewhere  [23,65], 

The  bum  pattern,  iso-irradiance  level  contours 
(against  r  and  p)  for  different  propagation  distances 
are  shown  in  fig.  IS.  Severe  changes  in  the  beam 


cross-section  are  taking  place  as  a  function  of  the 
propagating  distance.  At  the  launching  front,  the 
beam  is  smooth  and  symmetric;  as  the  beam  propa¬ 
gates  into  the  nonlinear  resonant  medium  the  effect 
of  the  nonlinear  inertia  takes  place. 

The  general  format  for  presenting  three-dimen¬ 
sional  coherent  pulse  propagation  in  an  amplifying 
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Fig.  14.  Isometric  plots  of  the  absorber  field  energy  and  transverse  energy  flow  profile  for  various  time  slices  at  the  four  regions  of 
interest. 


medium  will  be  the  same  as  for  the  absorber. 

In  the  right  hand  side  of  fig.  1 6  the  field  energy  is 
displayed  isometrically  against  the  retarded  time  for 
various  radii  at  the  previously  defined  five  critical 


regions  of  propagation  and  are  constrasted  with  their 
profile  plotted  in  the  left  hand  side  of  fig.  16  for 
various  instants  of  time.  In  fig.  17,  one  can  see  from 
the  contour  energy  levels  that  the  peak  of  the  pulse  is 


Fig.  17.  Amplifier  field  energy  contour  plot!  for  the  four  propagation  regions  of  interest.  Notice  the  temporal  advance  associated 
with  the  coherent  exchange  of  energy  between  light  and  matter,  as  well  as  the  beam  cross-section  narrowing. 


advanced  with  respect  to  a  frame  moving  with  the 
velocity  of  light.  It  is  seen  that  the  smaller  area 
propagates  slower  than  the  larger  areas. 

The  effect  of  the  radial  boundary  is  illustrated  in 


figs.  18  to  20.  Nonuniform  radial  stretching  was 
adopted  during  the  computation.  Isometrics  of  the 
field  energy  and  the  energy  current  are  plotted  ver¬ 
sus  r  for  different  radii  in  fig.  1 8  and  versus  p  for 


Fig.  16.  Isometric  plots  of  the  amplifier  field  energy  versus  the  retarded  time  for  various  transverse  coordinates  contrasted  to  its 
profile  for  various  time  at  distinct  propagations!  region. 


ENERGY 


Fig.  1*.  Isometric  piouof  the  amplifier  field  energy  and  transverse  energy  flow,  against  the  retarded  time  for  various  transverse 
coordinates  at  four  regions:  (a)  reshaping,  (b)  build-up  region,  (c)  focal  region,  (d)  post-focal  region,  with  stretched  radial  cooidi 
nate  for  proper  accounting  of  the  transverse  boundary  condition. 
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Fig.  19.  Isometric  plots  of  the  amplifier  field  energy  and  transverse  energy  flow  profile  for  various  time  slices  at  the  four  regions 
of  interest,  with  stretched  radial  coordinate  for  proper  accounting  of  the  transverse  boundary  condition.  No  severe  reflection  or 
abrupt  variation  in  the  field  energy,  at  the  wall  boundary,  is  observed. 


Fit.  20.  Amplifier  field  energy  contour  plots  for  the  four  propagation  region  of  interest.  Notice  the  temporal  advance  aamciated 
with  the  coherent  exchange  of  energy  between  light  and  matter,  as  well  as  the  beam  cron-taction  narrowing,  with  stretched  radial 
coordinate  for  proper  accounting  of  the  transverse  boundary  condition.  No  seven  reflection  or  abrupt  variation  in  the  field 
energy,  at  the  wad  boundary,  b  observed. 


various  instants  of  time  in  fig.  19.  From  the  energy 
current  graphs,  one  discovers  out  that  a  focusing 
phase  is  not  an  exclusive  property  of  s  resonant 
absorber. 

Fig.  20  displays  the  contour  energy  levels  where 
the  enhancement  of  diffraction  by  the  pre-excited 
two-level  atomic  medium  is  clearly  evident. 


13.  Concluding  remarks 

Most  features  of  the  numerical  model  used  to 
study  temporal  and  transverse  reshaping  effects  of 
short  optical  pulses  propagating  in  active  nonlinear 
resonant  media  have  been  presented.  The  experiment 
strives  to  achieve  a  rigorous  analysis  of  this  nonlinear 
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interaction  with  maximum  accuracy  and  minimum 
computational  effort.  The  applicability  of  computa¬ 
tional  methods  developed  in  gas  and  fluid  dynamics 
to  the  detailed  evolution  of  optical  beams  in  non¬ 
linear  media  has  been  demonstrated.  By  introducing 
adaptive  stretching  and  rezoning  transformations,  the 
calculations  improved  considerably. 

In  particular,  self-adjusted  rezoning  and  stretching 
techniques  consisting  of  repeated  applications  of  the 
same  basic  formula  were  reviewed  as  a  convenient 
device  for  generating  computational  grids  for  com¬ 
plex  nonlinear  interactions.  The  techniques  are  well- 
suited  for  easy  programming  because  the  mapping 
functions  and  all  related  derivatives  are  defined  ana¬ 
lytically  as  much  as  possible.  Enhancement  of  speed 
and  accuracy  was  realized  by  improving  the  integra¬ 
tion  technique/algorithm  which  turned  out  to  be 
general  and  simple  in  its  application  compared  with 
its  analogue,  the  two-dimensional  Lagrangian 
approach.  Furthermore,  this  method  has  been  applied 
to  a  number  of  situations  with  and  without  homo¬ 
geneity  in  the  resonant  properties  of  the  atomic  me¬ 
dium.  Note  that  the  theoretical  predictions  defined 
with  this  code,  when  applied  to  absorbing  media, 
were  quantitatively  ascertained  [56,59]  by  indepen¬ 
dent  experimental  observations  in  sodium,  neon  and 
iodine,  respectively  [53,55,67],  and  recent  indepen¬ 
dent  perturbations!  [60,61,63]  and  computational 
analysis  [62].  The  design  of  the  first  of  these  experi¬ 
ments  dealing  with  sodium  vapor,  was  based  on 
qualitative  ideas,  quantitative  analysis  and  numerical 
results  obtained  with  the  code  described  in  this  paper. 

Although  the  topic  of  this  paper  has  been  most 
widely  received  in  optical  radiation  physics,  we 
believe  that  this  methodology,  drawn  from  aero¬ 
dynamics,  will  prove  functional  for  a  wide  variety  of 
nonlinear  time-dependent  equations  in  such  fields 
as  chemical  kinetics  and  oil  reservoir  simulations. 

14.  Summary 

The  mathematical  modeling  of  the  coherent  trans¬ 
mission  of  ultra-short  optical  pulses  in  a  two-level, 
atomic  gaseous  medium,  which  can  sustain  amplifi¬ 
cation  and/or  absorption  is  presented.  The  main  pur¬ 
pose  was  to  understand  how  inertial  nonlinearity 
affects  the  propagation  of  intense  ultra- short  light 
beams.  Previously,  this  effect  had  been  intractable. 


The  results  of  this  analysis  served  as  a  guide  to 
real-life,  coherent  light— matter  interaction  experi¬ 
ments.  The  equations  with  radial  and  phase  variations 
included,  are  implemented  using  a  two-dimensional, 
time-dependent,  finite-difference  computer  code  with 
two  population  densities,  an  inertial-medium  polariza¬ 
tion  density  and  adaptive  propagation  capabilities. 
The  importance  of  dynamic  transverse  effects, 
namely,  diffraction  coupling  and  a  reflecting  radial 
boundary,  in  the  evolution  of  both  initial  ground- 
state  and  inverted  media  with  different  Fresnel  num¬ 
bers,  has  also  been  assessed. 

Calculations  using  an  Eulerian  code  predicted  and 
elucidated  an  on-resonance,  transient,  whole-beam, 
self-lensing  phenomenon  in  absorbers.  This  effect  was 
subsequently  ascertained  by  experimental  observa¬ 
tions  in  sodium  and  neon.  Conversely,  calculations 
concerning  amplifiers  depicted  longitudinal  pulse 
break-up,  which  degraded  beam  quality,  as  substan¬ 
tiated  in  high-power  laser  experiments.  Significant 
phase  modulation  and  transverse  spreading  may 
explain  the  mechanism  that  limits  the  useful  output 
of  long  amplifiers.  Parametric  computations  illus¬ 
trated  that  these  self-action  phenomena  can  be  con¬ 
trolled  by  tuning  the  various  system  parameters. 

Accuracy  and  computational  economy  are 
achieved  simultaneously  by  dynamically  redistri¬ 
buting  the  computational  Eulerian  grid  points  accord¬ 
ing  to  the  physical  requirements  of  the  nonlinear 
interaction.  Evenly-spaced  computational  grids  are 
related  to  variable  grids  in  a  physical  space  by  a  range 
of  stretching  and  rezoning  techniques.  This  mapping 
consists  of  either  an  a  priori  coordinate  transforma¬ 
tion  or  an  adaptive  transformation  based  on  the 
actual  physical  solution.  Both  stretching  in  time  and 
rezoning  in  space  alleviate  the  computational  effort. 
The  propagation  problem  is  then  reformulated  in 
terms  of  coordinates  that  will  automatically  accom¬ 
modate  any  change  in  the  beam  profile.  This  attempt 
permits  the  construction  of  a  computer  code  capable 
of  being  physically  meaningful  at  every  mode  point. 

The  dynamic  grid  obtained  through  self-adjusted 
mapping  techniques  removes  the  main  disadvantage 
of  insufficient  resolution  from  which  Eulerian  codes 
generally  suffer.  Furthermore,  the  advantages  of  grid 
sensitivity  are  obtained  while  circumventing  the  tradi¬ 
tional  impediments  associated  with  the  Lagrangian 
methods. 
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Dynamic  diffraction  coupling  is  examined  in  superfluorescence  with  use  of  a  s emic las¬ 
sie  al  model  in  which  diffraction  and  transverse  density  variations  are  rigorously  in¬ 
cluded.  The  Cs  data  are  correctly  simulated  for  the  first  time. 
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Superfluorescence1  (SF)  is  the  process  by  which 
coherent  emission  occurs  from  an  ensemble  of 
two-level  atoms  all  intially  in  the  upper  state.  An 
important  question  in  SF  experiments  is  why  the 
output  pulse  is  sometimes  smooth,  but  at  other 
times  exhibits  multiple  structure  or  ringing. 
Strong  ringing  or  pulsing  has  been  observed  by 
several  groups,  including  the  initial  HF-gas  stud¬ 
ies.*  Recent  Cs  experiments,*  however,  never 
show  ringing  at  low  densities,  whereas  at  higher 
densities,  highly  fluctuating  multiple  pulsing  is 
usually  observed,  and  is  believed  to  arise  from 
transverse-mode  competition.  Strong  Burnham- 
Chiao  ringing4  is  predicted  by  plane-wave  models,* 
which  neglect  variations  transverse  to  the  propa¬ 
gation  direction.  We  find  that  inclusion  of  trans¬ 
verse  effects,  both  spatial  averaging  and  Lapla- 
cian  diffraction,  substantially  alters  the  one-di¬ 
mensional  Cs  predictions,  *b  leading  to  greater 
conformity  with  the  Cs  data. 

The  initial  SF  state  is  prepared  by  rapidly  in¬ 
verting  a  sample  of  three-level  atoms  by  trans¬ 
ferring  population  from  the  ground  state  to  the 
upper  state  with  a  short  light  pulse,  creating  a 
cylindrical  region  of  excited  atoms.2  SF  pulse 
emission  subsequently  occurs  between  this  ex¬ 
cited  state  and  the  Intermediate  state.  There  is 
no  optical  cavity  and  stray  feedback  is  negligible. 

This  study  employs  the  semiclassical  approach 
to  explore  the  influence  of  transverse  effects, 
using  the  average  value8  of  the  initial  tipping  an¬ 
gle.4' M  Both  longitudinal  fluctuations8  and  trans¬ 
verse  flucutations,  as  influenced  by  diffraction, 


will  be  discussed  elsewhere. 

Transverse  effects  are  expected  to  influence 
the  pulse  shapes  in  at  least  two  ways,  one  of 
which  is  spatial  averaging.  In  SF  experiments 
the  initial  inversion  density  n0(r)  is  radially  de¬ 
pendent  since  the  pump  light  pulse  typically  has  a 
Gaussian-like  profile/  In  the  absence  of  diffrac¬ 
tion  this  cylinder  can  be  thought  of  as  a  set  of  con¬ 
centric  cylindrical  shells,  each  with  its  own  den¬ 
sity,  tipping  angle,  and  delay  time.8  The  radia¬ 
tion  will  be  a  sum  of  plane-wave  intensities; 
when  the  entire  output  signal  is  viewed  the  ring¬ 
ing  averages  out,  resulting  in  an  asymmetric 
pulse  with  a  long  tail.9 

A  second  transverse  effect,  diffraction,  causes 
light  emitted  by  one  shell  to  affect  the  emission 
from  adjacent  shells.  This  coupling  mechanism, 
which  causes  transverse  energy  flow,  is  more 
important  for  samples  with  small  Fresnel  num¬ 
bers  F. 

SF  is  inherently  a  transverse-effect  problem 
even  for  large-/-  samples  since  the  off-axis 
modes  are  not  discriminated  against.  This  work 
is  the  first  to  correctly  include  this  crucial  ele¬ 
ment. 

Our  analysis  adopts  the  coupled  Maxwell-Schro- 
dinger  equations,  which  fully  take  into  account 
propagation  and  transverse  effects.  Previous 
approaches  examined  transverse  effects  in  the 
mean-field  approximation10  or  included  a  loss 
term  in  the  Maxwell  equation  to  describe  diffrac¬ 
tion.2’ 8  Thus  our  model  possesses  a  long  sought 
for  degree  of  realism.11 
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The  simulations  are  based  upon  an  extension  of 
a  model12  which  describes  transverse  effects  ob¬ 
served  in  self -induced  transparency  experiments.1 3 
For  simplicity  the  influence  of  the  backward 
wave,  which  is  negligible, 14  is  not  considered, 
and  cylindrical  symmetry  is  assumed.  The  equa¬ 
tions  of  motion  are12 


B£/dz  -  t(4/rL)*lVr24  =  (4»2/X)(P, 

(la) 

3<P/3r+<$>/7’2=(p2//F)»|, 

(lb) 

an/ar+n/T,  =  -  Re(<P?  * /#), 

(lc) 

where  £  and  <P  are  the  slowly  varying  complex 
amplitudes  of  the  electric  field  and  polarization, 
respectively,  n  is  the  inversion  density,  t=  t  -  z/ 
c  is  the  retarded  time,  p  is  the  transition  dipole 
moment  matrix  element,  and  Tt  and  T2  are  the 
population  relaxation  and  polarization  dephasing 
times.  Diffraction  is  taken  into  account  by  the 
Laplacian  term  Vr2|  =  (l/pX8/3p)p3?/3p,  where 
psr/r,,  with  Fresnel  number  F-  nr* /XL.  rt  is 
the  radius  of  the  initial  inversion  density  at  half 
maximum,  and  L  is  the  sample  length.  The 
boundary  conditions  are  3$/3r=0  on  the  axis  (r 
=  0)  and  at  r=«.  To  insure  that  (1)  the  entire 
field  is  accurately  simulated,  (2)  no  artificial  re¬ 
flections  are  introduced  at  the  numerical  bound - 
ary  rm  »  rp ,  and  (3)  fine  diffraction  variations 
near  the  axis  are  resolved,  the  sample  cross  sec¬ 
tion  is  divided  into  nonuniform  cells,  and  is  sur¬ 


(0  ) 


rounded  by  an  absorbing  shell. 

Equations  (1)  are  numerically  integrated  sub¬ 
ject  to  the  initial  conditions  n  =  «ocos0o  and  <P 
=  pxasin0Q,  which  correspond  to  an  initial  tipping 
angle  The  initial  inversion  density  in  the  ex¬ 
periment  is  radially  dependent;  r  dependence  of 
n0  and/or  60  is  allowed  for  in  the  computations. 

Figure  1(a)  displays  results  where  spatial  av¬ 
eraging  is  present  but  diffraction  is  absent,  by 
setting  F  -  *>  in  Eq.  (la).  In  this  figure  the  emit¬ 
ted  power  of  SF  pulses  is  plotted  for  samples 
with  uniform  and  Gaussian  profiles  of  n0(r)  and 
0a(r).  First,  we  study  ringing  reduction  due  to 
spatial  averaging  of  independent  concentric  shells, 
each  emitting  in  a  plane-wave  fashion.  The  case 
in  which  8g  and  »0  are  both  constant  (curve  i),  the 
uniform  plane-wave  limit,  exhibits  strong  ring¬ 
ing.4*5  In  curve  ii,  in  which  n0  is  Gaussian  {«„(r) 
=«0° exp[  -  \n2(r/rp)2]}  and  60  is  uniform,  the 
ringing  is  largely  averaged  out,  resulting  in  an 
asymmetric  pulse  with  a  tail.  An  essentially 
identical  result  (curve  iii)  is  obtained  for  the 
case  in  which  n„  and  60  are  both  Gaussian  {0O  =  8° 
x  exp[0.51n2(r/r>)2]},  showing  that  the  ringing  is 
predominantly  removed  by  a  Gaussian  n0  regard¬ 
less  of  the  radial  dependence  of  80.  This  is  ex¬ 
pected,  since  the  output-pulse  parameters  are 
all  dependent  only  on  |ln0o|.”  As  shown  in  Fig. 
1(b),  with  uniform  n0  and  80  but  with  diffraction 
included,  the  output  pulse  is  almost  symmetrical 


iti 


FIG.  1.  (a)  Normalized  SF  output  power  vs  t/tr,  ta  =  fa / 4.t  V  « ,/L  =  Sir  V 3n .  (ta  is  the  same  as  that  defined 
in  Ref.  5a.  It  appears  smaller  by  a  factor  of  3  because  it  uses  the  "partial'’  radiative  lifetime  r0  instead  of  the  ob¬ 
served  one,  TtP.)  0Q9  =  2*  10"1,  -72  =  r2*  =a0,  L/cta*3.9,  and  F=®  (see  text),  (b)  Same  as  (a)  but  with  diffrac¬ 

tion  included  and  uniform  nfl(r)  and  60(r). 
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(a)  (b) 


FIG.  2.  Influence  of  diffraction  on  SF  pulse  shapes.  Parameters  are  t  he  same  as  in  Fig.  1(a),  with  n0  Gaussian 
and  60  uniform,  (a)  Emitted  power;  (b)  isometric  graph  of  intensity  for  the  F  =  1  case  of  (a). 


and  also  nearly  free  of  ringing  for  F  *  0.4. 

Figure  2(a)  studies  the  effect  of  diffraction  on 
the  SF  pulse  shapes  by  varying  F,  with  use  of  a 
Gaussian  n„  as  in  Fig.  1(a),  curve  ii.  Reducing  F 
curtails  the  oscillatory  structure  and  makes  the 
output  pulses  more  symmetrical,  since  the  outer 
portions  of  the  gain  cylinder  are  stimulated  to 
emit  earlier  because  of  diffraction  from  the  inner 
portions.  Thus  diffraction  becomes  more  impor¬ 
tant  as  F  decreases. 

Figure  2(b)  is  an  isometric  graph  of  the  inten¬ 
sity  buildup  for  a  sample  with  F-l.  The  radial 
variations  of  intensity  peaks,  delay,  and  ringing 
illustrate  how  different  gain  shells  contribute  in¬ 
dependently  to  the  net  power.  Each  shell  exhibits 
a  different  Burnham-Chiao  ringing  pattern.  Ac  - 
cordingly,  their  contributions  to  the  net  signal 
interfere  and  reduce  the  ringing.  However,  the 
central  portion  of  the  output  pulse  should  exhibit 
strong  plane-wave  ringing.  In  fact,  the  ringing 
observed  in  the  HF-gas  experiments2  may  have 
been  just  that,  since  the  detector  viewed  a  small 
area  in  the  near  field  of  the  beam. 

Figure  3  compares  the  normalized  Cs  SF  data 
of  Refs.  3  and  lib  (for  which  F  *  0.7  with  uncer¬ 
tainty  ranging  from  0.35  to  1.4)  to  the  theory  (in¬ 
cluding  relaxation  terms).  The  data  were  fitted 
with  use  of  a  Gaussian  n0  and  a  uniform  60  with 
nominal  value8  60  =  2(n0°irrp2L)>/2,  n0°  being  adjust¬ 
ed  to  yield  the  observed  delays  (1. 6-2.8  times  the 
experimental  n0  values).  However,  in  Ref.  3  the 
curve  published  at  each  density  was  the  one  with 
the  shortest  delay.  The  average  delay  is  ~30% 
greater  at  each  density.'5  Thus  the  effective  ra¬ 


tios  of  our  computed  densities  to  the  experimen¬ 
tal  ones  range  from  1.2  to  2.2,  compared  with  the 
+  60%,  -  40%  quoted  experimental  uncertainties. 

The  quantum  calculations8  actually  yield  0O=(2/ 
■&0[ln(2JV),/,]l/2,  a  9%  correction  which  further 
reduces  the  range  to  1.14-2.0.  If  one  sets  fi0  =  6/ 
/N,  as  suggested  by  the  small  injection  experi- 


FIG.  3.  Theoretical  fits  to  Cs  data  of  Ref.  3.  The 
two  dashed-line  curves  in  (a)  Indicate  typical  experi¬ 
mental  shot-to-shot  variations.  F  =  1,  L.  ’2  cm,  T, 

=  70  ns,  T,  =  80  ns,  A  =  2.931  j*m,  r0  =  351  ns,  60  is 
uniform  or  Gaussian,  and  n0(r)  is  Gaussian.  The 
following  give  09°(flt>,  «0°(fit),  *„°(exp>,  with  9„°  in 
units  of  10'  '/cm'  and  n0°  in  units  of  10'°/cm’ :  (a)  1.07, 
31,  19;  (b>  1.37,  18,  7.6;  (c)  1.69,  11.9,  3.8;  (d)  1.96, 
8.83,  3.1.  The  broken-line  curve  in  (b)  is  the  one¬ 
dimensional  fit  of  Ref.  3b,  with  0O°  =  1,69  and  n  0°  ■  12. 
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ment,15  the  range  is  1-1.8,  in  still  better  agree¬ 
ment. 

The  calculated  shapes  are  in  good  agreement 
with  the  data,  and  are  within  the  range  of  shot-to- 
shot  fluctuations  [Fig.  3(a)].  The  only  discrep¬ 
ancy  is  that  the  simulations  predict  more  of  a  tail 
than  observed  in  the  experiments.  For  compari¬ 
son,  Fig.  3(b)  also  plots  the  fit  in  Ref.  3b  of  the 
one-dimensional  Maxwell -Schrodinger  theory.4 
As  can  be  seen,  the  present  theory  gives  a  more 
accurate  fit,  illustrating  the  necessity  of  includ¬ 
ing  transverse  effects.  The  pulse  tails  are  fur¬ 
ther  curtailed  by  reducing  F  within  the  range  of 
experimental  uncertainties' lb  (which  used  a  1/e 
rather  than  a  half  width  at  half  maximum  defini¬ 
tion  of  rt).  Note  that  often  a  Fresnel  number  F\ 
defined  as  r//AL,  is  used;  diffraction  effects  be¬ 
come  important  when  F'=  1  (i.e.,  when  F  =  0.36). 

In  conclusion,  SF  experiments  are  described 
much  more  accurately  by  including  transverse 
effects.  Our  calculations  do  not  include  short- 
scale-length  phase  and  magnitude  fluctuations  in 
0o,  which  result  in  multiple  transverse-mode 
initiation  of  the  SF  process,  leading  to  multidi¬ 
rectional  output  emission  with  hot  spots.  This  ef¬ 
fect,  which  is  expected  to  be  important  only  for 
large -F  samples  (since  diffraction  singles  out  a 
smooth  phase  front  in  small-F  samples),  is  under 
study. 
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‘This  effect  if  also  known  as  superradiance  and  Dicke 
superradiance,  although  these  terms  are  also  used  to 
describe  coherent  emission  from  samples  with  initial 
polarization. 
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By  adapting  Moretti's  self-consistent  numerical  approach  to  integrating  the  Euler  equation  of  compressible  flow,  a  uni¬ 
fied  complete  temporal  and  spatial  description  of  superfluorescence  and  optical  bi-stability  was  undertaken.  (The  simula¬ 
tion  includes  material  initialization  as  well  as  refractive  transverse  and  longitudinal  field  boundary  conditions  appropriate  to 
the  cylindrical  laser  cavity).  The  respecting  of  physical  causality  in  Moretti’s  method  was  maintained;  but  by  using  an 
improved  der'ative  estimator  at  both  the  predictor  and  corrector  levels,  the  overall  accuracy  was  improved. 

The  physical  model  includes  nonplanar  two-way  Maxwell-Bloch  propagation  with  spontaneous  sources.  The  problem 
of  dynamic  transverse  effects  as  they  relate  to  soliton  collisions  is  addressed.  The  calculations  are  based  upon  an  extension 
of  Mattar’s  previous  semi-classical  model  for  diffraction  and  phase  effects  in  self-induced  transparency  at  thick  optical 
absorptions. 

The  computational  algorithm  relies  on  th-  use  of  characteristics,  but  is  strictly  a  finite-difference  scheme.  This  explicit 
scheme  involves  the  simultaneous  integration  along  the  time  jordinate  for  both  forward  and  backward  wave.  However, 
directional  derivatives  must  be  considered  to  appropriately  take  into  account  the  mutual  influence  of  the  two  light  beams 
without  violating  the  laws  of  forbidden  signals.  Particular  case  is  exercised  to  maintain  at  least  a  second-order  accuracy 
using  one-sided  approximations  to  spatial  derivatives.  Each  forwcru/oackward  field  derivative  will  be  related  to  its  respec¬ 
tive  directional  history.  A  numerical  approach  in  which  the  discretization  is  not  consistent  with  these  physical  facts  will 
inevitably  fail.  Thus  the  numerical  algorithm  must  discriminate  between  different  domains  of  dependence  of  different 
physical  parameters. 

The  physical  process  can  now  be  analyzed  with  a  degree  of  realism  not  previously  attainable.  Significant  agreement 
with  experimental  observations  is  reported  from  the  planar  or  time-independent  analysis  counterpart  confined  to  the  cen¬ 
tral  portion  of  the  beam. 

I.  Introduction 

The  modelling  of  longitudinal  and  transverse  coherent  pulse  reshaping  that  occurs  when  forward-  and  backward¬ 
travelling  beams  interact  coherently  with  a  medium  resonant  to  the  pulse-carrier  frequency  and  with  each  other  is 
presented.  The  physical  system  is  characterized  by  a  pulse  duration  much  shorter  than  all  the  atomic  relaxation 
lifetimes  and  dephasing  times.  In  addition,  the  field  is  large  enough  so  that  significant  exchange  of  energy  between 
the  light  pulse  and  matter  takes  place  in  a  time  that  is  short  compared  to  a  relaxation  time. 

The  response  of  the  resonant  medium  is  not  instantaneous  but  cumulative  (i.e.,  it  is  associated  with  the  past 
history  of  the  applied  field).  Hence,  the  inertial  response  of  the  medium  is  not  describlable  in  terms  of  an  intensity- 
dependent  susceptibility.  Instead  it  necessitates  a  more  general  functional  of  the  applied  field.  The  treatment  dif¬ 
fers  from  earlier  theoretical  and  experimental  studies  where  a  rate-equation  approximation  was  considered.  Conse¬ 
quently,  a  semiclassical  formulism,  similar  to  the  one  used  by  McCall  and  Hahn  [1]  in  their  analysis  of  self-induced 
transparency,  must  be  adopted.  The  physical  model  is  based  on  counter-propagating  travelling-wave  equations, 
derived  from  Maxwell’s  equations  including  transverse  [2,3]  and  transient  phase  variation  [4] ,  and  a  two-model 

*  Work  supported  in  part  by  the  Research  Corporation,  the  Army  Research  Office,  the  Office  of  Naval  Research  and  the  Interna¬ 
tional  Division  of  Mobil. 

The  concept  of  this  analysis  was  proposed  at  ICO-1 1  Madrid  (September  1978)  ed.  J.  Buescos,  Proc.  distributed  by  the  Spanish 
Optical  Society,  Madrid. 

**  Author  is  also  presently  with  Lab.  Laser  Spectroscopy,  MIT,  Cambridge,  MA  02139,  USA. 
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[5,6]  version  of  the  Bloch’s  [7]  equations  describing  a  distribution  of  two-level  homogeneously  broadened  atomic 
systems.  Furthermore,  the  simplifying  mean-field  approximation  is  not  considered;  instead,  an  exact  numerical 
approach  that  adapts  computational  methodologies  gained  in  solving  fluid  dynamics  problems  is  developed. 

In  the  slowing-varying-envelope  approximation,  both  the  phase  and  amplitude  variations  of  a  linearly -polarized 
field  in  the  transverse  direction  are  described  by  two  scalar  wave  equations,  one  for  each  mode:  forward-travelling 
propagation.  Each  equation  is  driven  by  the  appropriate  polarization  associated  with  the  nonlinear  inertial  response 
of  the  active  medium.  The  dynamic  crosscoupling  of  the  two  waves  appears  explictly  in  the  two-mode  analogue  of 
the  traditional  single-mode  Bloch’s  equations  describing  the  material  system.  The  presence  of  the  longitudinal 
mirrors  will  further  enhance  the  mutual  influence  of  the  two  beams.  Variations  in  polaiization  and  population  over 
wavelength  distances  are  treated  by  means  of  expansions  in  spatial  Fourier  series.  The  Fourier  series  are  truncated 
after  the  third  or  fifth  harmonic.  As  McCall  [6]  and  Fleck  [5]  outlined  it,  the  number  of  terms  needed  is  influ¬ 
enced  by  the  relative  strength  of  the  two  crossing  beams  and  the  importance  of  pumping  and  relaxation  processes 
in  restoring  depleted  population  differences. 

Counter-propagational  studies  have  been  previously  considered  for  pulses  with  infinite  transverse  extent  (i.e., 
uniform  planes)  by  Marburger  and  Felber  [8]  in  connection  with  nonresonant  nonlinearities.  Two-mode  one¬ 
dimensional  analysis  involving  resonant  interactions  have  been  tackled  by  McCall  [5],  Fleck  [6],Saunder  and 
Bullough  [9],  and  more  recently  by  Eberly,  Whitney  and  Konopnicki  [10] .  However,  restrictive  assumptions  were 
made  relating  to  the  allowed  form  of  the  temporal  field  variations.  Since  the  experimental  arrangements  often  do 
not  satisfy  the  uniform  plane-wave  condition,  the  detailed  nature  of  transverse  behavior  (using  rigorous  Laplacian 
coupling)  must  be  worked  out.  This  present  three-dimensional  treatment  assumes  azimuthal  cylindrical  symmetry. 

Furthermore,  the  interplay  of  diffraction  coupling  (through  the  Laplacian  term),  and  the  medium  response 
will  inevitably  redistribute  the  beam  energy  spatially  and  temporally  [11-14],  This  transient  two-stream  beam 
reshaping  profoundly  affects  a  device  that  relies  on  this  nonlinear  light-matter  interaction  effect.  Several  phy¬ 
sical  effects  such  as  strong  self-phase  modulation,  spectral  broadening,  self-steepening  and  self-focusing  that  have 
been  separately  studied,  combine  here  to  affect  the  behavior  diversely  during  different  positions  and  times  of 
the  pulse  evolution.  Due  to  the  essential  complexity  of  the  governing  equations  of  motion,  only  effective  nume¬ 
rical  methods  which  are  consistent  with  the  physics  can  make  attainable  a  heretofore  unachievable  solution. 

An  extension  of  an  efficient  numerical  approach  [15-17]  was  developed  by  Mattar  to  study  the  transverse 
energy  flow  associated  with  beam  variations  in  the  single  mode  SIT  problem.  The  latter  code,  which  simulates 
the  rigorous  interplay  of  diffraction  (Laplacian  term)  and  the  inertial  two-level  atom  (Bloch  equation)  response, 
had  led  to  the  discovery  of  a  new  transient  on-resonance  self-lensing  phenomenon  which  was  subsequently  veri¬ 
fied  in  sodium  [18],  neon  [19]  and  more  recently  in  iodine  [20]  vapour  in  laboratory  experiments.  Accurate 
comparison  over  a  wide  domain  of  physical  dependencies  was  reported  [21],  Consequently,  the  numerics  of 
diffraction  and  Bloch  equations  will  only  be  briefly  outlined. 

In  the  standing-wave  problem,  the  two  waves  are  integrated  simultaneously  along  t  the  physical  time:  no  retar¬ 
ded  time  [22]  (or  Galilean)  transformation  as  in  SIT  will  be  introduced. 

To  ensure  proper  handling  of  the  two-stream  effect,  special  attention  must  be  exercised.  For  causality  reasons, 
as  advanced  by  Moretti  [23] ,  only  directional  resolution  for  spatial  derivatives  of  each  stream  (forward  and  back¬ 
ward  field)  must  be  sought.  This  is  achieved  by  using  one-sided  discretization  techniques.  The  forward  field  deri¬ 
vative  will  be  approximated  by  a  different  set  of  points  than  those  used  for  the  backward  field  derivative.  The 
spatial  derivative  of  the  forward  field  is  discretized  using  points  which  lie  to  the  left  as  all  preceding  forward  waves 
have  propagated  in  the  same  left-right  direction.  The  backward  field  is  approximated  by  points  positioned  to  the 
right.  As  a  result,  each  characteristic  (information  carrier)  is  related  to  its  respective  directive  history.  Thus,  viola¬ 
tion  of  the  law  of  forbidden  signals  is  prevented. 

Once  the  basic  effects  are  observed  and  assessed  using  straightforward  orthogonal  computational  meshes,  non- 
uniform  grids  which  alleviate  the  calculational  effort  [24-28],  will  be  Implemented.  (The  nonuniform  grid  per¬ 
mits  greater  point  concentrations  in  the  temporal  and  spatial  regions  of  main  interest.) 

The  prime  goals  of  this  study  are  to  achieve  an  understanding  of  beam  effects  in  soliton  collision  [29] ,  and  to 
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relate  this  situation  to  the  single  stream  SIT  problem  and  to  observations  in  super-fluorescence  [30-33]  and 
optical  bi-stability  [34,35]  experiments.  Furthermore,  one  readily  investigates  the  dependence  of  the  counter-pro¬ 
pagation  transmission  characteristics  on  pulse  and  beam  shape,  on  the  relaxation  times,  the  resonance  frequency 
offset,  the  input  pulse  area(s)  on-axis  and,  the  Fresnel  number,  the  mirror  reflectivity,  the  initial  tipping  angle. 

The  outline  of  this  paper  is  as  follows:  in  section  2  are  the  standing-wave  Maxwell-Bloch  equations  and  the  initial 
and  boundary  condition.  Section  3  presents  the  law  of  forbidden  signals.  The  accuracy  of  the  predictor/corrector 
scheme  is  presented  in  section  4.  The  effect  of  improving  the  derivative  estimator  on  the  overall  numerical  scheme 
is  described  in  section  5,  while  section  6  presents  the  theory  of  approximating  linear  operators.  In  section  7,  three- 
point  estimator  formulae  for  the  first  derivative  of  a  function  are  derived.  Section  8  describes  the  treatment  of 
the  longitudinal  boundary  condition.  Section  9  presents  the  three-point  estimate  as  an  example  for  the  four-point 
estimator  for  the  Laplacian  of  a  function.  Section  10  concludes  the  paper. 


2.  Equation  of  motion 


In  the  slowly-varying-envelope  approximation,  the  dimensionless  field-matter  equations  are: 


-  \FV\e*  +£+<^  exp(-i*z)> , 

*  dr  dz 

(2.1) 

-iFVl*  e  +  ^ - =  +g~(JP  exp(+i£z)> , 

1  dr  dz 

(2.2) 

with#*  and g~  the  nonuniform  gain  associated  to  the  pump  experienced  by  the  forward  (e+)  and  backward  (e-) 
travelling  wave.  The  quantities  in  the  r.h.s.  undergo  rapid  spatial  variations;  <  >  represents  the  spatial  average  of 
these  quantities  over  a  period  of  half  a  wavelength 

hP 

f-+  (-i(A«)  +  rf2)  P =  +  {W(e+  +  O}  . 
dr 

(2-3) 

bw 

— +  rr,(H'e-  h')  =  -i(P  +  />-)(e+  +  e~). 

3  T 

(2-4) 

Equivalently 

~+  (-i(Afl)  +  rf  l)P~  W[e*  exp(-iArz)  +  e~  exp(+i£z)]  , 

07 

(2.5) 

bw 

— +rr‘(H'e  -  W)  =  -\(Pe'*  exp(i kz)  +  Pe~*  exp(-i*z)  +  c.c.)  , 

(2.6) 

with 

e*  =  (2/zTp/At)  et  , 

(2.7) 

J,-P72m>, 

(2-8) 

E*  -  Re{e*  exp[i(wr  +  A:z)] 

(2.9) 

and 

P  =  Re  {ip'  exp(io)f)}  . 

(2.10) 

The  complex  field  amplitude  e* ,  the  complex  polarization  density  Pf  and  the  energy  stored  per  atom  are  func- 
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tions  of  the  transverse  coordinate 
P  =  rlrp  , 

the  longitudinal  coordinate 
z  =  aeffz 

and  the  physical  time 


(2.11) 


(2.12) 


t  =  r/rp  .  (2.13) 

The  time  scale  is  normalized  to  a  characteristic  time  of  the  forward  input  pulse  rp,  and  the  transverse  dimension 
scales  to  a  characteristic  spatial  width  rp  of  the  forward  input  transient  beam.  The  longitudinal  distance  is  norma¬ 
lized  to  the  effective  absorption  length  [37] . 

oQ/  =  8ttcojj^  jVt p/ nhc .  (2.14) 

In  this  expression  co  is  the  angular  carrier  frequency  of  the  optical  pulse,  p  is  the  dipole  moment  of  the  resonant 
transition,  N  is  the  number  density  of  resonant  molecules  and  can  sustain  radial  variations,  and  n  is  the  index  of 
refraction  of  the  background  material.  The  dimensionless  quantities 


AJ2  =  (w-  co0)rp  , 


(2-15) 


r,  =  TJrp  ,  (2.16) 

T2=T2Itp,  (2.17) 

measure  the  offset  of  the  optical  carrier  frequency  co  from  the  central  frequency  of  the  molecular  resonance  w0, 
the  thermal  relaxation  time  Tt ,  and  the  polarization  dephasing  relaxation  time  T2 ,  respectively.  The  dimension¬ 
less  parameter  F  (which  is  the  gain  to  loss  ratio)  is  given  by 


F=hx7flMrtri 


(2-18) 


and  is  the  reciprocal  of  the  Fresnel  number  associated  with  an  aperture  of  radius  rp  and  a  propagation  distance 
(o~^  ).  The  magnitude  of  F  determines  whether  or  not  it  is  possible  to  divide  up  the  transverse  dependences  of 
the  fields  into  “pencils”  (one  pencil  for  each  radius)  which  may  be  treated  in  the  plane-wave  approximation. 

The  diffraction  coupling  term  and  the  nonlinear  interaction  terms  alternately  dominate  depending  on  whether 
F  <  1  or  F  >  1 . 

The  presence  of  opposing  waves  leads  to  a  quasi-standing  wave  pattern  in  the  field  intensity  over  a  half  wave¬ 
length.  To  effectively  deal  with  this  numerical  difficulty,  one  decouples  the  material  variables  using  Fourier 
series  [5,6]  namely 

oo  « 

P  =  exp(— Utz)  Tj  /?2p+i)  exp(-i2p*z)  +  exp(+i*z)  Z)  P(2p*i)  exp(+i2 pkz)  ,  (2.19) 

p=0  '  y  '  p-Q 

oo 

W=  W0  +  S  [W2p  exp(-i2 pkz)  +  c.c.]  ,  (2.20) 

p=  i 

with  W0  a  real  number.  By  substituting  in  the  travelling  equation  of  motion  one  obtains 
3 TPt  +  P\lr2  =  W0e+  +  W2e~  ,  (2.22) 

arF3+  +Pl/T2  =  W2e+  +  WAe~  ,  (2.23) 
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Vfcp+n  +php+i)lTz 

-  W2pe*  +  W2(p+ ,)  e~  ,and 

(2.24) 

dr^T  +Pr/Tl 

=  w0e~  +  w;e+ , 

(2.25) 

3f  Ps  +  Pf  It2 

=  W2e~  +  Wley  , 

(2.26) 

^rP(2p*l)  +  P(lp+\  )lti 

=  W\pe~  +  W2(p+l)e*  , 

(2.27) 

dTW0+(W0  -  Wq  )/ r , 

*  — j(*-  *PT  *  e*  fP*  +  cx.)  , 

(2.28) 

3t^2  +  WJn 

-  -  +  *+  *p$  +  *+*T  *  +  e-Pf‘)  , 

(2.29) 

3r  W-ip  +  W2pIt1 

=  -i(*-Vr  +  e^p+.  +  e*P2p*i  *e-,P*\l)' 

(2.30) 

The  field  propagation  and  atomic  dynamic  equation  are  subjected  to  the  following  initial  and  boundary  condi 
tions. 


1.  Initial 


For  r  >  0 , 

**=0, 

W0  =  Wg  , 

a  known  function  to  take  into  account  the  pumping  effects.  For  SIT  soliton  collision 
P*lp*i)s°>  for  all p, 
while  for  the  superfluorescence  problem 

'’a...,  w 

is  defined  in  terms  of  a  non-uniform  initial  tipping  angle  that  reflects  the  radial  variations  of  the  atomic  density  - 
its  value  can  either  be  deterministic  or  fluctuating. 


(2.31) 

(2.32) 

(233) 


2.  Longitudinal 

For  z  =  0  and  z-L  .ey  and  e~  are  given  in  terms  of  a  known  incident  function 
*io  (235) 

and 

*.l  (236) 

of  r  and  p.  Should  enclosing  mirrors  to  delineate  the  cavity  be  considered  in  the  analysis,  one  must  deal  with  the 
following  longitudinal  boundary  equations 

e*  =  VO  —Ri)  «io +  VR"i *-  »  at  z  =  0 ,  (2.37) 

e~  =  VO  -f?j)*iL +  VR>+  .  at z  =  L,  (2.38) 

where  R , ,  R  2  and  (1  -  R  j ),  ( 1  -  R  2 )  are  the  respective  reflectivity  and  transmitting  factor  associated  with  each 
left  and  right  mirror. 

3.  Transverse 

For  all  z  and  r  [9e±/3p]p=0  and  [3et/3p]  p=Pmax  vanishes.  pmtx  defines  the  extent  of  the  region  over  which 
the  numerical  solution  is  to  be  determined.  To  avoid  unphysical  reflection  from  the  transverse  boundary,  one 
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must,  for  amplifier  calculations,  use  stretched  (nonuniform)  radial  grids  (i.e.,  consider  a  quasi-infinite  physical 
domain  and  map  it  on  a  finite  computation  region)  and  confine  the  pre-excited  active  medium  by  radially- 
dependent  absorbing  shells  [17].  Note  that  this  condition  represents  an  actual  experimental  approach  in  which  the 
laser  amplifier  is  coated  to  circumvent  any  spurious  reflections. 


3.  The  law  of  forbidden  signals 

The  concept  of  the  physical  law  of  forbidden  signals  and  how  it  affects  two-stream  flow  discretization  prob¬ 
lems  was  originally  written  by  Moretti  to  handle  the  numerical  integration  of  Euler  equations.  The  method, 
referred  to  as  the  \-scheme,  was  presented  elsewhere  [38] .  However,  since  it  represents  the  basis  of  our  present 
algorithm,  we  felt  useful  to  summarize  here  its  salient  features. 

In  any  problem  involving  wave  propagation,  the  equations  describe  the  physical  fact  that  any  point  at  a  given 
time  is  affected  by  signals  sent  to  it  by  other  points  at  previous  times.  Such  signals  travel  along  lines  which  are 
known  as  the  ‘characteristics’  of  the  equations. 

For  example,  a  point  such  as  A  in  fig.  1  is  affected  by  signals  emanating  from  B  (forward  wave)  and  from  C 
(backward  wave),  while  point  A'  will  be  the  recipient  of  signals  launched  from  A  and  D. 

Similar  wave  trajectories  appear  in  our  present  problem,  but  the  slopes  of  the  lines  can  change  in  space  and 
time. 

It  is  clear  that  the  slopes  of  the  two  characteristics  which  carry  the  information  necessary  to  define  the  for¬ 
ward  and  backward  propagating  variables  at  every  point,  are  of  different  signs;  they  i2 ,  are  numerically  equal 
to  ±c/n.  For  such  a  point,  A  (fig.  2),  the  domain  of  dependence  is  defined  by  point  B  and  point  C,  the  two  cha¬ 
racteristics  being  defined  by  AC  and  AB,  respectively ,  to  a  first  degree  of  accuracy.  When  discretizing  the  partial 
differential  equations  for  computational  purposes,  point  A  must  be  made  dependent  on  points  distributed  on  a 
segment  which  brackets  BC,  for  example  on  points  D,  E  and  F  of  fig.  2.  Such  a  condition  is  necessary  for  stability 
but  it  must  be  loosely  interpreted.  Suppose,  indeed,  that  one  uses  a  scheme  in  which  a  point  such  as  A  is  always 
made  to  depend  on  D,  E  and  F,  indiscriminately  (this  is  what  happens  in  most  of  the  schemes  currently  used, 
including  the  MacCormack  method).  Suppose,  now,  that  the  physical  domain  of  dependence  of  A  is  the  segment 
BC  of  fig.  3.  The  information  carried  to  A  from  F  is  not  only  unnecessary,  it  is  also  untrue.  Consequently,  the 
numerical  scheme,  while  not  violating  the  CFL  stability  rule,  would  violate  the  law  of  forbidden  signals.  Physic¬ 
ally,  it  would  be  much  better  to  use  information  from  D  and  E  to  define  A,  even  if  this  implied  lowering  the  nomi¬ 
nal  degree  of  accuracy  of  the  scheme.  In  other  words,  to  say  that  a  given  scheme,  using  points  D,  E  and  F,  has  a 
second-order  accuracy  is  meaningless  since  a  wrong  scheme  has  no  accuracy  whatsoever. 

In  two-wave  propagation  problems  treated  by  relaxation  methods,  the  need  for  a  switching  of  the  discretization 
scheme  in  passing  from  forward  (advanced)  to  backward  (retarded)  points  is  evidently  related  to  the  law  of  for¬ 
bidden  signals. 

The  sensitivity  of  results  to  the  numerical  domain  of  dependence  as  related  to  the  physical  domain  of  depen¬ 
dence  explains  why  computations  which  use  integration  schemes  such  as  MacCormack’s  [40,41  ]  show  a  progres¬ 
sive  deterioration  as  the  AC  line  of  fig.  2  becomes  parallel  to  the  T-axis  (X,  -+  0),  even  if  \i  is  still  negative  [38]. 
The  information  from  F  actually  does  not  reach  A;  in  a  coarse  mesh,  such  information  may  be  drastically  diffe¬ 
rent  from  the  actual  values  (from  C)  which  affect  A.  On  the  other  hand,  since  the  CFL  rules  must  be  satisfied  and 
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Fig.  3. 


Fig.  4. 


F  is  the  nearest  point  to  C  on  its  right,  the  weight  of  such  information  should  be  minimized.  Moretti’s  X-scheme, 
relying  simultaneously  on  the  two  field  equations,  provides  us  with  such  a  possibility. 

Every  spatial  derivative  of  the  forward  field  is  approximated  by  using  points  which  lie  on  the  same  side  of  E 
as  C,  and  every  derivative  of  the  backward  scattered  field  is  approximated  by  using  points  which  lie  on  the  same 
side  of  E  as  B.  By  doing  so,  not  only  is  each  characteristic  related  with  information  which  is  only  found  on  the 
same  side  of  A  from  which  the  characteristic  proceeds,  but  such  information  is  appropriately  weighted  with  factors. 
These  depend  on  the  slopes  of  the  characteristic  so  that  the  contribution  of  points  located  too  far  outside  the  phy¬ 
sical  domain  of  dependence  is  minimized.  A  one-level  scheme  which  defines 


3e+/3z  =  (4  -e*D)/Az, 

(forward  wave)  , 

(3.1) 

3e-/3z  =  (eE  -  eE)lAz  , 

(backward  wave) , 

(3-2) 

is  Gordon’s  scheme  [42] ,  accurate  to  first  order.  To  obtain  a  scheme  with  second-order  accuracy,  Moretti  con¬ 
sidered  two  levels,  in  a  manner  very  similar  to  MacCormack’s  [40] .  More  points,  as  in  fig.  4,  must  be  introduced. 
At  the  predictor  level  following  Moretti’s  scheme  one  defines 

de*/dz  =  (2e*E-3e+D+e+G)/Az  , 

(forward  wave) , 

(3.3) 

be~!bz  =  (ep  -  eE)/A z  , 

At  the  corrector  level,  one  defines 

(backward  wave) . 

(3.4) 

3  e+/3z=(?;-^)/Az, 

(forward  wave) 

(3.5) 

and 

3e~/3z  =  (-2? ^  +  3?^  +  ef)!Az  . 

(3.6) 

It  is  easy  to  see  that,  if  any  function  /is  updated  as 

/  =f+fTAT 

(3.7) 

at  the  predictor  level,  with  the  T-derivatives  defined  as  in  (2.21)  and  the  z-derivatives  defined 
as 

as  in  (3.3),  (3.4)  and 

f(T+  AT)  =  \(f+f  +f-pAT) 

(3.8) 

at  the  corrector  level,  with  the  T-derivatives  defined  again  as  in  (2 . 1 ),  (2 .2),  and  the  z-derivatives  defined  as  in  (3.5), 
(3.6),  the  value  of/at  T+  AT  is  obtained  with  second-order  accuracy.  The  updating  rule  (3.7)  and  (3.8)  are  the 
same  as  in  the  MacCormack  scheme. 

At  the  risk  of  increasing  the  domain  of  dependence,  but  with  the  goal  of  modularising  the  algorithm,  we  have 
used  three-  and  four-point  estimators  for  each  first  and  second  derivative,  respectively.  We  have  also  extended 
Moretti’s  algorithm  to  a  nonuniform  mesh  to  handle  the  longitudinal  refractive  (left  and  right)  mirrors:  the  same 
one-sided  differencing  (to  satisfy  the  law  of  causality)  is  used  for  both  predictor  and  corrector  steps.  Neverthe¬ 
less,  we  derived,  using  the  theory  of  estimation,  conveniently  presented  by  Hamming  [43],  second  order  deriva¬ 
tive  estimators  at  both  the  predictor  and  corrector  levels.  As  a  result,  the  overall  accuracy  of  Moretti's  scheme 
was  increased. 
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4.  Order  of  error  for  straight-line  predictor/corrector 


We  consider  the  following  predictor/corrector  scheme  as  suggested  by  MacCormack 

predict:  fn+l  =  f„  +  6/„' ,  (4.1) 

correct:  fn+l  +  f„  +  Sf^+l) ,  (4.2) 

where /  indicates  predicted,/  corrected  and / exact  values.  Assume  that  the  derivative  estimator  for  prediction 
has  an  error  of  order  p  and  that  for  correction  of  order  c,  so  that: 

In  +0(5P)  (4.3) 

fn+\=fn+\  +0(SC)  (4.4) 

where  0(6')  is  a  sum  involving  terms  in  6  to  the  power  i  or  higher.  Combining  (4.1)  with  (4.3)  and  (4.2)  with 
(4.4)  we  get: 

predict:  fn+l  =/„  +  5/„'  +  0(5*+1) ,  (4.5) 

correct:  /ntl  =  ±[/„M  +/„  +6/J+1  +0(8C+1)]  .  (4.6) 

The  Taylor  series  expansion  for /n  +  l  is: 

fn+i  =/„+«/;  +y/;+0(53).  (4-7) 

Combining  (4.7)  and  (4.5)  we  get  the  predictor  error  en+1  as  follows: 

+  .  = fn  +  l  -fn+l  =  fn  +  fn  + +  0(63  )  -  «/„'  +  0(5'+1) 

=  +0(5P+1).  (4.8) 

Thus 

e„+1=0(5J),  for  all p  ^  1  .  (4.9) 

Consider  now  the  corrector  error: 


=fn  +  l  -fn  +  l  -fn  +  K  +  y/„"  +  0(53)  -  J/n  +1  -  i/n  /„'+I  +  0(5C+I) 


-  \fn  +  (/„'  -  ^+I)  5  +^-5 -2l/n+«/«+  0(5P+‘)1  +  0(5C+1) 


=  f*n  ^5  62  +0(6C+1)+0(8P+1) . 

(4.10) 

But 

fn+l  =fn+V:  +W3)- 

(4.11) 

Thus 

^fn-fh+ ljg=  ^5J+0(52). 

(4.12) 
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e„+1  =0(5min<3-c*‘>p+1)).  (4.14) 

Thus  the  order  of  error  for  the  predictor/corrector  is  the  minimum  of  3,  c  +  1  and  p  +  1 .  If  c  -  2  and  p  =  2,  their 

Table  1 

Comparison  table  between  weighting  coefficients  for  derivative  estimators  using  Hamming’s  estimation  theory  and  Moretti’s  law 
of  forbidden  signals 

Hamming:  =/i  +  0(62) -'/J,  =/J,  +  0(62) 

cf"  _  Sf" 

Moretti:  fn~fn *  5  +  0(® J)  ~*fn  ~fn - ^-5  +  0(62) 


Predictor 

/„+,=/„ +  «/n'  +  ^-62  +  0(63) 


Hamming 


7n+t  =/n  +  S/^  +  0(83) 


+  ~  «J+0( 63) 


f  n+l  ~  fn*l  =  -  — S2  +  0(5 3) 


fn+ 1  -/n+,  =  2/"«2  +  0(53) 
Corrector 

7n+l  =  f(7n+l  +/n+7«+i) 


/«♦!  j/n+-/„'+0(«3) 


7»+l  -  /«+l  =  i  fn  +  0(«3> 

+  i/n  +  j/n+l+~  6J +  0(53) 


+  8/^-y*2  +0(63) 

,(£+lZ£.)  5  +  62  +  o(6 3 


+  t//i+-/^|  +  0(63) 


— ~62  +  0(62) 

~~ s2  +  o(63) 

■(f-f  )*w> 


/n+1  */n'  +  4T  +—fn+°(S  ) 


=  0(63)! 


■  62  +  0(63) 
=  |£^1_1^l\s2  ♦  0(63) 
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second-order  errors  effectively  cancel  out.  From  the  above,  it  is  clear  that  for  maximum  accuracy  with  the 
straight-line  predictor/corrector,  the  derivative  estimators  for  both  prediction  and  correction  should  guarantee 
at  least  second-order  accuracy.  Anything  above  second-order  accuracy,  however,  will  not  necessarily  improve 
the  results. 


5.  The  effect  of  prediction  error  on  correction  error  for  a  weighted  formula  estimator  of  the  correction  derivative 

We  investigate  derivative  estimator  formulae  of  the  type: 


fl^TtottUsi).  (5.1) 

i 

Let  6  =  maxXI*/+i  -  */|)  and  assume 

/n-^+oca*).  (5.2) 

so  that  (5.1)  has  error  c. 

In  applying  a  straight-line  predictor/corrector  with  such  an  estimator  for  the  corrector,  we  observe  that  the 
error  in  the  estimated  corrector  derivative,  since  it  based  on  predicted  values,  will  also  depend  on  the  error  of 
prediction.  From  (4.9)  we  know  that  the  error  in  predicted  values  is  0(52)  for  any  reasonable  derivative  estima¬ 
tor.  Thus  we  may  write: 

W*/)=/n+i(*,)  +  0(S2).  (5.3) 

Applying  formula  (5.1)  to  (5.3)  we  get: 

fn-n  =  £«,/„*,(*,)  =  Z/a//n+1(x,)  +  0(8J).  (5.4) 

i  l 

Thus,  using  (5.2): 

fn+i  ~  fn* i  +0(50  +  0(6 *)=fn+l  +0(8min(c’2>).  (5.5) 

Therefore  the  effective  error  of  the  corrected  derivative  cannot  be  increased  beyond  2  for  a  straight-line  correc¬ 
tor.  It  makes  no  sense  to  use  a  formula  of  type  (5.1)  with  c  >  2.  From  the  theory  of  estimation,  conveniently 
presented  by  Hamming  [43] ,  this  means  that  only  three  weighting  factors  a, ,  a2 ,  a3  need  be  used.  See  table  1 
for  comparison  between  weighting  coefficients. 


6.  Approximating  linear  operators 

Let  x  =  (*,,  xlt  x3,  ...,xm),Xj<Xj  for  /  Consider  the  function  f  and  let/(x)  and  W  be  the  column  vectors 


'w,  " 

Ax  2) 

Wj 

/GO- 

Ax  3) 

w  = 

*3 

s  AXm  )y 

Let  A  be  a  linear  operator.  We  seek  a  vector  W  such  that: 

/•  M/-/(x)  +  0(6m) , 
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where  6  =  max,  (lx*,  -  x,  |),  i  =  1, ....  m  -  1.  We  approximate /by  a  polynomial  P{  of  order  m  -  1  which  agrees, 


exactly  with/at  points xi,x2,x3,  ...,xm: 

m 

Px(x)  =  £  Ljm(x)  f(Xj) ,  (6.2) 

/=t 

where  L/m  are  the  Lagrange  polynomials  for  x.  It  can  easily  be  shown  that 

f(x)  =  Pf(x)  +  R(f,  x  ;x) ,  (6.4) 

where  the  remainder  term  R{f,  X\x)  is 

R{f.  X ; x)  =  i— p  0  (x  -  Xj)  <  0(8m)  ,  (6.5) 

m!  ,=i 

for  some  6:  x,  <  6  < xm .  Let  X,y  be  the  coefficients  of  Z./m  so  that 

m—  1 

Ljmix)  =  D  X,/x' ,  (6.6) 

i~0 

yielding 

m  m  —  1 

f(x )  =  S  fixj)  S  X„x'  +  /?(/  X ;  x) .  (6.7) 

y=i  »'=o 

Applying  Z,  to  both  sides  of  (3.7),  we  get 


m  m  —  1 

L/(x)  =  £  /(x.)  £  X,.Lx‘  +  LRif,  X ;  x) 
/=t  <=o 

Define  the  column  vector  Mm  as: 

n 


Mmix)=  |  x2 


KxmJ 


(6.8) 


and  let  Am(AT)  be  the  matrix  of  coefficients  of  the  Lagrange  polynomials  on  X.  Then  (6.8)  may  be  rewritten  as: 
Lfix)  =  i\m(X)  ■  LMmix))r  -fiX)  +  LRif  X  \x) ,  (6.9) 


where  superscript  T  represents  the  matrix  transpose  operations.  We  propose  the  vector 

W  =  \miX)-LMmix)  (6.10) 

as  our  weighting  vector.  Note  that  this  vector  is  independent  of  the  function/. 

Eq.  (6.9)  represents  a  formula  for  estimating  a  linear  operation  on  a  function  given  the  function's  values  at  a  set 
of  points.  Unfortunately,  little  can  be  said  at  this  point  about  the  error  term  LRif,  X,  x)  for  arbitrary  L.  Let  us 
concentrate  our  attention  now  on  derivative  operators.  In  this  case: 
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i  r  Aa  m  l m  m~l  '  l-i 

—7  /<m+i)(0)^n  (x -*,)+/<">(«)  n(.v-x,)+E  not-*,)  I, 

ml  L  dx(=i  (/=2  /=i  i=i  jj 


(6.11) 


since  &  is  in  general  a  function  of  x.  Let  us  further  restrict  ourselves  to  cases  where  x  =  xk  for  some  k.  If  we  assume 
that  fim)(6(xk)),j<m+l\6(xk))  and  (d0/dx)|x=Jtfc  are  defined,  then  the  first  term  above  cancels  yielding 


iw  <*,  -  .i|n  c,  -„)] . 

If  k  =  1 ,  then  all  the  terms  under  the  summation  sign  will  vanish  yielding: 


(6.1 

dx  ml  1=2 

~R(f,X,x) \x*Xi=~m)-jXl))  n  (x,-x,).  (6.1 

dx  ml  k*i=i 

The  absolute  value  of  this  error  term  is  clearly  <0(6m_l).  Thus  if  m  is  the  order  of  approximation  of  formula 
(5.7),  then  m  -  1  is  the  order  of  approximation  of  formula  (5.9)  for  the  first  derivative  operator.  Similarly,  it  c 
be  shown  under  suitable  conditions  on  0(x)  and/^(0(x))  that 


(6.12) 

(6.13) 

(6.14) 


#LR(r,X-,x)  <0(6m-"). 

dxn  jc=xk 


(6.15) 


7.  A  three  point  estimator  formula  for  the  first  derivative  of  a  function 

From  the  results  of  section  6,  we  know  that  a  three  point  formula  of  type  6.9  should  yield  an  error  of  order 
2.  To  define  the  Lagrange  coefficient  matrix,  define  the  fundamental  polynomials  as: 

3 

tf/(x)=  n  (x-x,).  (7. 

/=*=  t 

Then  the  three  point  Lagrange  coefficient  matrix  is 


XjXj 

-x2  -  X3 

1 

*l(*l) 

*l(*l) 

*»(*l) 

X,Xj 

-Xi  -x3 

1 

*j(*2) 

*2  (*2) 

ffj(*2) 

X,Xj 

— Xi  -Xj 

1 

*a(*3) 

^3(^3) 

^(*3) 

LetD|,£>2  andDj  be  the  weighting  vectors  of  formula  (6.10)  for  the  derivative  at  points  x,,x2  and  x3 ,  respec¬ 
tively.  Since 

d  r«i 


0 

1 

2x. 


(7.3) 
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we  have 


~/(x)\ 


dx 


X=X( 


lA> 


(O') 

\T 

1 

/ 

*1 

UrJ, 

KxJ 

or 


A"  As-  1 

’ 

which  yields  the  forward,  central  and  backward  differencing  estimators,  respectively, 

l  -  x3  Xi  -  X) 

x,  -x2\ 

1  \  ff,(x,)  ’  TTj(x2)  ’ 

*3(x3)/’ 

n 

2x2  -x,  -x3 

x2  -x,\ 

1 

»aC*a)  ’ 

^3(^3)  / 

n  ./*»-** 

X3  -X, 

2x3  -x,  -xj\ 

3  U,(x.) 

ffl(*l)  ’ 

W3  (JC3  )  ) 

To  simplify  the  expressions,  we  introduce  the  following 

61  =  *1  ~*i  , 

61  =-X3  -x2  ,  5 

=  f(x3  -x,)*|(5,  +62), 

-1/6*  1 

"‘-lyrr1! 

|  ~*jr-  -  2pj  +  1  , 

°2 

The  fundamental  polynomials  then  become: 

ff|(*i)  =  (*i  -*i)(*i  -*3)  =  6,(5,  +  6j),  ffi(*i)  =  (Xi  -*j)(*i  -x3)  =  -5,6 

^3(JC3)  =  (JC3  -*l)(*3  -*l)  =  (6|  +6l)6l  • 

The  weight  vectors  for  our  estimation  formulae  then  become: 
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8.  Treatment  of  longitudinal  boundary 

When  treating  any  point  within  the  cavity  or  at  either  longitudinal  boundary  (where  a  partially  reflecting  mirror 
is  situated)  there  is  no  problem.  But,  for  example,  at  z  =  0,  e*  is  determined  by  eq.  (2.35)  and  not  through  pre¬ 
vious  predictor/corrector  formulae  (7.1 1)— (7.13)  as  only  e~  is  calculated  at  z  =  0  in  that  manner.  However,  for  a 
point  one  increment  (5  =  A z)  from  the  left  mirror,  one  encounters  difficulties  calculating  the  forward  wave.  The 
second  needed  point,  which  is  vital  to  the  formulae,  would  fall  outside  the  cavity.  An  identical  difficulty  arises 
from  the  counterpart  backward  wave  with  respect  to  the  right  hand  mirror.  The  field  traveling  from  the  right  is 
defined  at  z  -  L  by  eq.  (2.36). 

To  deal  with  this  situation  one  has  to  modify  the  predictor/corrector  schemes  so  that  an  increment  6 2  is  used 
instead  of  6.  The  loss  of  that  second  point,  which  reduces  the  accuracy  of  the  derivative  estimator  maintains  near 
the  mirror  the  same  order  accuracy.  One  must  compensate  this  loss  by  locally  reducing  the  mesh  size. 


9.  A  three  point  estimator  formula  for  the  Laplacian  of  a  function 
We  seek  a  weighting  vector  L  =  |^jsuch  that 


Because  of  the  linearity  of  all  operations,  this  may  be  rewritten: 

V2 1,  =2Z>./(;c)  +  ^D -/(*),  (9.2) 

where  D  is  the  weighting  vector  for  the  first  derivative  derived  in  the  previous  section,  and  2D  is  the  weighting  vec¬ 
tor  for  the  second  derivative.  To  find  2D,  we  note: 


1  I  f  0  1 

2D  x2  =  0  , 
<  x  J  V.2 „ 


so  that  our  equations  become,  using  the  notation  of  the  previous  sections: 

A,,£tJ]  *(*.(«.♦«>>'  m7'  <*,+«. )«J 

Note  that  this  formula  is  independent  of  x.  Combining  (9.4)  with  previous  results,  we  get  the  following  weighting 
vectors  for  our  Laplacian: 

*■  ■*('  -i£K('  -  iy -  (>■ -  -£))•■  -!£)  ♦*('-£))•  <' 

W('-j£K(-£)- 


10.  Concluding  remarks 

Most  features  of  the  numerical  model  used  to  study  temporal  and  transverse  reshaping  effects  of  short  optical 
pulses  counter-propagating  in  a  nonlinear  Fabry-Perot  entry  have  been  presented.  The  derivation  of  the  differen¬ 
cing  formulae  was  summarized.  The  experiment  strives  to  achieve  a  rigorous  analysis  of  this  nonlinear  interaction 
with  maximum  accuracy  and  minimum  computational  effort.  The  applicability  of  Moretti  X-scheme  developed  in 
gas  dynamics  to  this  laser  physics  problem  has  been  demonstrated.  Extension  of  his  method  to  nonuniform  grids 
were  carried  out.  To  facilitate  the  legibility,  maintainability  and  portability  of  the  program,  as  well  as  the  imple¬ 
mentation  of  further  extensions  of  the  planar  wave  theory,  structural  modular  programming  techniques  have  been 
used.  The  resultant  code  is  concise  and  easy  to  follow.  Results  of  this  algorithm  will  be  presented  elsewhere. 
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The  complete  mathematical  modeling  of  nonlinear  light-matter  interaction  is  presented  in  a  hydrodynamic  context.  The 
field  intensity  and  the  phase  gradient  are  the  dependent  variables  of  interest.  The  resulting  governing  equations  are  a  gener¬ 
alization  of  the  Navier -Stokes  equations.  This  fluid  formulation  allows  the  insights  and  the  methodologies  which  have  been 
gained  in  solving  hydrodynamics  problems  to  be  extended  to  nonlinear  optics  problems.  To  insure  effective  numerical  treat¬ 
ment  of  the  anticipated  nonlinear  self-lensing  phenomena,  a  self-adjusted  nonuniform  redistribution,  along  the  direction  of 
propagation,  of  the  computation  points  according  to  the  actual  local  requirements  of  the  physics  must  be  used.  As  an  alter¬ 
native  to  the  application  of  adaptive  rezoning  techniques  in  conjunction  with  Eulerian  coordinates,  Lagrangian  variables  are 
used  to  provide  automatically  the  desired  nonlinear  mapping  from  the  physical  plane  into  the  mathematical  frame.  In  this 
paper  we  propose  a  method  suitable  for  the  solution  of  the  described  problem  in  one-dimensional  cases  as  well  as  in  two- 
dimensional  cases  with  cylindrical  symmetry.  To  overcome  the  numerical  difficulties  related  to  the  inversion  of  the  Jacobian, 
an  analytical  algorithm  based  on  the  paraxial  approximation  was  developed. 


1 .  Introduction 

When  sufficiently  strong  optical  beams  propagate  through  nonlinear  media,  significant  self-action  phenomena 
[  1  ]  can  occur  and  the  propagation  characteristics  are  significantly  altered  from  the  vacuum  propagation  [2] .  In 
particular,  self-lensing  associated  with  the  nonlinear  index  of  refraction  of  the  medium  appears.  The  correspond¬ 
ing  nonlinear  beam  distortion  due  to  the  nonlinear  interaction  can  be  rigorously  solved  only  by  using  appropriate 
numerical  methods  since  the  equations  are  far  too  complicated  to  be  handled  by  any  known  analytical  techniques. 

Should  the  beam  focus  along  the  direction  of  propagation,  its  transverse  dimensions  will  drastically  change  at 
the  focal  point  from  what  it  was  at  the  aperture.  It  becomes  necessary  that  the  transverse  dimensions  of  the  three- 
dimensional  grids  shrink/expand  in  size  as  the  focal  point  is  approached/ passed  [3-8,17], 

For  the  nonlinear  interaction,  the  actual  desired  shrinkage/expansion  of  the  transverse  mesh  cannot  be  guessed 
a  priori;  it  must  be  locally  determined  by  the  solution  to  the  problem  itself.  It  is  therefore  necessary  to  have  the 


*  A  numerical  algorithm  associated  with  the  hydrodynamic  analogy  of  quantum  mechanics  was  previously  developed  by  the 
same  authois,  using  explicit  finite  differencing  methods  in  Eulerian  coordinates  as  well  as  splitting  and  self-adaptive  rezoning. 
The  paper  was  presented  at  the  Second  International  Symposium  on  Gas  Flow  and  Chemical  Lasers,  Western  Hemisphere 
(1979)  held  on  11-15  September  1978,  at  the  Von  Karman  Institute  of  Fluid  Dynamics  in  Belgium. 

**  Partially  supported  by  the  Research  Corporation,  the  Army  Research  Office,  the  Office  of  Naval  Research  and  the  Interna¬ 
tional  Division  of  Mobil.  Present  address;  Laser  Spectroscopy  Laboratory,  MET,  Cambridge,  MA,  USA. 
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three-dimensional  space  grid  changing  concomitantly  with  the  actual  beam  shape  and  size  and  the  local  wave-front. 
To  avoid  oscillatory  behavior  associated  with  the  decomposing  of  the  electric  field  into  its  real  and  imaginary 
parts,  it  is  necessary  to  describe  the  field  using  the  modulus  and  the  phase  [9- 12]. 

The  present  paper  deals  with  the  hydrodynamic  analogy  [1 1,12]  of  the  problem  of  nonlinear  propagation. 

In  this  approach,  the  evolution  of  the  beam  is  interpreted  in  terms  of  a  flowing  fluid  whose  density  is  propor¬ 
tional  to  the  gradient  of  the  phase.  This  description  allows  the  treatment  of  more  slowly  varying  dependent 
variables  and  yields  equations  of  motion  that  are  similar  and  equivalent  to  those  obtained  by  the  method  of  mo¬ 
ments  used  for  the  average  description  of  the  beam  propagation  characteristics  [1,13-15],  Furthermore,  this 
scheme  could  allow  even  larger  and  coarser  marching  mesh  sizes  if  it  were  used  simultaneously  with  an  auto¬ 
matically  adaptive  nonuniform  rezoned  coordinate  system.  The  set  of  governing  equations  thus  obtained  is  a 
generalization  of  the  Navier-Stokes  equations  [16-18]  that  describe  a  compressible  fluid  subjected  to  an  internal 
potential  which  depends  solely  and  nonlinearly  upon  the  fluid  density  and  its  derivatives.  This  internal  potential 
is  often  referred  to  as  the  quantum  mechanical  potential. 

A  further  transformation  of  the  dependent  variable,  namely  the  use  of  the  natural  logarithm  of  the  density,  is 
also  introduced  [17]  to  simplify  the  numerics.  To  generate  an  effective  and  reliable  computational  code  with 
modest  storage  requirements,  one  usually  introduces  mapping  techniques  which  consist  of  various  function  and 
coordinate  transformations.  An  alternative  method  to  this  systematic  is  the  adoption  of  Lagrangian  coordinates. 
The  Lagrangian  approach  [19]  operates  with  the  displacement  of  a  fluid  element,  following  the  temporal  evolu¬ 
tion  of  its  trajectory.  In  this  way,  one  easily  finds  the  evolution  of  the  phase  and  the  energy  in  the  plane  trans¬ 
verse  to  the  direction  of  the  beam  propagation.  Hence,  the  system  of  Lagrangian  trajectories  corresponds  to  the 
automatic  self-adaptive  nonuniform  rezoning  and  mapping  techniques  used  in  the  usual  Eulerian  system;  it 
should  also  ensure  an  optimum  redistribution  of  the  computational  points  during  the  calculation  in  the  various 
regions  of  interest.  Furthermore,  the  number  of  equations  is  reduced  (in  comparison  to  the  Eulerian  description), 
and  the  coupling  between  the  different  variables  is  strengthened,  thus  accelerating  the  rate  of  convergence  of  the 
algorithms. 

The  organization  of  this  paper  is  as  follows:  section  2  presents  the  equations  of  motion.  Section  3  is  devoted 
to  the  energy  conservation  and  the  motivation  for  an  identification  of  physical  variables.  Section  4  introduces 
the  fluid  description.  Section  5  reviews  the  method  of  moments.  Section  6  summarizes  the  proposed  algorithm 
based  on  the  Lagrangian  formulation.  Section  7  presents  the  conclusion. 


2.  Equations  of  motion 


For  the  class  of  problems  describing  the  propagation  of  optical  signals,  the  slowly  varying  envelope  approxi¬ 
mation  is  usually  adopted,  namely  [  1  ] 


E(r,  t)  *  Re  e(r,  t)  exp 


.M> 

L'(— 
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where  z  designates  the  propagation  direction.  Assuming  that  the  complex  amplitude  e(r,  t )  changes  by  a  small 
fractional  amount,  temporally  in  the  optical  period  27r/w0  and  spatially  in  the  optical  wavelength  2jtc/co0.  the 
field  equation  becomes  first  order  in  z  and  t  and  reduces,  for  a  linearly  polarized  light,  to  the  quasi-optics  equa¬ 
tion 


t  c  d  n0  o 

■- - V^-e  +— e  + —  —  e  =  y\e 

2co0  n0  oz  c  at 


\e. 


(2) 


Here,  n0  is  the  linear  index  of  refraction  of  the  background  material,  y  is  proportional  to  the  nonlinear  part  of 
the  refractive  index  rt2,  n  =  n0  +  n2\e\2e.  The  differential  operator  Vj  is  the  transverse  Laplacian  in  Cartesian 
coordinates.  The  time  scale  is  normalized  to  a  characteristic  time  rp  of  the  input  pulse  and  the  transverse  dimen- 
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sion  scales  to  a  characteristic  spatial  width  rp  of  the  input  pulse.  The  input  beam  is  supposed  to  have  azimuthal 
symmetry.  By  introducing  a  moving  frame  of  reference, 

n  -  2,  r  =  t-  (n0/c)z  (3) 

the  quasi-optics  equation  (2)  reduces  to  the  nonlinear  Schrodinger  equation: 


i  c  3  , 

- - V\e  +— e  =  7|e2|e. 

2 w0  no  3t? 


3.  Energy  relations 

By  multiplying  eq.  (4)  by  e *  and  adding  the  complex  conjugate,  one  obtains  (with  7  =  71  +  i72) 

- —  (eV^e*  -  e*  V^-e)  +-^-|e2|  =  27ile4|  (5) 

2cu0  «0  °n 

or  equivalently 

VT-/T+ayi/3r)  =  27lle4l,  (6) 

where  Jz  -  |e2|  =  A2 , 

Jr  =  (2cu0«o)"‘cVt  •  (eVTe*  -  e*VTe)  =  (c/MOajo)[^2(VT0)]. 

In  the  last  relation,  the  polar  representation  of  the  complex  envelope  was  used: 

e-A  exp(i<0),  (7) 

where  A  and  4>  are  the  real  functions  of  coordinates. 

The  components  Jz  and/T  represent  the  longitudinal  and  transverse  energy  density  flow.  Thus,  the  existence 
of  the  transverse  energy  density  current  is  related  to  the  transverse  gradient  of  the  phase  <p  of  the  complex  field 
(7).  When  Jj  <  0  (i.e.,  VT0  <  0),  self-induced  focusing  dominates  the  spreading  due  to  diffraction  [201-  The 
choice  of  the  intensity  A2  and  the  gradient  of  the  phase  0  as  new  variable  is  physically  enlightening  and  elimi¬ 
nates  most  of  the  oscillatory  phase  difficulties  (2]  associated  with  the  use  of  real  and  imaginary  parts  of  the 
electric  field. 


4.  Fluid  description 

Let  the  nonlinear  polarization  on  the  r.h.s.  of  eq.  (4)  be  written  as 
^NL  =  (XR  +  iXi)<?  =  XNLe.  (8) 


where  xr  and  xi  are  real  functions  of  A.  Using  eq.  (7),  one  obtains  from  eq.  (4)  the  transport  the  the  eikonal 
equations  (n0  -  k0c/ o»0)  [21]: 


[/l2  VT0]  =  -- 


A  •  VjA  1  _  4rru>o 
"  A1  J  =  “XR 


(10) 


The  transport  equation  (9)  expresses  the  conservation  of  beam  energy  over  the  transverse  plane.  When  Xi  =  0,  the 
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total  power  is  conserved  along  the  direction  of  propagation.  The  eikonal  equation  (10)  describes  the  evolution  of 
the  surface  of  constant  phase.  It  has  the  form  of  the  Hamilton-Jacobi  equation  for  the  two-dimensional  motion 
of  particles  having  unit  mass  and  moving  under  the  influence  of  potential  [1]  given  by 

|  r  — -f. <"> 

if  k02z  is  regarded  as  time  coordinate  and  koxx.k0yy  as  spatial  coordinates.  Furthermore,  if  one  adopts  A2  and 
VT0  as  new  dependent  variables,  the  equations  of  motion  become  similar  to  the  continuity  and  momentum 
transport  equations  of  ordinary  hydrodynamics. 

By  defining 

|  t>  =  fc3‘Vx0,  p=A 2  (12) 

and  supposing  Xi  =  0,  eqs.  (9)  and  (10)  can  be  written  as 


?+(••  VT)U=-^  Vx[p-«'2(V2  sTp)]  +71(Vt  P), 
077  2k  q  fco 

dp 

—  +  Vx  •  (pu)  =  0. 


(13) 

(14) 


These  equations  are  the  momentum  and  continuity  transport  equations  of  a  fluid  with  a  pressure  P  = 

It  should  be  emphasized  that  this  pressure  depends  here  solely  on  the  “fluid  density”  and  not  on  the  “velocity”. 
Eq.  (13)  can  be  rearranged  into 

~(P»)+  VT  *  (pvv)  =  •— j  Vx  •  [j(V2xp)l  -^(Vxp)(VTp)]  p(VTp),  (IS) 


where  1  is  the  unit  tensor. 


5.  The  averaged  description  of  wave  beams  in  nonlinear  media,  the  method  of  moments 

The  existence  of  constants  of  motion  and  conservation  laws,  even  in  a  limited  number,  is  very  useful  for 
obtaining  insight  into  the  dynamics  of  the  self-action  phenomena  associated  with  the  propagation  process.  To 
analyze  the  nonlinear  quasi-optic  propagation,  Vlasov  et  al.  [13]  extended  the  method  of  moments,  originally 
developed  in  connection  with  the  transport  theory.  In  this  theory  the  problem  of  finding  a  certain  distribution 
/(£)  is  replaced  by  that  of  determining  the  moments  M„  =  ?'’/(?)  d£  of  this  distribution,  which  are  usually 

more  easily  calculated  than  the  function  /(£)  itself.  Knowledge  of  all  the  moments  allows  the  use  of  known 
methods  to  reconstruct  the  form  of  the  function  /(£).  A  simple  expression  for  estimating  the  width  of  the  dif¬ 
fracted  beam  is  derived  in  terms  of  the  zero,  first-order  moment  and  second-order  centrifugal  moment  integrals 
of  the  incident  field.  These  moments  are  integrated  over  the  full  beam  cross-section  and  are,  therefore,  functions 
of  the  propagation  coordinate  only.  The  theory  of  moments  only  holds  when  the  susceptibility  is  a  function  of 
lei2 ,  (i.e.,  when  the  nonlinear  index  of  refraction  is  a  cubic  or  fifth-order  power  in  the  field). 

The  starting  point  of  the  method  of  moments  is  the  recognition  that  the  existence  of  a  hierarchy  of  conserva¬ 
tion  equations  [13,15] 

|r[Tr(T)]=-V-Q,  (16) 

implies  a  relation  between  the  conserved  quantities  and  the  time  derivatives  of  the  moments  of  w.  Here,  w  is 
scalar,/  and  Q  are  vectors  and  T  is  a  symmetric  tensor  of  second  rank  having  the  trace  Tr(T).  The  first  three 
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moments  of  w  are  defined  as  follows: 

W-fdVw,  S=j-fdVrw,  (Qeff)2  =^/dKr2w.  (17) 

V  "  V  w  V 


The  integrals  are  taken  over  the  volume  in  which  the  field  quantities  are  defined,  and  r  is  the  position  vector. 
Using  the  Gauss  theorem,  it  can  readily  be  shown  that 

dW  dJS  d3  -  x  n 
dr  ~  dr2  '  dr3  (2eff) "  ■ 


In  deriving  these  results,  it  was  assumed  that 
h  •  J  =  h • Q  =  h  • T  =  0 

on  the  closed  boundary  2  with  normal  ft  of  the  volume  V.  If  2  is  at  infinity,  all  integrals  converge.  It  thus  follows 
that 


W=W0,  S  =  S0  +  v‘t  and  (Q|ff)  =  Go  +  2ctt  +  c2rJ , 
where  S0  =  S(t  =  0 ),Q0~  QQo)  and 

-1 kfdVJh.c.  c.-j-fdVr-J  l„„,  c2 /dKTrCT)l„0. 
"0  ,,  Oo  v  "0 


(18) 


The  relations  (18)  have  a  simple  physical  meaning:  the  energy  W  of  the  field  is  conserved,  the  energy  center  S 
moves  along  a  straight  line  with  a  constant  speed  u  and  the  square  of  the  effective  radius  of  the  bunch,  Q|ff, 
varies  according  to  a  parabolic  law  (for  f-*00,  Qtff  «*  r).  It  can  readily  be  verified  that  the  conserved  quantities 
satisfy 


v  =  ~  fdVrw  and  c2  fdV^w. 


(19) 


The  hierarchy  of  conservation  laws  is  satisfied  by  Maxwell’s  vacuum  equation  when  W  is  the  density  of  electro¬ 
magnetic  energy,  J  is  the  Poynting  vector  and  T  is  the  Maxwell  stress  tensor. 

Using  the  transformation  (7)  and  introducing  the  fluid  quantities  (12),  one  obtains  for  the  quasi-optics  equa¬ 
tion  (4)  where  t  -*•  tj,  V  -*■  VT  and  =  0 

w  =  p,  /  =  pu, 

T<x 0  =  -^Tp  [(V<*PXV0P)  -  PWe  +  *«*<VtP)  +  ^  5a(iP2].  a ,0sx.y, 

Tr(T)=^T  [(^^-iP'^^TP)2  -2k20p(vv)+  2*07jPj], 

LK  o 

Q * Z7T  {' 7t tVT  •  (pv)]  - (VTP)(VT  •  t>)  +  u[(V^p)  -  fp_1  (VTp)2  -  2fcjp(wu)]}  +7-71P2  •  (20) 

The  equation  of  the  effective  beam  radius  is  now 
Glff  =  Qo  +  2c1r?+c2r72 
with  the  following  constants  of  motion: 

Wo  =  /dapl^,, 

£ 


(21) 
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2°  =  ^/dorX=o 

If 

Cl=^idar'(PUVo 

/ 

Cl*— J'do  {(Vjp)  -  ( VTp)2  -2*Sp(u-t>)  +  2'y2*0p2}l,J=0.  (22) 

The  beam  quantities  (20)  verify  the  conservation  relations  (16).  The  invariant  ci  is  related  to  the  transverse 
energy  current.  In  terms  of  amplitude  and  phase,  the  integrand  is/42(r  •  VT0).  This  shows  that  when  the  trans¬ 
verse  current  of  energy,  which  is  proportional  to  the  transverse  gradient  of  the  phase  <t>,  is  negative  (VT0  <  0), 
self-induced  lensing  dominates  diffraction  spreading.  It  should  be  pointed  out  that  these  results  only  are  valid  for 
a  nonconfmed  beam  of  finite  power.  The  integrals  in  the  x,y  plane  around  the  outside  boundary  of  the  beam 
cross-section  can  only  vanish  if  both  e  and  VTe  vanish.  This  is  not  possible  on  a  finite  boundary  unless  e 
vanishes  everywhere.  For  a  finite  beam  the  boundary  should  recede  to  infinite.  In  the  numerical  solution  it  is 
necessary  to  introduce  a  perfect  conducting  wall.  The  surface  integrals  remain  finite,  although  small.  For  this 
reason  numerical  solution  will  disagree  with  the  average  mean  square  radius  calculated  from  the  method  of  mo¬ 
ments  by  a  small  finite  difference. 

A  similar  hierarchy  of  moments  was  derived  via  the  quasi-particle  approach  [22],  An  alternative  to  the 
Schrodinger  picture  [13]  discussed  here  is  the  Heisenberg  picture  proposed  in  ref.  [23].  Although  both  methods 
give  the  same  expectation  values,  the  Heisenberg  picture  is  believed  to  be  simpler. 

The  method  of  moments  as  outlined  here  represents  a  local  check  to  the  numerical  analysis  giving  the  average 
estimate  for  quantities  related  to  e 2 . 


6.  The  Lagrangian  formulation 

Let  us  summarize  the  fluid  equations  taking  the  quasi-optics  relation  (4)  with  the  nonlinear  polarization  term 
in  the  form  (9).  One  has  for  xi  0  (nonzero  gain  or  absorption) 

7^P  +  VT  •  (pv'.^XiP,  P^w  +  (u- VT)tj  =^/3VT[p-,/2V^(pW2)  +  xR].  (23) 

The  second  equation  can  be  rewritten  as 

» [If  ♦  <*  •  >°]  ">1 

or,  by  analogy  with  usual  “fluid”  equations,  as 

P[^  +  (U’ Vt)]U  =  Vt?  +  2&VtXr’  (24) 
where  the  scalar  function  P  is  defined  as 

P  =  4^[pV*(InP)]-  (25) 

To  elaborate  the  appropriate  computational  code,  we  transform  eqs.  (23)  and  (24)  into  the  Lagrangian  coordi¬ 
nates  [19]. 
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The  two  hydrodynamic  equations  (23)  may  be  rewritten  in  the  Eulerian  coordinates  (Xi  =  0)  in  the  form 
^p  +  pVT.«=0,  P^U=VX,, 

where  D/Drj  =  9/9p  +  v  ■  Vx  is  the  Eulerian  derivative  describing  the  motion  of  the  fluid  element  in  a  given  point 
of  the  laboratory  frame  of  reference.  Let  us  transform  eq.  (23)  into  Lagrangian  coordinates  in  which  the  observer 
moves  with  the  fluid  element.  In  this  way,  the  local  derivative  9/9 rj  becomes  equal  to  the  total  derivative  D/Dtj 
although  the  new  coordinates  will  be  related  to  the  initial  position  of  the  fluid  element  [24] . 

6. 1.  The  one-dimensional  case 


Let  X,  t)  be  the  Eulerian  coordinates  and  X  =  X0  (f?  =  0  define  the  Lagrangian  coordinate  X0.  The  speed  u  is 
defined  in  the  one-dimensional  case  as  v  =  dX/dr}. 

The  transformation  relations  are  as  follows: 


nL 

X  =  X(X0,t)L)  =  X0  +  f  dp'L  v(X0,T)i),  tj  =  i jL.  (26) 

o 

It  thus  follows  that 

9  /  dX  r1  9  9  =_9_  dX  9 

3X  [dX0 )  dX0'  9jjl  "  9t?  +  9r7  dX  ' 

The  first  equation  (23)  gives  for  xi  =  0 
9p  (  /gA-r*  9  9 AT 

9r7L+P\9A0/  dX0  9t?l  ’ 

which  integrates  to  the  mass  conservation  law 


p  =  p0(dX/dX0yl .  (27) 

The  second  equation  (24)  transforms  with  the  help  of  (27)  into 


d2X  _  9  1  /  dX  V1  9 

Po  9tjl  dX0P*2klPo  \9 X0  )  9A0  Xr  ' 

Using  eq.  (27),  the  scalar  function  P  reads  in  Lagrangian  coordinates 


(28) 


(29) 


and  eq.  (28)  gives,  using  eq.  (29), 


d2x  i  /  93f\~'/9^\2  _/93rT 

9ni  ~  l  Wo/  1 9^0 /tl  93f0  /  \9Aj/  \9Aj/. 


The  system  of  fluid  equations  (23)  reduces  to  a  single  equation  in  X  which  has  a  second-order  derivative  in 
variable  t)  and  derivatives  in  A0  up  to  fourth  order. 

For  a  nonlinear  media  with  a  nonvanishing  xi .  the  first  equation  (23) 


9  9  9 

— p  +  v — p  +  p  — v  : 
9??  93r  PdX 


T-XiP 

Ko 
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is  transformed  into 

srH-g-i* 

which  by  integration  gives 

'©■'•“'fe/  dn'L  xi 


With  this  dependence  of  p  on  tjl,  the  second  equation  (24)  reads 

6.2.  Two-dimensional  case  in  cylindrical  geometry 
In  cylindrical  coordinates,  the  system  (23)  reads 


p  9 

+  2kl  9rXR' 


9  9  1  9  ,  .  1 

—P  +  vr  — p  +  p  -  —  (rvr)  =—  pxi, 

9t?  or  r  9 r  *0 

/  9  9  \  1  9  f  1  9  T  9  „  J 

p|— ur  +  ur— u, I  =— r  —  !p-  r~  /■— (lnp) 

\9i7  9r  /  41co  9r(  r  9r  L  9r  J 

Introducing  the  Lagrangian  variables  r0L,  t)L 

*  rE(rOLi  ^l).  »?E  =  t7L, 

we  find  the  solution  of  the  first  relation  (38)  in  the  form  (for  Xi  =  0) 

n=n  (*nX'rJ>k 

°\9r0L/  r£ 

Let  us  define  the  fluid  “pressure”  by  analogy  with  previous  cases  as 
D_  1  /  1  9  T  9 
4*o  (P  rE  9 rE  L  E  9 rE 


-(lnp) 

,rE 

The  scalar  P  is  explicitly 

P 

Finally,  the  eq.  (36)  becomes 


_  1  /  drE  \~2  L  /  9rE  \~2  /  92  rE  \2  _  idrE  \~‘/93rE\ _ W9^£e\1 

4*5  'dr0L/  L  \9r0L/  \9roL  ’  \9r0L  /  \9 r\E)  rE\9foL/J 


(31) 


(32) 


(33) 


(34) 


(36) 


(37) 


&rE  _  1  |["_/^E '1’2/9^e'1 _ 

3i7l  4kl  \l  \9r0L /  \94L/  rE  JL^ \dr0L/  \9roi7  \9r0L/  \9/oL/ 

_ 1  /  9rE  \  2^e\1  t  (9rE  \~2[~  (9rE\~3/33rE\/32^E\  p/^E  \~*/9^\3 

i"e  \dr0J  \9rJL/J  \9r0l,/  L  \9r0L/  \drlL/\drlJ  \9 r0J  \9roL/ 


(drE  \-2/3Ve\  ,  1  /92rE\  t  2  /9rE  v»  1  /9rE  Ae\1|  1  (drE  \-  _9_ 

\9r0L  /  \9rgL  /  r|  \9rJL  /  rE  \9rgL  /  rE  \9 r0L  /  \  9rJL  /J  2*|  '  9r0L )  9 r0L  Xr 


(38) 


«Ci 


F.P.  Mattar,  J.  Teichmann  /  High  intensity  laser  beam  propagation 


9 


In  the  case  of  the  imaginary  part  of  X.  Xi  ^  0  we  have  by  analogy  with  eq.  (32) 


Details  of  the  two-dimensional  case  in  Cartesian  coordinates  can  be  found  in  ref.  (25] . 

The  evolutional  equations  (30)  and  (38)  are  rather  complex  due  to  the  presence  of  the  inverse  displacement 
gradient  Jacobian  Jy.  In  order  to  obtain  the  evolutional  equation  more  accessible  to  numerical  analysis,  we  limit 
ourselves  to  the  paraxial  approximation,  assuming  that  the  beam  convergence  or  divergence,  respectively,  due  to 
the  nonlinear  polarization  remains  small.  Let  us  introduce  the  Lagrangian  displacement  ^  [26] 

*  =  *<,  +  $,  l$l«l*ol.  Jnm^LsSU*  TF-  (40) 

OA  0/  OAoj 

The  value  of  any  function  (field)  defined  on  jr,  resulting  from  the  displacement  $  may  be  expanded  in  power 
series  of  ^  either  in  form  of  Eulerian  expansions  defined  at  x(v),  either  in  form  of  Lagrangian  expansions  defined 
at  jr0(t?).  Introducing  the  Eulerian  expansions 

P(x)  =  p0(x)  +  5,p(jt)  +  62P( x)  +  ....  w(x)  =  M*)  +  «iw(x)  +  5  2u(jr)  +  ... 

into  the  system  (23)  and  expressing  the  first  and  second  order  changes  6  as  functions  of  the  displacement  5,  we 
obtain  the  following  hierarchy  of  evolutional  equations  [24].  (We  assume  d/dr)  u0  =  0,  Xi  =  Xr  =  0): 

0th  order:  (w„  •  Vx)u0  =  -~I  vt  {Po1/J ^iPo'1)  > 

LK  0 

1st  order: 

(  +2(u0-  Vx)£+(u0-  VT)l(o0-  Vx)*-($-  VT)w0]+  {[(i>0-  VX)$-(V  VT)o0]  •  Vx}u0 
=  lkVT^o3/J[VT  -(PoK)]V\plon  -Pol/2Vx[Pol/JVx  •  (po^)]}:  (42] 

2nd  order: 

.  .  ,  .  ^llo 

(S-vx)[*  +(«o*vx)^-(4  •  vT)o0] 

+  {[(^-  Vx)u0]  •  V-rlU'  +  K*  VXH-  (§•  Vx)»0]  +  {(5-  Vx)[t  +  (v0*  Vx)^-(5-  Vx)i)0]  •  Vx}»0 

* i(u" '  * 1  {[**5^7]  ’ 7?) " 

-  VT  [tv'  •  Vt  W'!  VT  •  (PoO)  *  *  (VT  •  ?)’]  V’rPo 

*  [J« '  7t>17t  •  (-.01  -  M,  -  2*.  1"  vio°]  *'>«"'■  [~<V*  •  O' 

for  dispersive  media  Xi  ^  0,  xr  ^  0  and  the  integration  of  the  first  equation  (23)  results  in 


=  p0(dety//)'1  expju/*0)  J  drj'xij. 
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The  ri\.s.  of  the  second  evolution  equation  should  then  be  completed  by  an  additional  term 


^7  ^tXr  -  C?t  '  5)^tXr}  •  (45) 

In  case  of  an  azimuthally  symmetric  beam  we  introduce  cylindrical  coordinates  assuming  that  the  azimuth  <p  is 
ignorable.  Then 

,  r  dr 
det  J  =  —  — —  . 
r0  or0 

Under  the  assumption  of  the  paraxial  approximation,  r  =  r0  +  £  the  hierarchy  of  evolutional  relations  reads 
(Xi  =  Xr  =  0): 

3  1  3  f  ....  3J  ... 

“°'-zr0v°''wajr0r°  (46> 


3  .  d2  d2  /  3  \/  3  \  /  d  \2 
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ii  >‘8u0r1  .  „-d3UQr  ,  t  8  Li  8^0 r\ 

*3r0l_*  0r3r0  1  dr0  J  3  r20  ^0r3r0  V  dr\  j 

+  rt|I  92  9fc3u0r  3  T>-  tdu0rl  +It2  3t>0r  ^Or 

*r *1* +"»-5rlid  is  a7"sr 

°  3^  {rt,'![ldi,'0>oS)!^j  Ip;1”  div(p„|)]  -  2p0  —  ldi*(PoS)l 

+  z»,/J—  —  -io~l,2t2  I  JW2  — +o1/J/— Vl 

A  generalization  of  these  equations  for  the  dissipative  case,  Xi  ^  0.  Xr  ^  0  is  straightforward. 

In  the  two  methods  presented,  the  set  of  starting  transport  equations  is  combined,  via  the  Lagrangian  displace¬ 
ment  X  on  £  in  the  case  of  paraxial  approximation,  into  one  equation  for  X  or  {-,  respectively.  This  equation  [eqs. 
(30)  or  (38),  eqs.  (47),  (43)  or  (47),  (48)]  is  further  elaborated  using  a  suitable  differencing  scheme.  The  virtue  of 
the  present  analysis  consists  in  the  fact,  that  only  one  variable  has  to  be  calculated.  This  differs  our  method  from 
Lagrangian  analysis,  carried  out  in  the  past  [24] . 


7.  Conclusion 

By  writing  the  paraxial  scalar  wave  equation  in  a  conservation  form,  one  finds  that  it  has  the  structure  of  the 
hydrodynamics  equation.  On  the  basis  of  this  analogy,  the  intensity  of  the  laser  beam,  lei1 ,  can  be  interpreted  as 
the  density  p,  while  the  phase,  <p,  as  the  velocity  potential  (u  =  grad  <t>)  of  a  hydrodynamic  flow  process  subjected 
to  a  pressure,  which  -  in  contrast  to  classical  hydrodynamics  -  depends  on  derivatives  of  the  fluid  density. 

It  is  noteworthy  that  this  hydrodynamic  approach  to  intense  laser  propagation  in  nonlinear  media  removes  the 
rapid  numerical  oscillations  encountered  when  the  field  is  described  by  its  real  and  imaginary  parts:  the  new 
independent  variables  change  much  more  slowly. 
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During  the  nonlinear  interaction,  significant  reshaping  and  beam  distortion  take  place.  To  achieve  accuracy  and 
efficiency  simultaneously,  one  must  resort  to  nonuniform  grids  which  self-adjust  according  to  the  local  require¬ 
ments  of  the  physics.  Thus,  the  Lagrangian  description  -  as  opposed  to  the  Eulerian  description,  which  would 
have  required  mapping  and  adaptive  rezoning  techniques  -  is  adopted. 

The  continuity  and  velocity  equations  reduce  to  only  one  evolution  equation  for  the  Lagrangian  displacement. 
The  resulting  governing  equation  involves  derivatives  3r/9r0  up  to  the  fourth  order.  To  overcome  the  numerical 
difficulties  associated  to  the  inversion  of  the  Jacobian,  an  analytical  algorithm  valid  in  the  paraxial  limit  was 
further  presented. 

The  object  of  this  communication  was  to  illustrate  a  novel  transfer  of  effective  computational  techniques 
gained  in  fluid  and  aerodynamics  to  optical  physics  [8]  by  emphasizing  the  fluid  equivalency.  The  main  goals  of 
this  study  were  to  (1)  propose  an  algorithm  which  is  totally  consistent  with  the  subtle  physics  requirements;  and 
(2)  to  readily  gain  additional  physical  insights  in  this  essential  nonlinear  light-matter  interaction. 

It  is  noteworthy  that  a  recent  independent  research  effort  also  dealt  with  the  hydrodynamic  analogy  in  a 
Lagrangian  description  for  nonlinear  propagation  in  the  atmosphere.  However,  an  explicit  algorithm  was  adopted 
[26]. 
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Abstract 


Results  of  numerical  calculations  are  presented  and  analyzed  for  pulse  generation  and  subsequent  stabili¬ 
zation  in  large  propagation  distance  z  ,  for  a  collection  of  two-level  absorbers  which  are  swept-excited  by 
an  impulse  inversion  along  the  z-direction  at  the  speed  of  light  in  the  medium.  The  calculation  is  performed 
using  the  coupled  Maxwell-Bloch  formalism  and  for  the  conditions  that  T?  *  T]  ,  T2  >  >  tc,  g/<  >  >  1,  where 
T2  is  macroscopic  dipole  moment  dephasing  time,  T^  is  the  longitudinal  relaxation  time  for  the  absorber,  tc 
is  the  characteristic  superradiant  cooperation  time  among  the  absorbers  and  g/<  is  the  linear  gain,  g  ,  to 
diffraction  loss,  <,  ratio.  Results  of  the  calculation  for  nonlinear  pulse  evolution  and  propagation  for  one 
spacial  dimension  (planar  case)  is  compared  with  the  results  for  the  comparable  case  where  transverse  mode 
coupling  is  included. 


Introduction 


In  1975,  Bonifacio,  Hopf,  Meystre  and  Scul lyl (hereafter  referred  to  as  BHMS)  predicted  the  conditions  for 
which  steady-state  pulses  having  characteristics  of  superradiance  (intensity  „p2,  temporal  width  _  1/p  ,  where 
p  is  the  density  of  absorbers,  and  pulse  envelope  varying  in  time  as  hyperbolic  secant  with  characteristic 
delay  of  the  peak  from  the  excitation)  can  be  generated  in  swept-gain  amplifiers.  They  obtained  and  analyzed 
steady-state  solutions  of  the  coupled  Maxwell-Bloch  equations  in  the  retarded  time  frame  in  one  spacial  di¬ 
mension  z  in  the  limit  z  -*  °°  ,  for  the  initial  condition  that  impulse  Inversion  occurs  at  t  *  0,  where  t  *  t 
-  z/c,  in  the  retarded  time.  Exact  analytical  results  under  these  conditions  were  obtained  by  BHMS  for  hom¬ 
ogeneously-broadened  systems  for  two  special  cases,  Tg  <  <  Ti  and  Ti  =  Tg,  where  T2  and  T| ,  are  the  transverse 
and  longitudinal  atomic  relaxation  times,  respectively. 

1 

Subsequent  theoretical  work  which  followed  the  initial  work  of  BHMS  addressed  to  the  quantum  mechanical  as¬ 
pects  of  pulse  buildup  from  noise  and  the  role  of  spontaneous  emission  in  the  small  signal  regime  for  a  sys¬ 
tem  with  small  Doppler  width2  and  for  a  homogeneously-broadened  system.3  Further  theoretical  work  analyzed 
the  effects  of  coherent  pumping,  for  the  excitation,  on  pulse  buildup,  both  numerically1'  and  analytically5’6’7 , 
The  first  reported  detailed  experimental  study  of  swept-gain  superradiance ‘‘•5  was  for  COj-pumped  CHjF. 

Since  Dicke's  initial  prediction8  for  the  circumstances  under  which  a  macroscopic  volume  of  atoms  can 
radiate  collectively  (collective,  spontaneous  relaxation),  a  large  amount  of  theoretical  and  experimental 
effort  has  been  devoted  to  the  subject  of  superradiance. 5  Experimental  arrangements  for  the  study  of  super¬ 
radiance  has  been  Identical  with  that  for  swept-gain  superradlance.’’10  Even  though  the  two  phenomena  stem 
from  entirely  different  physical  processes,  the  same  physical  model  should  account  for  both,  each  being  a 
limiting  case  essentially  in  terms  of  the  length  of  the  active  volume  of  atoms.  Indeed,  the  first  reported 
experimental  study  of  swept-gain  superradiance 4  also  constituted  a  study  of  the  evolution  from  superradiant 
response  of  the  system  through  swept-gain  superradlance  as  a  function  of  the  length  of  the  active  volume 
along  the  propagation  axis.10  The  experimental  results  indicate  a  continuous  transition  from  conditions 
supportive  of  superradlance  or  super  fluorescence  through  swept-gain  superradiance  in  the  asymptotic  regime 
of  large  propagation  length  z. 

In  this  paper  we  analyze  numerically,  and  interpret  analytically,  the  evolution  of  the  response  of  a 
collection  of  two-level  absorbers  to  swept  impulse  excitation,  from  the  small  volume,  superradiant  regime, 
through  the  asymptotic,  steady-state  propagation  at  sufficiently  large  propagation  distances  z.  We  also  de¬ 
termine  the  effects  of  transverse  mode  coupling  on  the  pulse  generation"’32  and  propagation. 1 3 
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The  model  is  presented  in  the  next  section  and  the  analytical  results  for  swept-gain  superradiance  in  the 
planar  regime  obtained  previously  by  BHMS1  are  briefly  reviewed.  A  comparison  is  made  between  conditions 
for  the  observation  of  single  pulse  superfluorescence1''  and  swept-gain  superradiance.1  Results  of  the  nu¬ 
merical  calculations  are  presented  and  discussed  in  Section  III  for  the  evolution  of  pulse  area  with  propa¬ 
gation  distance  z  for  the  single  spacial  dimension.  The  evolution  from  superradiance  to  steady-state 
swept-gain  superradiance  and  their  connection  is  explicitly  analyzed  and  discussed.  Results  for  a  compar¬ 
able  case  incorporating  transverse  mode  coupling  with  a  Guassian  gain  profile  are  presented  and  compared 
with  results  for  the  planar,  one  spacial  dimension  calculation.  It  is  shown  that  the  effects  of  self- focus¬ 
ing  can  be  much  more  important  in  the  swept-gain,  steady-state  condition  than  for  the  particular  correspond¬ 
ing  conditions  for  superradiance.  The  results  of  our  calculation  are  summarized  in  the  last  section  and 
future  work  connected  with  these  results  is  outlined. 

II .  Coupled  Maxwel 1-Bloch  model  for  swept-gain  superradiance 

BHMS  showed1  that  if  a  volume  of  two-level  absorbers  is  gain-swept  at  the  speed  of  light  in  the  active 
medium  by  a  traveling  impulse  excitation,  a  solitary  pulse  is  generated  from  noise  amplification  in  the 
amplifying  medium  and  reaches  a  steady-state  at  sufficiently  large  propagation  distance  z,  provided  the 
gain,  g,  to  loss,  k  ,  ratio  satisfies  the  condition  g/tc  >  1.  The  solitary  pulse  is  characterized  by  super¬ 
radiant-like  features  with  respect  to  pulse  shape.  Intensity,  temporal  width,  and  delay  of  the  peak  of  the 
pulse  envelope  from  the  impulse  excitation. 

They  considered  the  coupled  Maxwel 1-Bloch  equations  in  the  retarded  time  frame,  which  is  a  frequently 
used  model  for  pulse  propagation  and  generation  in  nonlinear  media. 
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In  the  above  equations,  P  is  the  dimensionless  macroscopic  transverse  polarization  per  atom,  A  is  the  inver¬ 
sion  for  the  two-level  atom,  T2  and  Ti,  are  the  dephasing  and  relaxation  times  for  the  polarization  and  atom¬ 
ic  Inversion,  respectively.  The  third  equation, (2-3) ,  is  the  linearized  Maxwell  equation15  in  the  retarded 
time  frame  in  the  slowly  varying  envelope  (SVEA)  and  rotating  wave  approximation  for  the  pulse  envelope  E. 
Here,  the  electromagnetic  field  envelope,  E  ,  is  normalized  to  give  the  Rabi  frequency15  e  , 
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where  p0  is  the  matrix  element  of  the  transition  dipole  moment  between  the  pair  of  atomic  energy  levels  and 
E  is  the  electromagnetic  field  envelope  which  is  a  function  of  the  propagation  coordinate  z  and  retarded 
time  t  , 


x  =  t  -  z/c  . 

The  other  quantities  Involved  in  Eqs.  (2-1)  -  (2-3)  are 
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where  g  is  the  gain  and  A  is  the  wavelength  of  the  carrier  frequency  of  the  single  mode  radiation  field  en¬ 
velope,  p  is  the  atomic  density  and  tq  is  the  spontaneous  atomic  relaxation  time.  The  loss  term  in  (2-3) 
defined  by  <  is  the  linear  loss  which  arises  because  of  diffraction  as  well  as  other  dissipative  processes. 


8HMS  considered  the  steady-state  solutions  of  (2-1)  -  (2-3),  i.e.,  the  solutions  under  the  condition 


c(z-*’=>, t)  *  lim^c(0,r)e 

z-«> 


|c(0,T)e*lcZ  +  a  |  dz'  e"c^z‘z  ^  P(z',t)| 


and  the  initial  condition 

A  (t  =  0)  s  1 . 

Equation  (2-7)  leads  immediately  to  the  adiabatic  relation  between  the  field  and  polarization, 
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This  last  expression  can  be  used  to  eliminate  P  from  (2-1)  and  (2-2)  and  steady-state  solutions  are  found  by 
solving  the  resulting  pair  of  nonlinear  differential  equations. 

Exact  analytical  results  were  obtained  by  BHMS  for  two  distinct  cases,  T,<  <  T.  and  T,  =  T,.  For 
t  <  <  T  •  t  l  i  \ 

'2  V 
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For  g  >x,  we  see  from  (2-10),  (2-11),  and  (2-6)  that  the  intensity  I  of  the  steady-state  pulse,  I  -  E^, 
varies  as  the  density  squared,  I-p2,  whereas  (2-10)  and  (2-11)  indicate  that  the  width  varies  inversely 
as  the  density  -  1/p.  Also,  from  (2-11)  the  pulse  width  is  always  less  than  T-  whenever  g  >  ic.  For 
T  =  T  •  c 

1  O  1  1  • 
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The  set  of  equations  (2-1)  -  (2-3)  reduces  to  the  generalized  sine-Gordon  equation1 
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is  the  reduced  time  and 
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The  angle  4  is  the  Bloch  angle. 
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In  the  asymptotic  regime,  the  space  derivative  term  in  (2-12)  vanishes  and  the  resulting  solution,  using 
(2-14),  is 


c(t)  =  e‘YT  sech  J?(t)  - 


(2-15) 


(2-16) 


and  the  time  delay  between  the  impulse  excitation  and  the  peak  of  the  steady-state  pulse  is  given  by 


5o  =  Ts 


log  [cot  *5<f>0] 


(2-17) 


Here,  <p0  is  the  initial  Bloch-angle  at  t  =  0  to  account  for  quantum  noise  which  drives  the  atomic  excitation 
away  from  the  completely  inverted  metastable  state. 

Again,  from  (2-15)  it  is  seen  that  the  intensity  I  -  p2  whereas  the  pulse  width  tw  -  1/p  .  It  was  shown1 
by  BHMS  that  such  pulses  will  evolve  provided  g/<  >  l.  The  area  of  the  pulse  9  is  defined  as  the  Bloch  angle 
<f>  at  infinite  time  t  ,  and  is  obtained  by  ir  egratir.g  (2-14).  From  (2-12)  in  the  asymptotic  regime,  i.e., 
neglecting  the  first  term  on  the  left. 


tan  =  (tan  h$Q)  e9 


(2-18) 


Thus,  given  an  initial  Bloch  angle  i>0,’  for  g/<  sufficiently  large,  the  area  9  approaches  tt  ,  i.e.,  as  large 
as  it  can  be  for  a  single  pulse.  The  threshold  for  9  -  n  was  determined  to  be 


threshold 
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Any  further  increase  in  the  gain-to-loss,  g/*,  does  not  increase  the  pulse  area  since  it  is  saturated  above 
threshold.  However,  from  (2-15)  the  intensity  continues  to  vary  as  the  square  of  the  density  and  the  pulse 
width  as  inverse  density. 

The  criteria,  therefore,  for  the  generation  of  steady-state  pulses  is  that  the  active  medium  be  swept- 
excited  at  the  speed  of  light  in  the  medium  and  that  g/ic  >  1.  The  resulting  pulses  have  characteristics 
of  superfluorescence11,  although  for  different  physical  reasons.  The  major  difference  in  realizing  the 
two  phenomena  is  that  to  produce  superfluorescence  the  medium  responds  as  though  it  were  uniformily  excited, 
i.e.,  the  atoms  are  contained  within  a  certain  cooperation  volume,  whereas  for  swept-gain  superradiance, 
the  medium  "sees"  an  impulse  excitation  traveling  at  the  velocity  of  light  in  the  medium.  Table  1  compares 
the  conditions  for  single  pulse  superfluorescence  in  the  mean  field  limit14,  with  the  corresponding  con¬ 
ditions  for  pulse  generation  in  swept-gain  superradiance  in  the  asymptotic  regime.  It  is  to  be  pointed  out 
that  the  essential  physical  difference  between  what  has  been  called  superfluorescence1 1  and  what  is  termed 
swept-gain  superradiance1  is  that  the  atomic  relaxation  for  the  former  occurs  by  collective,  spontaneous 
relaxation8,  whereas  for  the  latter,  individual  atomic  relaxation  occurs  by  stimulated  relaxation  due  to 
pulse  propagation  in  the  medium. 

Table  1,  Comparison  of  Conditions  for  Superfluorescence  in  Mean  Field  Approximation  with  Swept-Gain 

Superradiance  in  Asymptotic  Approximation 


Superfl  uorescence 
Mean-Field  Approximation 


Swept-Gain  Superradiance 
Asymptotic  Approximation 


=  ctP(t)  -  K'e(t) 


deil,X-  =  <*P(z,t)  - 


T  =  t  -  Z/C 


<  E  3t 


<e  *  >  n 


tE  <  Tc  <  tR  <  tD  <  Tr  T2*  T2 


g/K  >  1 


te  =  L/C 


te  =  (c<)‘ 


s  g 


T0  =  XR  l09 


ill) 


Co  -  t$  log  [cot  kOo] 


-  (tetr)5 


Tc  =  (Vs): 


Here,  tr  is  the  characteristic  superradiance  time11  for  z  =  L,  tq  is  the  delay  time11  of  the  pulse  peak  from 
the  excitation,  and  tc  is  the  cooperation  time16  corresponding  to  the  cooperation  length  ic,  tc  =  ctc.  Note 
that  For  L  =  tc*  TR  *  Tc-  TD  1S  the  delay  time  of  the  peak  of  the  superradiant  pulse  from  the  impulse  ex- 
citat-  on. 

We  have  calculated  the  evolution  of  pulse  area  for  swept-gain  superradiance  as  a  function  oi  propagation 
distance  z  according  to  the  relations  (2-1)  -  (2-3)  for  the  conditions  T i  =  T2,  g/<  >  log  { 1  /d>0 )  and  for 
tr  <  <■  T2  where  t^  is  the  characteri stic  superfluorescence  time.  Thus,  we  have  determined  the  evolution  of 
pulse  area  from  the  superfluorescence  regime  (small  z)  through  the  asymptotic  swept-gain  regime  (large  z). 
These  results  we  compare  with  corresponding  calculations  taking  into  account  transverse  mode  coupling  and 
diffraction  for  a  Gaussian  gain  profile.  In  this  case,  the  Maxwell  equation  (2-3)  takes  the  three-dimen¬ 
sional  form 


(2-20) 


where  d  =  radial  function  describing  nonuniformity  of  gain  profile,  n  =  z  a  ,  and 
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is  the  Beep's  length  dependent  Fresnel  number  relevant  to  propagation  effects.  Here  rp  is  the  Gaussian  gain 
width  at  half  maximum.  The  transverse  effects  arising  from  (2-20)  are  related  to  the  planar  case  using 
(2-3)  by  taking  the  linear  field  loss  <  in  the  latter  to  be  entirely  diffraction-loss,  i.e. 


where 


Thus,  the  Fresnel  number  ,  (2-21),  is 


(2-22) 


=  A  (2-23) 

the  gain-to-loss  ratio.  The  results  of  the  calculation  and  related  discussions  are  presented  in  the  next 
section. 


Ill .  Numerical  results  for  propagation  and  transverse  effects;  Evolution  from  superfluorescence  to 

swept-qa(n  superradiance 

First  we  present  the  results  of  numerical  integration  of  (2-1)  -  (2-3)  for  the  Initial  condition  (2-8) 
and  for  Tj  ■  T2.  We  have  also  chosen  the  values  for  the  system  parameters  such  that  the  superradiance  co¬ 
operation  time,16T;  ,  satisfies  the  condition  -tc  <  <  T2  (see  Table  1),  where  *  CTc  *s  t*ie  maximum  length  of 
the  sample  over  which  the  atoms  can  cooperate  to  produce  superradiant  emission.  Also,  the  gain,  g  ,  to  loss, 
k  ,  ratio,  g/<  >  >  log  (l/<t>0),(see  (2-19)),  so  that  results  of  the  last  section  predict  steady-state  pulses 
of  area  0  =  rt  ,  Eq.  (2-18), 


The  absolute  pulse  area  | 0 | 


(3-1) 


is  shown  as  a  function  of  propagation  length  z  in  Figure  1.  There  are  three  distinct  regimes  evident  in  the 
pulse  area,  le]  ,  propagation  evolution.  These  are  determined  by  the  characteristic  times  for  the  system  tr 
(Table  1),  and  ts,  (2-16). 

The  first  regime,  characterized  by  the  smallest  values  of  the  propagation  distance  z.  shows  a  rapid  rise 
of  the  pulse  area,  (3-1),  with  propagation  distance  z.  The  area  proceeds  in  z  through  |0|  =  u  ,  correspond¬ 
ing  to  single  pulse  buildup,  to  values  je|  >  it  ,  which  eventually  corresponds  to  subsequent  ringing,  and 
finally  peaks  out  at  |e|  ;  3  tt  .  This  behavior  is  described  by  the  sine-Gordon  equation  (2-12),  with  the 
values  of  the  parameters  used  in  the  calculation  (see  Figure  1).  We  have,  for  this  particular  small  z  re¬ 
gime. 


so  (2-12)  becomes 


<  asin  $ , 


(3-2) 


l^asin*.  (3-3) 

where,  from  (2-13),  £  +  t  since  in  this  case  T/T2  <  <  1.  This  is  just  the  Burnham-Chiao  propagation 
equation17  ,  which  yields  the  well-known  solution  for  pulse  buildup  from  gain  with  subsequent  undamped 
ri  nging. 

From  (2-6)  and  Table  1,  we  have 


a 


(3-4) 


where  tc  Is  the  Arecchl-Courtens  superradiant  cooperation  time  which  corresponds  to  the  superradiant  co¬ 
operation  length  z  *  *  ctc,  the  maximum  length  over  which  the  atoms  can  cooperate  collectively  to 

produce  superradiant  emission.  Equation  (3-3)  yields 


31 = 


0 


(3-5) 


Here, 
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v  =  t/tc  =  z/lz  and  9  ,  as  in  (3-1),  is  related  to  the  Bloch  angle  $  ,  by  9  =  $(t=  z/c).  Thus,  the  initial 
pulse  buildup  in  Figure  1  is  governed  by  the  superradiance  time  tr  (Table  1)  where  tr  ~z_1  and  tr  =  tc  when 
z  =  Ic,  and  in  this  particular  case,  lc  =  2.68  cm.  The  region  correspond! ng  to  0  <  1 9 1  <  ir  we  call  the 
single  pulse  superradiant  regime,  z  <  ic,  which  is  subsequently  followed  by  Burnham-Chiao  ringing.  This 
initial  superradiant  pulse  buildup  occurs  in  this  case  because  tc  <  <  T2. 

After  several  diffraction  lengths  ie"\  the  area  (3-1)  reaches  a  maximum  and  then  decays  as  e'<z  to  the 
asymptotic  steady-state  9=7!-  pulse  predicted  analytically  in  the  last  section,  and  shown  in  Figure  1.  This 
regime  is  governed  by  the  characteristic  time  ts,  (2-16). 

The  results  shown  in  Figure  1  exhibit  the  pulse  area  evolution  from  pure  superradiance, |6|  <  it,  through 
Burnham-Chiao  ringing,  each  governed  by  tr,  to  pulse  area  instability  which  subsequently  decays  by  linear 
field  loss  ic  to  the  asymptotic  steady-state  r  pulse.  The  necessary  and  sufficient  conditions  for  evolution 
from  superradiance  to  ir-pulse  swept-gain  superradiance  are  that  g/<  >  log  l/<j>0>  1,  Tc  <  <  T2- 

The  effects  of  changes  in  the  value  of  the  linear  field  loss  ic  ,  all  other  parameters  remaining  the  same, 
are  shown  in  Figure  2  for  four  other  values  of  k  and,  hence  g/c.  It  is  seen  that  asymptotic  stability  in 
the  pulse  area  is  reached  for  lower  z  values  the  higher  the  value  for  the  loss  <  ,  as  one  would  expect.  Also, 
the  higher  loss  and  lower  gain-to-loss  reduce  the  amplitude  of  the  pulse  area  instability  peak,  again  as  one 
would  expect.  This  further  suggests  that  the  transition  from  superradiance  to  asymptotic  swept-gain  super¬ 
radiance  can  occur  without  intermediate  ringing  If  (kc)*‘  <  <tc- 

When  transverse  effects  are  taken  into  account  in  the  calculation,  Eq.  (2-3)  is  replaced  by  (2-20).  The 
transverse  mode  coupling  is  generated  through  the  first  term  in  (2-20),  and  its  contribution  is  governed  by 
the  Fresnel  number  ,  (2-21)  and  (2-23).  This  is  not  the  conventional  Fresnel  number  used  in  discussions 
of  superradiance  and  super  fluorescence1  * ,  but  it  is  the  one  which  is  meaningful13  throughout  the  entire  pro¬ 
pagation  regime.  Generally,  the  larger  the  Fresnel  number  Jt  ,  (2-21),  the  less  the  importance  of  contribu¬ 
tions  from  transverse  effects,  (2-20),  i.e.,  large  means  more  nearly  plane  wave  propagation  behavior. 

We  use  the  values  of  the  parameters  and  the  conditions  which  gave  rise  to  the  one-dimensional  results  of 
Figure  1,  but  choose  the  cross-sectional  area  A  for  a  Gaussian  initial  gain  profile  from  (2-2-2)  and  the  value 
of  ic  used  to  obtain  the  results  of  Figure  1,  where  rp  is  the  radial  Gaussian  width  for  the  gain  distribution, 
and  obtain  the  calculational  results  shown  in  Figure  3.  Here,  we  show  the  pulse  area  (3-1)  as  a  function 
of  propagation  distance  2  and  radial  dimension  P  .  Energy  which  intersects  the  boundary  p  *  Pmax  is  ab¬ 
sorbed  in  the  calculation;  thus  diffraction  as  well  as  transverse  mode  coupling  is  explicitly  treated  in  the 
calculation  consistent  with  the  conditions  imposed  by  (2-20),  (2-21)  -  (2-23).  Thus,  the  calculation  giv¬ 
ing  the  results  shown  in  Figure  3  is  the  three-dimensional  extension  of  the  calculation  which  gave  the  re¬ 
sults  shown  in  Figure  1.  The  pulse  area  (3-1)  as  a  function  of  z  for  the  on-axis  mode  is  displayed  in  Fig¬ 
ure  4. 

It  is  noted  by  comparing  Figures  1,  3,  and  4  that  the  transverse  effects  almost  completely  wash-out  the 
instability  in  the  pulse  area  buildup  which  occurs  in  the  one-dimensional  calculation.  Figure  1.  Further¬ 
more,  Figures  3  and  4  indicate  a  different  kind  of  pulse  area  instability  at  higher  z  values  which  is  due 
to  sel f- focusing.  The  qualitative  effects  of  sel  f- focusing  on  pulse  propagation  can  be  seen  in  Figure  5. 

The  results  of  the  three-dimensional  calculation  indicate,  therefore,  that  a  true  steady-state  may  not 
exist,  at  least  in  the  sense  of  the  analytical  predictions  of  Section  II. 

Similar  one-spacial  dimension  calculations  for  pulse  area  evolution  in  sw^gt-gain  superradiance,  but 
under  the  Influence  of  lethargic  gain  conditions,  have  been  reported  by  BHMS  . 

IV.  Summary  and  conclusions 

We  have  demonstrated  the  pulse  evolution  in  one-dimensional  propagation  from  >uperfluorescence  to  asymp¬ 
totic  swept-gain  superradiance  for  ideal  conditions  supportive  of  superf1uorescence!4>18  and  n-pulse  swept- 
gain  superradiance.  The  results  are  shown  in  Figures  1  and  2.  Transverse  effects  tend  to  wash-out  the 
early  pulse  area  instability  which  occurs  for  the  one-dimensional  case  as  seen  by  comparing  Figures  1  and  2 
with  Figures  3  and  4.  However,  as  noted  in  Figures  3  and  4,  the  pulse  area  showc  an  instability  in  the 
asymptotic  region  of  large  z  when  transverse  effects  are  taken  into  account.  Th-s  evidently  arises  from 
sel f- focusing.  Figure  5.  Thus,  in  this  case,  a  true  steady-state  does  not  exist  due  to  transverse  mode 
coupling  effects. 

This  work  is  in  process  of  being  extended2® *21  to  the  calculation  of  the  effects  of  coherent  optical 
pumping  and  propagation  as  well  as  transverse  effects  for  three-level  systems6 « 7  for  three-level  super¬ 
fluorescence  and  swept-gain  superradiance  and  coherent  pulse  shaping  due  to  specified  pulse  injection  and 
propagation  in  three-level  systems. 
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Figures 
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Figure  1.  Pulse  area  9  =  {  [e|dx  vs.  propagation  dis¬ 
tance  z  for  numerical  integration  of  Eqs.  (2-1)  -  (2-3). 
Values  for  the  parameters  used  in  the  calculation  are: 
g  *  291.6  cm"',  k  *  2.60cnrl,g/<  =  112.15,  T|*T2=70  nsec, 
=  9.42  X  10-4, tc  =  89.4  psec. 
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Figure  2.  Pulse  areas  -  J  | c | <1t  vs.  propagation 
distance  z  for  numerical  integration  of  Eqs.  (2-1) 

-  (2-3).  Values  of  the  parameters  used  are  those 
of  Figure  1  except  for  k:  1 )  k  *  5.2  cm-',  g/rc  = 
56.08;  2)  k  =  10.4  curl,  g/<  =  28.04;  3)  <  =  20.8, 
g/ic  =  14.02;  4)  k  =  41.6  cirr\  g/tc  =  7.01. 
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Figure  3.  Pulse  area  9  vs.  propagation  distance  z 
and  radial  dimension  p  for  numerical  integration  of 
Eqs.  (2-1),  (2-2),  and  (2-20).  Values  of  the  param¬ 
eters  used  are  those  of  Figure  1,  with  the  Fresnel 
number  $■  chosen  according  to  (2-23)  and  a  Gaussian 
initial  gain  profile  determined  from  (2-21 ) ,(2-22) . 


Figure  4.  Pulse  area  9  vs.  propagation  distance 
z  for  the  on-axis  mode.  Values  of  the  parameters 
arc  those  of  Figure  3. 


Figure  5.  Temporal  and  radial  dependence  of 
pulse  intensity  at  large  z. 
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Abs  t  ract 

Using  proven  computational  methods  developed  to  efficiently  treat  transverse  and  longitu¬ 
dinal  dynamic  reshaping  associated  with  single-stream  propagation  effects  in  cooperative 
light-matter  interactions,  a  realistic  superf luorescence  (SF)  theory  was  constructed  in  close 
collaboration  with  experimentalists.  A  semi-classical  model  based  on  the  Maxwel 1 -Bloch  equa¬ 
tions  (which  rigorously  encompasses  diffraction,  transverse  density  variations  and  inhomoge¬ 
neous  broadening)  is  used.  Furthermore,  the  medium  initiation  is  stimulated  by  a  coherent 
pulse  of  an  area  9  which  varies  radially,  propagates  along  the  rod  axis  and  tips  the  indi¬ 
vidual  Bloch  vectors  over  an  angle  0  from  its  upright  position.  This  effective  initiation 
is  treated  in  using  either  (a)  an  homogeneous  average  tipping  angle  or  (b)  instantaneous 
longitudinal  and  transverse  fluctuations.  The  Cs  datas  are  correctly  simulated  for  the  first 
t ime . * 

Important  remark 

At  this  time,  T  wish  to  express  my  appreciation  and  give  credit  to  Gibbs,  McCall  and  Feld 
for  their  many  contributions  in  the  form  of  numerous  relevant  discussions,  preparatory  ana¬ 
lytical  work  and  help  in  selecting  details  of  realistic  models  based  on  their  close  contact 
with  laboratory  results.  In  addition.  Dr  Gibbs'  participation  in  carrying  the  calculations 
accelerated  the  rate  of  progress  in  my  research.  Let  me  take  this  occasion  to  thank  Dr.  Gibb 
Dr.  McCall  and  Dr.  Feld  for  their  energetic  and  enthous iast ic  collaboration. 

Introduction 

Super  fluorescence1  (SF)  is  the  process  by  which  coherent  emission  occurs  from  an  ensemble 
of  two-level  atoms  all  initially  in  the  upper  state.  An  important  question  in  SF  experiments 
is  why  the  output  pulse  is  sometimes  smooth,  but  at  other  times  exhibits  multiple  structure 
or  ringing.  Strong  ringing  or  pulsing  has  been  observed.bv  several  groups,  including  the 
initial  HF  gas  studies-.  However,  recent  Cs  experiments'5  never  show  ringing  at  low  densities 
whereas  at  higher  densities,  highly  fluctuating  multiple  pulsing  is  usually  observed , ,bel ie- 
ved  to  arise  from  transverse  mode  competition.  Strong  "McCall/Burnham-Chiao"  ringing  is 
predicted  by  semi-classical  plane-wave  models  with  initial  tipping  angle  ,  which  neglect 
variations  transverse  to  the  propagation  direction.  On  the  other  hand,  simplified  propaga¬ 
tionless  analytic  solutions  based  on  the  mean  field  theory  ('(FT)*’  of  SF  pulses  have  resulted 
in  a  symmetrical  sech2  single  pulse  output.  However,  such  solutions  are  somewhat  academic 
since  all  the  experiments  so  far  use  extended  samples  for  which  propagation  effects  play  a 
major  role.  Alternatively,  when  the  effective  tipping  angle  is  analysed,  using  quantum 
mechanics-’,  several  features  of  the  observed  pulses  are  successfully  explained.  However, 
the  theory  is  again  far  from  being  complete  as  several  other  features*  such  as  the  absence 
of  ringing  remain  unexplained.  That  is  probably  as  was  noted J . 7 . 10 . 1  ■>  because  the  one-di¬ 
mensional  model  was  unrealistic.  Specifically,  transverse  effects  are  expected  to  influence 
the  pulse  evolution  in  at  least  two  ways:  (a)  spa.ftaf  averaging  of  radiation  evolving  pla- 
narlv  in  concentric  shells  each  with  its  own  density  (hence,  its  own  initiation  and  own 
delay);  and  (b)  d  (.fraction  coupling  which  induces  communication  between  adjacent  shells. 

The  first  mechanism  describes  very  large  Fresnel  number  F  while  the  second  one  is  very 
important  with  small  F  samples*  Inclusion  of  transverse  effects  substantially  altered  the 
one-dimensional  Cs  predictions-’*1,  leading  the  greater  conformity  with  the  Cs  data. 

The  initial  SF  state  is  prepared  by  rapidly  inverting  a  sample  of  three  level  atoms  bv 
transferring  population  from  the  ground  state  to  the  upper  state  with  a  short  light  pulse, 
creating  a  cylindrical  region  of  excited  atoms-.  SF  pulse  emission  subsequently  occurs 
between  this  excited  state  and  the  intermediate  state.  There  is  no  optical  cavity  and  stray 
feedback  is  negligible. 


*  This  work  was  supported  in  part  by  F.P.  '’attar,  the  Research  Corporation,  Mobil  Oil  Corpo¬ 
ration,  the  University  of  Montreal  and  the  U.S.  Army  Research  and  National  Science  i-oundation. 
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This  research  employs  the  semiclass ical  Maxwell-Bloch  approach  to  explore  the  influence 
of  transverse  effects,  using  both  the  average  value1**53  and  statistics7  of  the  initial  tip¬ 
ping  angle1**53.  The  latter  part  of  the  study  encompasses  both  longitudinal  fluctuations' 
and  transverse  fluctuations  in  the  initiating  spontaneous  emission,  as  influenced  by  dif¬ 
fraction. 

Transverse  effects  are  expected  to  influence  the  pulse  shapes  in  at  least  two  ways,  one 
of  which  is  i pa  t-ial  a.v .  In  SF  experiments  the  initial  inversion  density,  n0(r),  is 
radially  dependent  since  the  pump  light  pulse  typically  has  a  Gauss ian-1 ike  profile.5  In 
the  absence  of  diffraction  this  cylinder  can  be  thought  of  as  a  set  of  concentric  cylindri- 
can  shells,  each  with  its  own  density,  tipping  angle  and  delay  time".  The  radiation  will 
thus  be  a  sum  of  plane-wave  intensities;  when  the  entire  output-signal  is  viewed  the  ringing 
averages  out,  resulting  in  an  asymmetric  pulse  with  a  long  tail.*0 

A  second  transverse  effect,  di^xaction,  causes  light  emitted  by  one  shell  to  affect  the 
emission  from  adjacent  shells.  This  cross-coupling  mechanism,  which  causes  transverse  ener¬ 
gy  flow,  is  more  important  for  samples  with  small  Fresnel  numbers  F. 

Furthermore,  SF  is  inherently  a  txamve.Xie  e^ect  problem  even  for  large  F  samples  since 
the  off-axis  modes  are  not  discriminated  against.  This  work  is  the  first  to  correctly  in¬ 
clude  this  crucial  element. 

Our  analysis  adopts  the  coupled  Maxwell-Bloch  equations,  which  take  fully  into  account 
propagation  and  transverse  effects.  Previous  approaches  examined  transverse  effects  in  the 
mean  field  approximation1  ,  or  included  a  loss  term  in  the  Maxwell  equation  to  describe  dif¬ 
fract  ion . 2 , 5 , 12  Thus,  our  model  possesses  a  long  sought  after  degree  of  realism. *5a 

Equation  of  motion 

The  simulations  are  based  upon  an  extension  of  a  model*1*  which  describes  transverse  ef¬ 
fects  observed  in  self-induced  transparency  experiments.*5  For  simplicity  the  influence  of 
the  backward  wave,  being  negligible,*6  is  not  presently  considered,  and  cylindrical  symmetry 
is  assumed.  Relaxation  of  its  simplification  will  be  discusses  elsewhere16,  .  The  equa¬ 
tions  of  motion  are**: 

-i  i— r  Vic  =  g  P  (with  g,  the  nonlinear  gain,  sustaining  radial  density  (la) 

variations) 

5T  **/J2  =  W~  Cn  (*M 


♦  !jU  =  -  Re(?PVK) 


(lcl 


where  e  and  P  are  the  slowly 
tion,  respectively,  n  is  the 
transition  dipole  moment  mat 
larization  dephasing  times. 
nz  -  *3  i  where  o  =  r 

' T  4 ~  o  Tp 

inversion  density  at  half  ma 
3e/3r  =  0  on  the  axis  (r=0) 
ly  simulated,  (2)  no  artific 
and  (3)  fine  diffraction  var 
divided  into  nonuniform  cell 


varying  complex  amplitudes  of  the  electric  field  and  polariza- 
inversion  density,  t  =  t-z/c  is  the  retarded  time,  a  is  the 
rix  element  and  Tj  and  T*  are  the  population  relaxation  and  po- 
Diffraction  is  taken  into  account  by  the  Laplacian  term 
/rp,  with  Fresnel  number  F  =  7irp/XL,  Tp  =  radius  of  the  initial 

ximum,  and  L  =  sample  length.  The  boundary  conditions  are 
and  at  r  =  °°.  To  insure  that  (1)  the  entire  field  is  accurate- 
ial  reflections  are  introduced  at  the  numerical  boundary  rms>r  , 
iations  near  the  axis  are  resolved;  the  sample  cross-section  i§ 
s,  and  is  surrounded  by  an  absorbing  shell. 


Equations  (1)  are  numerically  integrated  subject  to  the  initial  conditions  n  =  nQ  cos  0O, 
P  s  u  ♦  iv  =  unQ  sin  60  (cos  ♦  i  sin  <t>),  which  correspond  to  an  initial  tipping  angle  e0 
and  a  phase  (horizontal  tilt)  angle  4> .  The  initial  inversion  density  in  the  experiment  is 
radially  dependent:  r-dependence  of  n0  and/or  90  is  allowed  for  in  the  computations. 

Numerical  results.  Figure  la  displays  results  where  spatial  averaging  is  present  but 
di f  tract  ion  is  absent ,  by  setting  F  «  ®  in  Eq .  (la).  In  this  figure  the  emitted  power  of 
SF  pulses  is  plotted  for  samples  with  uniform  and  Gaussian  profiles  of  n0(r)  and  0 0 ( r 1  |  i>  is 
constant).  Here,  ringing  reduction  due  to  spatial  averaging  of  independent  concentric 
shells,  (each  emitting  in  a  plane-wave  fashion),  is  studied.  For  a  given  it,  the  case  of  ?0 
and  n0  both  constant  (curve  i),  the  uniform  plane-wave  limit,  exhibits  strong  ringing.**5 
In  curve  ii,  in  which  n0  is  Gaussian  (n0(r)  =  ng  expQ-ln2(  r/i-p)  )  and  ?0  and  i  arc  uniform, 
the  ringing  is  largely  averaged  out,  resulting  in  an  asymmetric  pulse  with  a  tail.  An 
essentially  identical  result  (curve  iii)  is  obtained  for  n0  and  90  both  Gaussian  ( 0o  =  ,3° 
exptO.5  ln2 ( r/rp) 2J ) ,  showing  that  the  ringing  is  predominantly  removed  by  a  Gaussian  0 
n0  regardless  orthe  radial  dependence  of  90.  This  is  expected  since  the  output  pulse 
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parameters  are  all  dependent  only  on  I  in  S0I.®  As  shown  in  Fig.  lb,  with  uniform  nQ  and  60 
but  with  diffraction  included,  the  output  is  almost  symmetrical  and  also  nearly  free  of 
ringing  for  F  <_  0 . 4  . 

Figure  2(a)  studies  the  effect  of  diffraction  on  the  SF  pulse  shapes  by  varying  F,  using 
Gaussian  n0  as  in  Fig.  1(a),  curve  ii.  Reducing  F  curtails  the  oscillatory  structure  and 
makes  the  output  pulses  more  symmetrical,  since  the  diffraction  coupling  between  the  minimum- 
delay  center  portions  of  the  excited  cylinder  and  the  outer  cylindrical  shell  causes  the 
delays  of  the  latter  to  be  reduced.  Consequently,  outer  shells  are  stimulated  to  emit  ear¬ 
lier.  This  allows  more  of  the  cylinder  to  emit  at  the  same  time;  the  overall  delay  is 
lenghtened  slightly  and  the  asymmetry  from  the  Gaussian  average  is  reduced.  Thus,  diffrac¬ 
tion  becomes  more  important  as  F  decreases. 

Figure  2(b)  is  an  isometric  graph  of  the  intensity  build-up  for  a  sample  with  F  =  1.  The 
radial  variations  of  intensity  peaks,  delay  and  ringing  illustrate  how  different  gain  shells 
contribute  independently  to  the  net  power.  Each  shell  exhibits  a  different  Burnham-Chiao 
ringing  pattern.  Accordingly,  their  contributions  to  the  net  signal  interfere  and  reduce 
the  ringing.  However,  the  central  portion  of  the  output  pulse  should  exhibit  strong  plane- 
wave  ringing.  In  fact,  the  ringing  observed  in  the  HF  experiments^  may  have  been  just  that, 
since  the  detector  viewed  a  small  area  in  the  near  field  of  the  beam. 

Figure  3  compares  the  normalized  Cs  SF  data  of  Ref.  3  and  13b  (for  which  F  o.7  with 
uncertainty  ranging  from  0.35  to  1.4)  to  the  theory  (including  relaxation  terms) ■  The  data 
were  fitted  using  a  Gaussian  nQ  and  a  uniform  0q  with  nominal  value  7  eQ  *  2/Vng  •  irriL ,  nQ 
being  adjusted  to  yield  the  observed  delays  (1.6  to  2.8  times  the  experimental  n0  values). 
However,  in  Ref.  3  the  curve  published  at  each  density  was  the  one  having  the  ika  zite.it  delay. 
The  average  delay  is  ,  3.0°&  greater  at  each  density*  .  Thus,  the  elective  ratios  of  our 
computed  densities  to  the  experimental  ones  range  from  1.2  to  2.1,  compared  with  the  ♦601, 
-40*  quoted  experimental  uncertainties.  The  quantum  calculations  actually  yield  e0  - 
(2/7"n)Ctn(2n) i /sj 1 /2 ,  a  91  correction  which  further  reduces  the  range  to  1.14  -  2.0.  Should 
one  adopt  Gibbs  and  Vrehen's  decision  to  set  60  =  6/J“n  following  the  small  injection  experi¬ 
ment*^,  the  range  is  1  -  1.8,  yet  closer  agreement.  The  calculated  shapes  are  in  good  agree¬ 
ment  with  the  data,  and  are  within  the  range  of  shot-to-shot  fluctuations  (Fig.  3(a)).  The 
only  discrepancy  is  that  the  simulations  predict  more  of  a  tail  than  observed  in  the  expe¬ 
riments.  For  comparison.  Fig-  3(b'  also  plots  the  fit  in  Ref.  3b  of  the  one-dimensional 
Maxwell-Schrodinger  theory4.  As  can  be  seen,  the  present  theory  gives  a  more  accurate  fit, 
illustrating  the  necessity  of  including  transverse  effects.  The  pulse  tails  are  further 
curtailed  by  reducing  F  within  the  range  of  experimental  uncertainties*313  (which  used  a 
1/e  rather  than  a  HIVHM  definition  of  r_) .  Note  that  often  a  Fresnel  number  F’  defined  as 
"r3AL”  is  used;  diffraction  effects  become  important  when  F'  =  1  (i.e.,  when  F  =  0.36).  If 
onfe  includes  inhomogeneous  broadening?  one  finds  that  the  tail  is  further  reduced  as  dis¬ 
played  in  Fig.  4.  The  reduction  of  T3  from  =>,  to  300  and  32  nsec  (for  graph.  1,  2  and  3 
respectively)  shortens  the  delay,  reduces  the  asymmetry  and  depresses  the  tail. 

The  dependence  of  the  delay  measured  by  the  peak  location,  the  pulse  width  and  the  peak 
intensity  on  the  Fresnel  numbers  F,  the  radiation  time  and  the  tipping  angle  are  illustra¬ 
ted  in  figure  5. 

One  can  examine  fluctuations  in  the  calculations  either*  directly  (a)  by  allowing  both 
in-phase  and  out  of  phase  components  of  P  to  vary  randomly  according  to  a  normal  distribu¬ 
tion  or  fb)  through  the  concept  of  the  tipping  angle  by  including  stat ist ics7a > 7'3  in 
0  -  90V  *°8  (l/x)**(with  x  is  a  uniform  random  number)  and  in  4> 7c  (vary  ing  randomly  from  0  *  2tt 
in  a  uniform  fashion).  An  ensemble  of  these  calculations  is  carried  out  to  simulate  shot- 
to-shot  experimental  situations;  the  input  0O  of  all  these  individual  segments  obeys  a 
Gaussian  statistics  distribution.  Their  selection  is  such  that  their  number  can  be  kept 
to  a  minimum " c . 

One  finds  that  those  fluctuation  calculations  ciicezitalned  the  importance  of  including 
transverse  effects.  The  influences  of  a  quantum  initiation  in  the  transverse  simulation 
clearly  appear  in  the  delay  reduction,  the  pulse  svmmetr isat ion  and  the  tail  curtailment. 
Figure  6  outlines  those  statistics  results  in  both  planar  and  non-planar  geometries. 

Figure  7  contrasts  the  situation  in  average  initial  tipping  angle  with  the  quantum  statis¬ 
tics. 

In  summary,  transverse  effects*®’*"  are  ciuctaC  for  an  accurate  description  of  super¬ 
fluorescence  . 

*  P  -  -fEZ  /  P(Au)  exn  [ -(T,*(Au>)  )J) 

**  One  needs  to  be  careful  in  not  updating  the  value  of  0Q  along  z  (as  was  accidently  intro¬ 
duced  into  the  program  but  corrected  by  H.M.  Gibbs  and  F. .  iVatson)  ;  otherwise,  0q  fluctuates 
in  a  random  walk  instead  of  a  Gaussian  way. 
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In  future  work, counter  beam  propagation  in  the  SF  evolution  needs  to  be  verified  .  The 
initiation  and  calculations  should  allow  three  spatial  degrees  of  freedom  (i.e.,  two  trans¬ 
verse  dimensions*  so  that  transverse  modes  can  compete.  Furthermore,  the  eff^t  of  pump 
dynamics  and  reshaping  need  to  be  rigorously  assessed  as  outlined  in  reference  -*•. 

Conclus  ion 

The  results  provide  the  first  complete  explanation  of  the  absence  of  ringing,  and  for  the 
first  time,  quantitative  agreement  (within  measurement  uncertainties)  with  the  definitive 
Cs  experiments  J 
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Figure  captions 


Figure  1.  Normalized  SF  output  power  vs.  t/tr,  tr  =  KX/4TT2u2n°QL  =  8TTTQ/3n°0X  2  L .  6°  - 

2*10'4,  Tj  =  Ti  =  T4  =«»;  L/ctr  =  3.9,  (a)  F  =  °°  (see  text).  (b)  Same  as  (a)  but  with  dif¬ 
fraction  included  and  uniform  n0(r)  and  9  (r) . 

Figure  2.  Influence  of  diffraction  on  SF  pulse  shapes.  Parameters  are  the  same  as  in 
Fig.  la,  with  nD  Gaussian  and  90  uniform.  (a)  Emitted  power;  (b)  Isometric  graph  of  inten¬ 
sity  for  F  =  l  case  of  Fig.  2a. 

Figure  3.  Theoretical  fits  to  Cs  data  of  Ref.  3.  The  two  curves  in  (a)  indicate  typical 
experimental  shot-to-shot  variations.  F  =  1,  L  =  2  cm,  Tj  =  70  ns,  T^  =  80  nsec,  X  =  2.931p, 
=  SSI  nsec,  0_  uniform  or  Gaussian,  n_(r)  is  Gaussian.  The  following  give  9°(fit)  , 
n§(fit),  ng(exp)  ,  with  9g  in  units  of  10*4  and  n2  10'Vcm3:  (a)  1.07,  31,  19;  ?b)  1.37,  18, 

7.6;  (c)  1.69,  11.9,  3.8;  (d)  1.96,  8.8S,  3.1.  The  broken-line  curve  in  (b)  is  the  one¬ 
dimensional  fit  of  Ref.  3b,  with  6°  =  1.69  and  ng  =  12. 

Figure  4.  The  effect  of  the  inhomogeneous  broadening  is  clearly  illustrated  T?*  in  graph 
(a)  for  Burnham-Chiao  ringing  (the  value  T->*  in  curve  1  is  infinite  while  it  is  *00  ns  in 
curve  2),  and  is  illustrated  in  graph  (b)  For  the  Cs  experiment  (T2*  =  °°,  300,  32  ns  for 
curves  1,  2,  3  respectively).  The  power  output  curve  is  more  symmetric,  the  peak  appears 
sooner,  and  the  tail  is  reduced  furthermore. 

Figure  5.  The  output  power  characteristics  are  the  delay  (temporal  peak  location),  the 
peak  power  (maximum)  and  the  temporal  width  {[/t  p(r)  d  tj  /  Cf  p(t)  dr]}.  They  are  plotted 
as  a  function  of  the  inverse  Fresnel  number  for  two  different  tipping  angles  with  infinite 
relaxation  times  in  graph  (a)  for  large  gain  typical  to  the  Burnham-Chiao  ringing  case  with 
relaxation  times  included,  and  in  graph  (b)  for  the  Cs  data  in  graph  (c)  versus  the  square 
logarithm  of  the  tipping  angle  for  uniform,  Gaussian  and  super-Gaussian  densities.  Graph  (d) 
displays  the  dependence  of  the  output  power  curve  characteristics  as  a  function  of  to  (equi¬ 
valently,  the  inverse  square  gain)  for  various  relaxation  times  namely  T]_,  T2  *  (”,°°)  ; 
(70,80);  (60,80), 


Figure  6.  The  initiation  is  simulated  using  non-uniform  random  statistics  instead  of  the 
average  tipping  angle.  Both  vertical  tipping  angle  90  and  horizontal  phase  angle  ij>  are  be¬ 
ing  varied  at  each  and  every  grid  point.  9  obeys  a  normal  probability  distribution  as  sug¬ 
gested  by  Glauber  &  Haake  (7a)  and  Schuurmans,  Polder  and  Vrehen  (7b);  whereas  0  varies 
uniformly  between  0  and  2n  as  suggested  by  Hopf  (7c).  An  equivalent  fluctuation  calculation 
can  be  carried  out  by  allowing  directly  a  random  variation  for  both  in-and  out-of-phase  com¬ 
ponents  of  the  polarisation  p.  Graph  (a)  and  (b)  display  the  uniform  plane  wave  theory  for 
random  tipping  angles  and  for  random  p  respectively.  Graph  (c)  represents,  for  a  uniform 
plane  wave  calculation,  an  isometric  comparison  between  the  output  pulse  of  the  various  seg¬ 
ments  of  the  statistical  ensemble  at  a  given  propagation  length  (note  that  the  axes  are  t 
and  NBruns).  Graph  (d)  represents  the  histograms  of  the  tipping  angle  9  fluctuation  and  of  its 
phase  angle  0.  Graph  (e)  represents  the  histogram  on  characteristics  of  the  output  pulse  for 
a  planar  simulation  with  37  segments  (NBruns«37):  in  curve  (i)  the  peak  location  (delay);  in 
curve  (ii)  the  magnitude  of  the  pulse  peak;  and  in  curve  (iii)  the  pulse  width.  The  result  of 
our  delay  fluctuations  confirmed  Haake  et  al's  planar  calculations.  Graph  (f)  compares  the 
mutual  influence  of  diffraction  and  inhomogeneous  fluctuation  in  the  tipping  angle  9  and  its 
phase  angle  0.  Graph  (g)  displays  the  isometrics  of  the  output  intensity  and  the  associated 
global  histograms  for  the  various  segments  of  the  statistical  ensembles  summarized  in  Graph 
(f).  Graph  (h)  duplicates  the  situation  in  Graph  (f)  but  with  a  random  ?  instead  of  random 
9x0;  the  tail  curtailment  is  maintained.  Note  the  random  variation  in  peak  magnitude,  peak 
location  and  pulse  with.  The  combined  effect  of  diffraction  and  statistics  shortens  the  delays, 
curtails  the  tail  and  makes  the  puke  even  more  symmetric  as  experimentally  observed  in  the  Cs 
data . 

Figure  7.  The  output  power  is  contrasted  for  various  situations  where  statistics  are  present 
directly  through  p  (Irand  *  4)  or  through  9  and  0  (Irand  =  2)  or  are  absent  (Irand  *  0);  pla¬ 
nar  and  non-planar  analyses  are  represented  through  Idimen  *  1  or  3. 
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EFFECTS  OF  PROPAGATION,  TRANSVERSE  MODE  COUPLING  AND  DIFFRACTION  ON 
NONLINEAR  LIGHT  PULSE'  EVOLUTION 


F.P.  Mattart 
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New  York,  Farmingdale,  New  York  11735 


Abstract:  The  effective  computational  methods  developed  to 
efficiently  tackle  transverse  and  longitudinal  reshaping,  associated 
with  single-stream  and  two-way  propagation  effects  in  cooperative 
light-matter  interactions,  using  the  semi-classical  model  are 
described.  The  mathematical  methods  are  justified  on  physical 
grounds.  Typical  illustrative  results  of  propagation  in  resonant 
absorbers,  amplifiers  and  superfluorescence  systems  are  presented. 


I.  INTRODUCTION 

This  paper  reviews  the  unified  mathematical  methods  developed 
for  three-dimensional  simulation  of  several  physical  phenomena  pre¬ 
viously  studied  independently.  The  same  basic  algorithm  with  some 
alterations  will  simulate  both  superfluorescence1’”  and  optical  bi¬ 
stability3’4.  With  extra  modifications,  it  can  also  analyze  four- 
wave  mixing5  and  phase  conjugation6  systems.  Further  applications 
include  two-way  Self-Induced  Transparency7  and  Soliton  Collision8 
studies . 

The  proposed  model  evolved  as  a  result  of  close  collaboration 
with  the  experimentalists,  H.M.  Gibbs9"13,  S.L.  McCall11"13  and 
recently,  M.S.  Feld13,  enhancing  the  rate  of  progress  in  the  re- 

tWork  jointly  sponsored  By  the  Research  Corporation,  the  Inter- 
national  Division  of  Mobil  Corporation,  the  University  of  Montreal, 
the  U.S.  Army  Research  Office,  DAAG29-79-C-0148  and  the  Office  of 
Naval  Research,  N000-14-80-C-0174. 
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search  and  leading  to  a  better  understanding  of  basic  cooperative 
effects  in  light-matter  interactions.  Quantitative  analyses  in 
superfluorescence  were  obtained  and  are  being  developed  in  optical 
bistability. 

The  model  encompasses  propagation  that  includes  rigorous  dif¬ 
fraction16’  15  ,  time-dependent  phase  variation,  off-resonance16  as 
well  as  nonuniform  excitation16  and  transverse  and  longitudinal 
boundary  conditions16.  (An  additional  control  probe-beam  is  being 
developed21. ) 

The  adoption  of  proven  computational  techniques,  developed  by 
Moretti22'24  in  aerodynamics,  to  solve  problems  in  the  laser  field, 
is  justified  by  the  analogy  between  fluid  and  wave  propagation 
problems  described.  The  laser  beam  evolution  can  be  interpreted  in 
terms  of  an  equivalent  flowing  fluid25  whose  density  is  proportion¬ 
al  to  the  laser  field  intensity,  and  whose  velocity  is  proportional 
to  the  gradient  of  the  field  phase.  This  description  allows  for 
the  treatment  of  more  slowly  varying  dependent  variables  and  yields 
to  governing  equations  of  motion,  which  are  a  generalization  of  the 
Navier-Stokes  equations26.  In  the  fluid  formulation,  the  equiva¬ 
lent  fluid  is  compressible  and  is  subjected  to  an  internal  poten¬ 
tial,  depending  solely  and  nonlinearly  upon  the  fluid  density  and 
its  derivatives;  this  is  called  the  "quantum  mechanical  potential." 
Furthermore,  the  field  scalar  wave  equation  mathematically  cor¬ 
responds  to  a  complex  heat  diffusion  equation  with  a  non-uniform 
functional  source;  while  the  Bloch  equations,  in  a  rotating  frame, 
are  structurally  similar  to  the  torque  equation27.  For  two-way 
problems,  the  simultaneous  set  of  quasi-optic  field  equations  (one 
for  each  traveling  wave)  play  the  same  preponderant  role  as  Euler 
equations  in  shock  calculations  for  fluid  dynamics  problems. 

Quite  different  effects,  i.e.,  self-lensing26,  self-phase 
modulation29,  self-spectral  broadening30  and  self-steepening31, 
previously  studied  separately,  combine  here  to  modify  the  pulse 
behavior  diversely  at  different  positions  and  times.  For  example, 
the  interplay  of  diffraction  coupling  through  the  Laplacian  term 
and  the  inertial  response  of  the  non-uniform  pre-excited  medium 
will  inevitably  redistribute  the  beam  energy  spatially  and  tempo¬ 
rally32.  This  transient  one-  or  multi-beam  transverse  reshaping 
will  profoundly  affect  the  performance  of  any  device  that  relies 
upon  it.  Specifically,  this  pragmatic,  three-dimensional  analysis 
helps  in  the  interpretation  of  recent  experimental  results  in 
superradiance,  superfluorescence,  optical  bistability  and  active- 
mirror  amplifiers  for  laser-fusion.  It  also  accounts  for  deviations 
and.  departures  between  recent  experimental  observations  and  predic¬ 
ts  s  of  planar  wave  theory  (see  Fig.  (1)). 

To  circumvent  excessive  memory  requirements  while  insuring 
adequate  numerical  resolution,  one  must  resort  to  nonuniform 
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meshes.  In  this  large  computational  problem,  the  calculational 
efficiency  of  the  algorithm  chosen  is  of  crucial  importance.  A 
brute  force,  finite  difference  treatment  of  the  governing  equa¬ 
tions  is  not  feasible.  Instead,  by  using  the  details  of  the 
physical  processes  to  determine  where  to  concentrate  the  computa¬ 
tional  effort,  accuracy  and  economy  are  achieved.  For  example,  if 
for  self-focused  beams,  a  fixed  transverse  mesh  is  used,  a  lack  of 
resolution  (see  Fig.  (2))  may  result.  A  non-negligible  loss  of 
computational  effort  in  the  wings  of  the  beam  will  also  occur. 

Fig.  1.  The  state  of  the  art 
in  coherent  pulse  propagation 
is  displayed.  The  theoretical 
effort  was  restricted  to  a  uni¬ 
form  plane  wave  prior  to  the 
work  of  Newstein  et  al;  where¬ 
as  the  usual  experiment  was 
carried  out  using  a  Gaussian 
beam.  To  simulate  a  uniform 
plane  wave,  the  smallest  possi¬ 
ble  detector  diameter  was  se¬ 
lected  as  compared  to  the  Gaus¬ 
sian  beam  diameter  (i.e., 

^detector  ^beam^ 

In  particular,  evenly-spaced  computational  grid  points  are 
related  to  variable  grids  in  a  physical  space  by  adaptive  stretch¬ 
ing  (Fig.  (3))  and  rezoning  (Fig.  (4))  techniques.  This  mapping 
consists  either  of  an  a  priori  coordinate  transformation  or  an 
adaptive  transformation  (Fig.  C5))  based  on  the  actual  physical 
solution.  Both  stretching  transformation  in  time  and  rezoning 
techniques  in  space  are  used  to  alleviate  the  computational  ef¬ 
fort.  The  propagation  problem  is  thus  reformulated  in  terms  of 
appropriate  coordinates  that  will  automatically  accommodate  any 
change  in  the  beam  profile34"40. 

Fig.  2  (a)  Isometric  represen¬ 
tation  of  the  beam  cross-section 
as  it  experiences  self-focusing: 
The  cross-section  decreases  as 
a  function  of  the  propagation 
distance;  (b)  An  isometric 
display  of  the  time  integrated 
field  energy  as  a  function  of  p 
and  r|  to  illustrate  the  resolu¬ 
tion  limitation  associated  with 
uniform  mesh. 


Coherent  Pulse  Propagation 

I.  Usual  Theory  * 

1  Dim.  |=£(p)  _ 

'Uniform  Plane  Wave' 

II.  Usual  Experiment 

f=5(P> 

'Gaussian' 
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The  resultant  dynamic  grid  removes  the  main  disadvantage  of 
insufficient  resolution,  where  uniform  Eulerian  codes  generally 
suffer.  Furthermore,  the  advantages  of  grid  sensitivity  can  be 
obtained  by  either  using  adequate  rezoning  and  mapping  in  Eulerian 
coordinates  or  by  simply  using  traditional  Lagrangian  me¬ 
thods41’42.  Thus,  the  convenience  of  moderate  memory  requirements 
can  be  combined  with  the  desirable  numerical  resolution  should  one 
rezone  the  grids.  The  techniques  due  to  Moretti33  will  economi¬ 
cally  generate  precise  results.  Although  this  appears  surprising 
because  of  the  mesh  coarseness,  his  technique  succeeds  because  it 
discriminates  intelligently  between  the  different  domains  of  the 
critical  physical  parameters. 
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For  the  two-beam  analysis,  our  approach  relies  on  one-way 
nonsyraraetric  discretizations  of  the  longitudinal  and  transverse  de¬ 
rivatives  as  well  as  nonunifora  grids.  Numerical  instrumentation  is 
unavoidable.  The  role  of  characteristics  as  information  carriers 
is  emphasized  and  therefore  the  law  of  forbidden  signals  cannot  be 
violated43.  The  physical  subtleties  of  the  nonlinear  problem  can 
be  adequately  implemented. 

Interactive  graphic  software  was  developed  to  simplify  the 
physics  of  extraction  from  these  complex  codes.  Structural  modular 
programming  techniques  are  used,  making  the  program  easier  to  read, 
maintain  and  transport  as  well  as  for  further  extensions  and  gene¬ 
ralizations  of  the  planar  wave  theory.  The  resultant  code  is 
deceptively  simple  and  easy  to  follow.  This  mathematical  modeling, 
motivated  by  Gibbs'  and  McCall's  experimental  work,  is  engineering 
physics  in  its  purest  sense:  its  main  goal  is  to  obtain  a  numeri¬ 
cal  solution  to  and  insight  into  a  real  physical  problem,  instead 
of  reaching  a  neat  analytical  solution  to  an  idealized  problem  of 
limited  applications. 


II.  SIT/SUPERFLUORESCENCE  EQUATIONS  OF  MOTION 

In  the  slowly  varying  envelope  approximation,  the  SIT  dimen¬ 
sionless,  semi-classical  field-matter  equations15  (which  describe  a 
system  in  a  cylindrical  geometry  with  azimuthal  symmetry),  are: 


-irv^*|£  =  ^  (i) 

dft/dx  =  eW  -  (iAQ  +  \/x2)p  (2) 

and 

3W/3t  =  -l/2(e*A  eP*)  -  (W-We)/x1  (3) 

where 

e  =  (2p/h)xpe\  and  P=W\x\P\  (4) 

E  =  Re(e'exp{i(x/c)z-uit)}];  (5) 


with  W*  the  equilibrium  value  of  W,  subjected  to  the  initial  and 
boundary  conditions. 

1.  for  T  >  0:  e  =  0,  W  =  W P  =  P ±  known  function  to  take 

into  account  the  pumping  effects  or  the  initial  tipping 
angle. 
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2.  for  n  =  0:  e  is  given  as  a  known  function  of  t  and  p; 

3.  for  all  n  and  t:  [3e/3p]  -  an<*  vanishes 

p~paax 

(with  p_ _ defining  the  extent  of  the  region  over  which 

D3X 

the  numerical  solution  is  to  be  deterained). 
with  k/c  =  <o  (6) 

and  7|e  =  (  ~  |pCp  ||  )];  (7) 

after  applying  l'Hopital's  rule,  the  on-axis  Laplacian  reads: 

V2  =  2  (8) 

T  3p2 

P  -  i  Re(/7'  exp{i(K/c)z-kt}].  (9) 

The  complex  field  aaplitude  e,  the  complex  polarization  density  P, 
and  the  energy  stored  per  atom  V,  are  normalized  functions  of  the 
transverse  coordinate  p  =  t/tp,  the  longitudinal  coordinate  fpz* 

<*eff,  and  the  retarded  time  x  *  (t-zn/c)xp  (see  Fig.  (6)).  The 

time  scale  is  normalized  to  the  full  width  half  maximum  (FWHM) 
input  pulse  length,  X^  and  the  transverse  dimension  scales  to  the 

input  bean  spatial  width  r^.  The  longitudinal  distance  is  normal¬ 
ized  to  the  effective  absorption  length,44  (or^^)”1  where 


Here,  ut  is  the  angular  carrier  frequency  of  the  optical  pulse, 
M  is  the  dipole  moment  of  the  resonant  transition,  N  is  the  number 
density  of  resonant  molecules,  and  n  is  the  index  of  refraction  of 
the  background  material.  The  dimensionless  quantities  duf=(ui-u>  )t  , 

op 

ti  s  Tj/x^,  and  *2  *  ^/Xp  measure  the  offset  of  the  optical  car¬ 
rier  frequency  w  from  the  central  frequency  of  the  molecular  reso¬ 
nance  ui I  ,  the  thermal  relaxation  time  Ti,  and  the  polarization 
dephasing  time  T2>  respectively. 

Even  in  their  dimensionless  forms,  the  various  quantities  have 
a  direct  physical  significance.  Thus  o  is  a  measure  of  the  compo¬ 
nent  of  the  transverse  oscillating  dipole  moment  (p  has  the  proper 
phase  for  energy  exchange  with  the  radiation  field).  In  a  two-level 
system,  in  the  absence  of  relaxation  phenomena,  a  resonant  field 
cause  each  atom  to  oscillate  between  the  two  states, 
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W=-l  and  W=+l ,  at  a  Rabi  frequency  fD  =  e/2t  =  (p/H)e'.  Thus  e 

k  p 

measures  how  far  this  state-exchanging  process  proceeds  in  rp' 


Fig.  6.  Graph  (a)  displays  the  retarded  time  concept.  Graph  (b) 
outlines  the  numerical  approach:  a  marching  problem  along  r|  for 
the  field  simultaneously  with  a  temporal  upgrading  of  the  material 
variables  along  x. 

The  dimensionless  parameter,  F,  is  given  by  F=\(ae^)  /(4nrp. 
The  reciprocal  of  F  is  the  Fresnel  number  associated  with  an  aper¬ 
ture  radius  rp  and  a  propagation  distance  (aeff)~  •  The  magnitude 

of  F  determines  whether  or  not  one  can  divide  the  transverse 
dependence  of  the  field  into  "pencils''  (one  per  radius  p),  to  be 
treated  in  the  plane-wave  approximation. 

As  outlined  by  Haus  et  al45,  the  acceptance  of  equations 
(1-3)  implies  certain  approximations:  eq.  (3)  shows  that  the 
product  'tfi'  of  the  electric  field  e  and  the  polarization  P 
causes  a  time  rate  of  change  in  the  population  difference  leading 
to  saturation  effects.  Inertial  effects  are  considered. 


III.  IMPORTANCE  OF  BOUNDARY  CONDITIONS 

When  the  laser  beam  travels  through  an  amplifier,  the  trans¬ 
verse  boundary-  has  an  increasingly  crucial  effect  compared  to  the 
absorber  situation.  The  laser  field  which  resonates  with  the 
pre-excited  transition,  experiences  gain;  the  laser  which  encoun¬ 
ters  a  transition  initially  at  ground  state,  experiences  resonant 
absorption  and  losses.  A  greater  portion  of  the  pulse  energy  is 
diffracted  outwardly  in  the  amplifier  than  in  the  absorber46. 
Consequently,  these  boundary  reflection  conditions  play  a  substan¬ 
tial  role  in  the  amplifier  dalculations  and  obscure  the  emergence 
of  any  new  physical  effects.  Acceptable  results  are  achieved  only 
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by  carefully  coupling  the  internal  points  analyzed  with  the  bound¬ 
ary  points*7.  Special  care  is  required  to  reduce  the  boundary 
effect  to  a  minimum  such  as  using  non-uniform  grids  and  confining 
the  active  medium  by  an  absorbing  shell. 

In  practice,  the  transverse  boundary  is  simulated  by  imple¬ 
menting  an  absorbing  surface  and  mapping  an  infinite  physical 
domain  onto  a  finite  computation  region  (see  Fig.  (7)).  In  Fig. 
(8),  the  first  and  second  radial  derivatives  and  the  Laplacian  term 
are  drawn.  Figure  (9)  contrasts  in  the  stretched  radial  coordinate 
system,  the  transverse  coupling  and  the  electric  field.  The  numer¬ 
ical  domain  sensitivity  and  the  physical  dependence  on  the  boundary 
conditions  can  be  readily  assessed. 


Fig.  7.  Graph  (a)  shows  non-uniform  stretching  of  the  transverse 
coordinate.  Graph  (b)  contrasts  the  Gaussian  beam  e  dependence 
with  the  nonuniform  physical  radius  p.  Both  graphs  are  plotted 
versus  the  uniform  mathematical  radius  R. 


Fig.  8.  This  graph  illustrates  the  dependence  of  the  radial 
mapping  and  the  derivatives  on  the  different  parameters  versus  the 
uniform  mathematical  radius:  First  weighting  stretching  factor 
3R/3p;  2nd  weighting  stretching  factor,  32R/3p2;  weighted  dif¬ 
fraction  term,  VTpR' 
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Fig.  3.  This  figure  con¬ 
trasts  the  Laplacian  depen¬ 
dence  ' X '  for  a  given 
Gaussian  profile  'e'  for 
various  non-uniform  radial 
point  densities. 


IV.  PRESCRIBED  STRETCHING 

The  numerical  grid  is  defined  by  widely-spaced  computational 
nodes  in  the  area  most  distant  from  the  plane  of  interest  and  by 
densely  clustered  nodes  in  the  critical  region  of  rapid  change;  the 
latter  being  in  the  neighborhood  of  maxima  and  minima,  or  for 
multi-dimensional  problems,  in  the  vicinity  of  saddle  points. 
Resolution  is  sought  only  where  it  is  needed.  The  costs  involving 
computer  time  and  memory  size  dictate  the  maximum  number  of  points 
that  can  be  economically  employed.  In  planning  such  a  variable 
mesh  size,  the  following  must  be  kept  in  mind: 

(A)  The  stretching  of  the  mesh  should  be  defined  analytically  so 
that  all  additional  weight  coefficients  appearing  in  the 
equations  of  motion  in  the  computational  space,  and  their 
derivatives,  can  be  evaluated  exactly  at  each  node.  This 
avoids  the  introduction  of  additional  truncation  errors  in  the 
computation. 

(B)  To  assure  a  maximum  value  of  AT,  the  mathematical  grid  step, 
the  minimum  value  of  Ax,  the  physical  time  increment,  should 
be  chosen  at  each  step  according  to  necessity.  This  means 
that  the  minimum  value  of  Ax  must  be  a  function  of  the  pulse 
function  steepness. 

(C)  The  minimum  value  of  Ax  should  occur  inside  the  region  of  the 
highest  gradient  which  occurs  near  the  pulse  peak. 

For  example,  following  Moretti's  approach,32  if 

T=tanh(crx)  (11) 

and  a  the  stretching  factor  must  be  larger  than  1,  the  entire  semi¬ 
axis  x  greater  than  zero  can  be  mapped  on  the  interval  0  <  T  <  1 
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with  a  clustering  of  points  in  the  vicinity  of  Tc  =0,  the  center 
of  gravity  of  the  transformation  for  evenly-spaced  nodes  in  t. 

This  mapping  brings  new  coefficients  into  the  equations  of 
motion  which  are  defined  analytically  and  have  no  singularities. 
It  avoids  interpolation  at  the  common  border  of  differently  spaced 
meshes.  The  computation  is  formally  the  same  in  the  **T"  space  as 
it  was  in  the  "x"  space.  Some  additional  coefficients,  due  to  the 
stretching  function,  appear  and  are  defined  by  coding  the  stretch¬ 
ing  function  in  the  main  program.  A  slightly  modified  stretching 
function  is  used  in  the  laser  problem.  Figure  (10)  illustrates  the 
transformation  and  its  different  dependencies  on  the  particular 
choice  of  its  parameters. 


3x 

5T  (c) 


Fig.  10  Dependence  of  prescribed  stretching  l  and  its  derivatives 
3X/3T  on  the  point  densities  and  the  center  of  transformation 
versus  the  uniform  computational  T. 


The  derivative  of  the  mapping  function  produced  by  the  gradual 
variation  along  the  "T”  axis  is  also  defined  analytically.  In 
response,  the  computational  grid  remains  unchanged  while  the  physi¬ 
cal  grid  (and  the  associated  weighting  factors)  can  change  a  lot. 

Should  one  need  to  study  the  laser  field  buildup  due  to  ini¬ 
tial  random  noise  polarization  (for  superfluorescence),  or  an 
initial  tipping  angle  (for  superradiance),  one  oust  use  a  different 
stretching**.  This  stretching  is  like  the  one  defined  for  treating 
radial  boundary  conditions.  The  mesh  points  are  clustered  near  the 
beginning  (small  x);  their  density  decreases  as  X  increases. 
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V.  ADAPTIVE  STRETCHING  IN  TIME 

As  the  energy  continues  to  shift  back  and  forth  between  the 
field  and  the  aediua,  the  pulse  velocity  is  modified  disproportion¬ 
ately  across  the  beam  cross-section.  This  retardation/advance 
phenomenon  in  absorber/amplifier  can  cause  energy  to  fall  outside 
the  temporal  window.  Also,  due  to  nonlinear  dispersion,  various 
portions  of  a  pulse  can  propagate  with  different  velocities,  caus¬ 
ing  pulse  compression.  This  temporal  narrowing  can  lead  to  the 
formation  of  optical  shock  waves.  To  maintain  computational  accu¬ 
racy,  a  more  sophisticated  stretching  is  needed.  The  accumulation 
center  of  the  nonlinear  transformation  is  made  to  vary  along  the 
direction  of  propagation.  This  adaptive  stretching  will  insure 
that  the  redistribution  of  mesh  points  properly  matches  the  shifted 
pulse,  Figure  (11). 


Fig.  11  Adaptive  stretch¬ 
ing  with  different  centers 
of  transformation. 


Here,  the  transformation  from  T  to  T  is  applied  about  a  center 
X  which  is  a  function  of  n*  The  stretching  factor  a  could  also  be 
acfunction  of  q. 

The  field  equation  is  similar  to  those  of  Section  II,  but 
contains  an  extra  term: 

-iF  V*pe  ♦  3ne  ♦  jp  *  P  (i: 

The  role  played  by  the  time  coordinate  is  different:  an  ex¬ 
plicitly  time-dependent  term  is  now  included. 


VI.  REZONING 

The  main  difficulty  in  modeling  laser  propagation  through 
inhomogeneous  and  nonlinear  media  stems  from  the  difficulty  of 
pre-assessing  the  mutual  influence  of  the  field  on  the  atomic 
dynamics  and  vice  versa.  Strong  beam  distortions  should  occur 
based  on  a  perturbational  treatment  of  initial  trends.  One  must 
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normalize  out  the  critical  oscillations  to  overcome  the  economical 
burden  of  an  extremely  fine  mesh  size.  To  insure  accuracy  and 
speed  in  the  computation,  a  judicious  choice  of  coordinate  systems 
and  appropriate  changes  in  the  dependent  variables,  which  can 
either  be  chosen  a  priori  or  automatically  redefined  during  the 
computation,  must  be  considered  (Figure  (12)) 33  40 . 

This  coordinate  transformation  alters  the  dependent  variables 
and  causes  them  to  take  a  different  functional  form.  The  new 
dependent  variables  are  numerically  identical  to  the  original 
physical  amplitudes  at  equivalent  points  in  space  and  time. 

The  requirements  of  spatial  rezcnin?  will  be  satisfied  by 
simultaneously  selecting  a  coordinate  transformation  (from  the 


Fig.  12.  The  concepts  of  prescribed  rezoning  are  shown  in  Graph 
(a);  Graph  (b)  is  a  close-up  of  the  nonuniform  mapped  grid  of 
Fig.  2(b). 

original  coordinates  p  and  r)  to  new  coordinates  4  and  z)  and  an 
appropriate  phase  and  amplitude  transformation.  The  chosen  func¬ 
tion  transformation  will  share  the  analytical  properties  of  an 
ideal  Gaussian  beam  propagating  in  a  vacuum. 

Since  the  parameter  a,  the  measure  of  the  transverse  scale, 
shrinks  or  expands  as  the  beam  converges  or  diverges,  it  is  logical 
to  require  the  transverse  mesh  to  vary  as  "a"  varies.  However,  to 
assure  stability  and  convergence,  the  ratio  [An/(Ap)2]  must  be 
defined  according  to  the  chosen  Fresnel  number  and  it  must  be  kept 
constant  throughout  the  calculation.  Accordingly,  a  new  axial 
variable,  z,  must  be  introduced  to  keep  this  parameter  constant  as 
p  varies.  This  should  increase  the  density  of  r|  planes  around  the 
focus  of  the  laser  field  where  the  irradiance  sharply  increases  in 
magnitude  causing  a  more  extensive  and  severe  field-material  inter¬ 
action  to  occur. 

If  the  quadratic  phase  and  amplitude  variation  are  removed 
from  the  field  and  polarization  envelopes,  the  new  field  equation 
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varies  more  slowly  than  its  predecessor;  thus,  the  numerical  pro* 
cedure  allows  one  to  inarch  the  solution  forward  more  economically 
by  using  larger  meshes. 


VII.  ADAPTIVE  REZONING 

The  foregoing  concepts  may  be  generalized  by  repeating  the 
simple  coordinate  and  analytical  function  transformations  along  the 
direction  of  propagation  at  each  integration  step.  Figure  (5)  and 
graphs  (13a)  and  (13b)  illustrate  this  self-adjusted  mapping  in 
planar  and  isometric  graphs. 

The  feasibility  of  such  automatic  rezoning  was  demonstrated  by 
Moretti  in  his  conformal  mapping  of  supersonic  flow  calculations34, 
and  by  Hermann  and  Bradley  in  their  CW  analysis  of  thermal  bloom- 


Fig.  13.  Graph  (a) 
illustrates  the  self- 
adjusted  rezoned  grid; 
Graph  (b)  shows  the 
usefulness  of  adaptive 
two-dimensional  map¬ 
ping  through  isometric 
representation  of  the 
field  fluency. 


ing3  .  In  particular,  the  change  of  reference  wavefront  technique 
consists  of  tracking  the  actual  beam  features  and  then  readjusting 
the  coordinate  system.  The  new  axial  coordinate  z  is  defined  as 
before.  Previously,  the  center  of  the  transformation  where  the 
radial  mesh  points  were  most  tightly  bunched  was  at  the  focus 
(z  =  n  =  0).  Now  the  transformation  is  defined  in  terms  of  an 
auxiliary  axial  variable  z^  as  a  function  of  z,  which  is  calculated 

adaptively,  in  a  way  that  reflects  and  compensates  the  changing 
physical  situation. 


In  this  adaptive  rezoning  scheme,  the  physical  solution  near 
the  current  z  plane  is  described  better  by  a  Gaussian  beam  of  neck 
radius  a*n  whose  point  is  a  distance  z^  away  than  by  an  initially 


4° 


assumed  Gaussian  beam  with  parameters  a.  and  z.  In  addition,  to 
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remove  the  unwanted  oscillations,  new  dependent  variables  are 
introduced  without  quadratic  and  quartic  radial  dependence  in  the 
phases  of  the  pulse  and  polarization  envelopes.  By  minimizing  the 
local  field  phase  gradient  the  relationship  between  the  auxiliary 
z^  and  z  is  obtained.  Thus  the  rezoning  parameters  are  determined 

appropriately  from  the  local  field  variable  at  the  preceding  plane, 
so  the  new  variable  at  this  present  point  has  no  curvature.  Note 
that  the  new  equation  varies  less  in  its  functional  values  than  the 
original.  The  numerical  computation  is  significantly  improved. 
Notably,  the  instantaneous  local  rezoning  parameters  of  the  quad¬ 
ratic  wavefront  are  determined  by  fitting  the  calculated  phase  of 
the  local  field  to  a  quartic  in  the  nonuniform  radius.  More  speci¬ 
fically,  the  intensity-weighted  square  of  tue  phase  gradient  inte¬ 
grated  over  the  aperture  is  minimized.  Consequently,  the  curvature 
at  the  highest  intensity  portion  of  the  beam  contributes  the  most. 
Various  moment  integrals  of  the  local  field  variable  and  the  local 
transverse  energy  current  will  be  introduced,  to  specifically 
evaluate  the  adjustable  rezoning  parameters. 


VII 1.  NUMERICAL  RESULTS 

This  section  outlines  basic  results  in  SIT,  obtained  with  and 
without  rezoning  and  stretching,  and  illustrates  why  the  more 
sophisticated  techniques  required  less  computational  efforts. 

The  first  part  of  this  investigation  led  to  the  discovery  of 
new  physical  phenomena  which  promise  to  have  significant  applica¬ 
tions  for  proposed  optical  communications  system.  It  had  been 
shown  that  spontaneous  focusing  can  occur  in  the  absence  of  lenses, 
and  that  the  focusing  can  be  controlled  by  varying  the  medium  para¬ 
meters.  The  second  part  of  this  analysis  dealt  with  amplifiers. 

The  dependence  of  the  propagation  characteristics  on  the  Fres¬ 
nel  number  F~  associated  with  an  effective  medium  length,  on  the 
on-axis  input  pulse  "area,”  on  the  relaxation  times  and  on  the 
off-line  center  frequency  shift,  has  been  studied.  Furthermore, 
particular  care  was  exercised  to  ensure  a  perfectly  smooth  Gaussian 
beam  (see  Figure  (10))  thereby  eliminating  any  possibility  of 
small-scale,  self-focusing  buildup4*. 

The  time-integrated  pulse  "energy"  per  unit  area, 
X 

J|e(p,n,x* ) |2dX,  the  fluency,  is  plotted  for  various  values  of  the 
0 

transverse  coordinate,  as  a  function  of  the  propagation  distance 
(see  Fig.  14). 
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Fig.  14.  The  longitudinal  orientation  shown  in  the  left-hand 
figure  illustrates  the  gradual  boosting  mechanism  that  field  energy 
experiences  as  it  flows  radially  towards  the  beam  axis  (while  r| 
increases).  The  second  orientation  displays  the  severe  beam  dis¬ 
tortion  in  its  cross-section  as  a  function  of  q. 

The  three-dimensional  numerical  calculations  substantiate  the 
physical  picture  based  on  a  perturbational  study  r*  the  phase 
evolution1'>,ls.  It  could  be  visualized  using  selecteu  frames  from 
a  computer  movie  simulation  of  the  numerical  model  output  data.  In 
the  left-hand  curves  of  Figure  (IS)  the  transverse  energy  current 
is  isometrically  plotted  against  the  retarded  time  for  various 
transverse  coordinates  at  four  specific  regions  of  the  propagation 
process:  (a)  the  reshaping  region  where  the  perturbation  treatment 
holds;  (b)  the  buildup  regions;  (c)  the  focal  region;  and  (d)  the 
post-focal.  region.  The  field  energy  is  displayed  for  the  specific 
regions  in  the  right-most  curves  of  Fig.  (IS).  A  rotation  of  the 
isometric  plots  is  displayed  in  Figure  (16),  to  emphasize  the  ra¬ 
dially  dependent  delay  resulting  from  the  coherent  interaction. 
Positive  values  of  the  transverse  energy  current  correspond  to 
outward  flow,  and  negative  values  to  inward  flow.  The  results  of 
the  reshaping  and  buildup  regions  in  Figures  (IS)  and  (16)  agree 
with  the  physical  picture  related  to  the  analytic  perturbation  dis¬ 
cussed  elsewhere. 

The  burn  pattern,  iso-irradiance  level  contours  (against  X  and 
p)  for  different  propagation  distances  are  shown  in  Figure  (17). 
Severe  changes  in  the  beam  cross-section  are  taking  place  as  a 
function  of  the  propagating  distance.  At  the  launching  front,  the 
beam  is  smooth  and  symmetrical;  as  the  beam  propagates  into  the 
nonlinear  resonant  medium,  the  effect  of  the  nonlinear  inertia 
takes  place. 
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The  general  format  for  presenting  three-dimensional  coherent 
pulse  propagation  in  amplifying  medium  will  be  the  same  as  for  the 
absorber  (see  Figs.  (18)  to  (21)). 


Fig.  15.  Isometric  plots  of  the  absorber  field  energy  and  trans¬ 
verse  energy  flow,  against  the  retarded  time  for  various  transverse 
coordinates  at  the  four  regions  of  interest. 


IX.  TRANSVERSE  EFFECTS  IN  SUPERFLUORESCENCE 

With  the  help  of  Gibbs,  the  outstanding  question  dealing  with 
the  strong  reduction  (and  elimination)  of  ringing  observed  in  the 
low-density  Cs  [2]  experiment  from  the  amount  predicted  in  the 
one-dimensional  calculations  [1(b)]  was  resolved.  This  was  accom¬ 
plished  by  developing  a  rigorous  two-dimensional  theory  of  Burnham- 
Chiao  ringing  [lb]  and  superradiance  and  superfluorescence  (SF)  in 
a  pre-excited  thick  medium  using  a  semi-classical  formulation  [le] 
which  includes  one-way  propagation  effects  as  in  SIT.  The  initia- 
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tion  of  the  SF  emission  process  is  characterized  by  a  tipping  angle 
0R.  When  the  small  signal  field  gain  (or  equivalently,  the 

characteristic  radiation  damping  time  of  the  collective  atomic 

system)  is  sufficiently  large,  0R,  the  ratio  of  the  length  L  to  the 
coherence  length  L  ,  and  the  Fresnel  number  7  (equal  to  area/AX) 
completely  characterize  the  system  behavior.  However,  L/Lc  is  not 
a  critical  parameter  as  predicted  by  the  mean  field  theory. 


(d) 


Fig.  16  Isometric  plots  of  the  absorber  field  energy  and  trans¬ 
verse  energy  flow  profile  for  various  time  slices  at  the  four 
regions  of  interest. 
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Fig.  17.  Absorber  field  energy  contour  plots  for  the  four  propaga¬ 
tion  distances.  Notice  the  temporal  delay  associated  with  the 
coherent  exchange  of  energy  between  light  and  matter,  as  well  as 
the  beam  cross-section  narrowing. 


Neither  the  mean-field  approximations1**,  nor  the  substitution 

of  a  loss  term  to  account  for  diffraction  couplinglC,20<*,  are 
considered;  instead  self-consistent  methods  similar  to  those  devel¬ 
oped  for  SIT  studies  are  adopted39’46.  The  numerical  simulation 
takes  fully  into  account  both  propagation  and  transverse  (spatial 
profile  and  Laplacian  coupling)  effects. 

The  previously  reported  pronounced  SF  ringing  for  plane-wave 
simulation  is  reproduced  for  uniform  input  profile.  The  reduction 
of  ringing  is  studied  for  various  radial  profiles  for  the  gain 
gfl=«fe££[cTg]  (equivalently,  the  population  inversion)  and  the  small 

input  pulse  area  Q^11”13. 

The  ringing  reduction  can  be  explained  by  two  physical  mechan¬ 
isms:  (a)  a  shell  (ring)  model32 spatial  averaging  of  uncoup¬ 
led  planar  modes,  each  associated  with  a  particular  shell  and  sub¬ 
jected  to  both  a  distinct  6^  and  a  radiation  time.  Radial  averag¬ 
ing  by  a  Gaussian  gain  profile  of  very  large  7  eliminates  most  of 
the  ringing,  resulting  in  an  asymmetric  pulse  with  a  long  tail;  and 
(b)  a  rigorous  diffraction  coupling:  through  the  Laplacian  term, 
the  ad j acent  shells  interact,  causing  the  field  energy  to  flow 
transversely  across  the  beam  from  one  region  to  another. 

When  diffraction  coupling  is  considered  concomitantly  with 
radial  variations  of  0^  and  (i.e.,  of  T^),  the  ringing  is  more 

subdued  (see  Fig.  (23)).  In  other  words,  reducing  7  of  a  Gaussian 
profile  does  reduce  the  asymmetry  (in  better  agreement  with  the  Cs 
data)  since  the  outer  beam  portions  are  stimulated  to  emit  earlier 
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(b) 


Fig.  18.  Isometric  plots  of  the  amplifier  field  energy  as  a  func¬ 
tion  of  t  and  p  for  two  orientations  n/2  apart  at  four  locations 
along  the  propagation  direction. 


by  diffraction  from  the  inner  portion.  Thus,  the  effecc  of  the 
Laplacian  coupling  is  small  for  large  7  but  becomes  progressively 
greater  at  about  7  <  1. 
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Fig.  19.  Amplifier  field  energy  contour  plots  for  the  four  propa¬ 
gation  regions  of  interest.  Note  the  temporal  advance  associated 
with  coherent  exchange  of  energy  between  light  and  matter  (the 
smaller  area  propagates  more  slowly  than  the  larger  one),  as  well 
as  beam  cross-section  expansion. 


Fig.  20.  Isometric  plots  of  amplifier  field  energy  and  transverse 
energy  flow  against  retarded  time  for  various  transverse  coordi¬ 
nates  at  four  propagation  regions  studied  for  absorbers.  Stretched 
radial  coordinate  was  adopted  for  proper  accounting  of  transverse 
boundary  condition.  When  these  results  are  compared  with  those  for 
an  absorber,  it  is  evident  that  a  focusing  phase  is  not  restricted 
to  the  absorber,  but  develops  also  for  the  secondary  pulses  in  am¬ 
plifying  media. 
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Fig.  21.  Amplifier  field  energy  contour  plots  for  four  propagation 
regions  of  interest  with  stretched  radial  coordinates.  No  severe 
reflection  or  abrupt  variation  in  the  field  energy,  at  the  wall 
boundary,  is  observed.  The  enhancement  of  diffraction  by  pre¬ 
excited  two-level  medium  is  clearly  evident. 

«  .  (1)  Shell  (only 

\  A  Gaussian  av.) 

\  (a)  l|  (b)  (2)  diffraction 

\V  L*  coupling 


Fig.  22  Contrast  the  time  dependence  of  the  energy  after  inte¬ 
grating  over  p  for  the  shell  model  (where  0R  and  xR  are  both  radi¬ 
ally  dependent)  and  the  diffraction  model  (where  the  Laplacian 
coupling  is  rigorously  present)  for  two  population  inversions:  (a) 
Gaussian  g  =  gQ  exp[-p‘],  and  (b)  saturable  inversion  g  =  gQ  for 

p  <  fy  g  =  g0  «*Pl-P2]  for  Ph  <  P  <  Pmax. 


-  (1)  7  =  » 

eee  (2)  y  =  1.0 

—  (3)  y  =  0.69 


Fig.  23.  Total  energy  per  atom  as  a  function  of  time  with  7  as  the 

_3 

labeling  parameter,  XR  =  0.046  ns  and  L/Lc  =1.95.  8^  =  3  x  10 

for  all  radii,  (a)  Superfluorescence  of  uniform  cylinder  or  small- 
area  pulse  propagation  through  uniform  gain  cylinder;  (b)  Uniform 
small-area  pulse  propagation  through  Gaussian  gain  medium. 
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Computer  results  representing  the  SF  of  uniform  and  nonuniform 
cylinders  (i.e.,  small-area  pulse  propagating  through  a  uniform 
Gaussian  gain  cylinder)  are  respectively  displayed  in  Figure  (24a) 
and  Figure  (24b)  for  different  7  .  In  Figures  (25a)  and  (25b), 
this  initial  small-area  0R  is  now  radially  dependent.  Figures 

(26a)  and  (26b)  duplicate  the  physical  situation  in  Figures  (24a) 
and  (24b),  but  for  a  smaller  initial  polarization.  The  universal 
superfluorescence  scaling  law  is  seen  not  to  hold;  the  calculated 
pulse  length  is  much  more  sensitive  to  the  magnitude  of  0R  in  the 
transverse  case  than  it  is  in  the  planar  case. 


The  ringing  predicted  by  this  two-spatial-dimensional  theory 
agrees  more  with  experimental  observations  than  that  predicted  by 
the  uniform  plane-wave  counterpart.  Detailed  isometric  graphs  of 
the  field  energy  buildup  show,  in  Figures  (27a),  (27b)  and  (27c) 
qualitative  agreement  in  peak  intensity  and  peak  delay  with  the 
ring  (shell)  model  (lc).  Figure  (28)  illustrates  the  elimination 
of  ringing  under  conditions  similar  to  the  low-density  Cs  data  for 
different  radial  density  distributions.  Figure  (29)  contrasts  the 
dependence  of  the  radial  gain  on  a  typical  7  by  various  0R;  Figure 

(30)  illustrates  the  dependence  of  the  radial  gain  on  a  typical  0R 

by  different  7.  Figure  (31)  shows  the  effect  of  varying  xR  on 

this  output  intensity.  Various  small-scale  ripples  were  introduced 
in  the  gain  profile  (see  Fig.  31). 


x 


—  (l)  7-  • 

eee  (2)  7=  1.0 

—  (3)  y=  0.69 


Fig.  24.  (a)  Propagation  of  small-area  Gaussian  profile  pulse 

through  uniform  cylinders  (xR  =  0.046  ns,  L/Lc  =  1.35  and  0R  = 

3  x  io  3  on-axis),  (b)  Superfluorescence  with  Gaussian  radial  gain 
(tR  =  0.046  ns,  L/Lc  =  1.35  and  0R  =  3  *  10"3  on-axis). 

Ringing  is  largely  removed  by  a  gain  medium  of  7  ~  1,  result¬ 
ing  in  an  asymmetric  output  pulse  with  a  long  tail.  It  now  seems 
that  a  larger  0R,  see  Fig.  (33a)  (unlikely,  according  to  measure¬ 
ment  of  feedback  effects  and  estimates  of  Raman  effects  during  the 
excitation  pulse20),  or  smaller  7  (perhaps  0.4  consistent  with  the 
range  0.35  <  7<  1.39  of  ref.  1(a)  which  used  a  1/e  rather  than  a 
half  width  half  maximum  (HWHM)  definition  of  r  ),  see  Fig.  (33b), 
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Fig.  27.  Comparison  of  pulse  shapes  for  situations  where  L/Lc  is 
similar  to  the  low  density  Cs.  Relaxation  terms  were  not 
included  in  this  analysis.  Note  the  asymmetry  associated 
with  an  atonic  beam  of  7  *  1.  (a)  os  1.9  *  1011  cm  3; 

0o  s  2.64  p  10"4;  (b)  n  =  18.24  p  1010  cm"3-,  Qq  =  1.37  x 

10’4;  (ci  n  =  11.9  x  lO10^  8  =  1.69  x  (d)  n  = 

8.75  x  10  4:  8  =  1.96  x  10  4.°Time  is  measured  in  nsec, 
o 


for  different  radiation  damping  time  XR  for  a  chosen 


7  -  0.7  and  a  uniform  8^  =  3  x  io"3  (for  different 
inversion  profiles. 


EFFECTS  OF  PROPAGATION  AND  TRANSVERSE  MODE  COUPLING 


527 


Fig.  29.  Contrast 
of  the  total  en¬ 
ergy  per  unit 
atoms  (versus  time) 
for  different  in¬ 
versions  (1)  uni¬ 
form,  (2)  Gaus¬ 
sian  (3)  satur¬ 
able  Gaussian, 
and  for  particu¬ 
lar  tipping  angle 
profiles.  0£=1O  3 

non-uniform  tR  = 
0.46  ns  and  L/L 
=  1.95.  7  =  ®. 


Fig.  30.  Contrast  of  the  total 
energy  per  unit  atom  (versus 
time)  for  different  radiation 
damping  time  for  a  chosen 

7=  0.7,  and  a  fixed  tipping 
angle  Qjj  =  3  x  10  3.  g^  =  100, 

125,  150,  175. 


Fig.  31.  Display  of  small- 
ripple  effects  in  the  Gaussian 
inversion  of  the  cylinder  on  the 
total  energy  per  unit  atom  (ver¬ 
sus  time)  for  7-  0.7,  XR 
=  0.46  ns,  and  L/Lc  =  1.95.  K 


s 


F: 

tl 


2.  3.142535E+01 

3.  3.1510173E+01 

4.  3.2358377E+01 


the  effect  of  large  8„ 
versus  small  0„  on  the 
the  pulse  shape11  asymmetry 
and  the  ratio  of  the  cal¬ 
culated  pulse  length  to  the 
delay  of  the  peak,  (b)  En¬ 
hancement  of  the  effect  of 
small  on  the  pulse  shape 
asymmetry . 

7-  •,  2.76,  0.7,  0.4. 


Fig.  33.  Comparison  of  experimental  and  three-dimensional  theoret¬ 
ical  superfluorescence  pulse  shape  for  several  densities  N  in  an 
atomic  beam  of  2.0  cm  length.  The  model  encompasses  rigorous 
radial  dependence  of  N,  and  8^,  diffraction  (through  the  Lapla- 

cian)  and  relaxation  times.  7=1,  L  =  2  cm,  Tj  =  70  ns,  T2  =  80 

ns,  X  =  2.93lp,  t(0)  =551  nsec,  Gaussian  and  inversion;  in  the 
following  columns  are  the  on-axis  inversion  density  n  in  units  of 

1011  cm  3,  n  of  the  experiment  in  the  same  units  and  6q  in  10”4 

radians:  (a)  3.1,  1.9,  1.07;  (b)  3.1,  7.6,  1.37;  (c)  1.2,  3.8, 
1.69;  (d)  0.885,  3.1,  1.96. 


EFFECTS  OF  PROPAGATION  AND  TRANSVERSE  MODE  COUPLING 


529 


Fig.  34.  Comparison  of  planar  waves 
(curve  1)  with  three-dimensional  cal¬ 
culations  (curve  2)  of  the  super¬ 
fluorescence  for  the  Cs  experimental 
data.  Note  the  lack  of  agreement 
between  the  two  theories  with  respect 
to  the  ringing  while  much  consistency 
occurs  between  diffraction  calcula¬ 
tions  and  experimental  observations. 


is  needed  to  reduce  the  asymmetry  and  pulse  width.  But  when  re¬ 
laxation  terms  are  also  included  in  the  analysis  and  the  densities 
are  adjusted  within  quoted  experimental  uncertainties,  a  rather 
good  agreement,  (ree  Fig.  (34))  is  obtained  between  theory  and 
experiments  for  a  unity  7.  These  radial  effects  explain  why  the 
observed  ringing  in  superfluorescence  is  less  than  that  predicted 
by  plane-wave  simulations  (see  Fig.  34).  Extensions  of  the  present 
simulations  to  two-way  propagation  and  random  fluctuation  of  the 
tipping  angle  are  planned.  The  agreement  with  experimental  obser¬ 
vations  should  be  improved.  [Recently,  Bonifacio  et  al1^  also  re¬ 
ported  the  suppression  of  the  ringing  by  using  coupled-mode  mean- 
field  theory.  However,  their  model  does  not  encompass  the  propa- 
gational  effects  substantiated  by  both  experimental  observation  and 
rigorous  three-dimensional  Maxwell-Bloch  analysis.] 


X.  FLUID  DESCRIPTION 


Consider  the  polar  representation  of  the  field 
e  =  A  exp  (+i$) 


(13) 
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with  A  and  <j>  real  amplitude  and  phase.  Also  let  the  nonlinear 
polarization  of  the  RHS  of  equation  (1)  be  written  as 


p*1  =  (XR  »  i  xx)«  ♦ 


where  xR  and  Xj  are  real  functions  of  A.  Using  equation  (13),  one 
gets  from  equation  (1)  the  transport  and  the  eikonal  equations 


(Qo  s  k0c/u,o) 


h  Ij  *2 *  •  l*2  VI  *  •  -r  *i  »2- 


2koSj»*  <V>* 


A*7^a1 


— ~  XR 
c2  R 


The  transport  equation  (15)  expresses  conservation  of  beam  energy 
over  the  transverse  plane.  When  Xj  =  0,  total  power  is  conserved 

along  the  direction  of  propagation.  The  eikonal  equation  (16) 
describes  the  evolution  of  the  surface  of  constant  phase.  It  has 
the  form  of  the  Hamilton- Jacobi  equation  for  the  two-dimensional 
motion  of  particles  having  unit  mass  and  moving  under  the  influence 
of  a  potential49  given  by 

V  *  -  —  ■  (V)  »'*  '  *7  Xo 

K  r  "2  8 

if  k  z  is  regarded  as  time  coordinate  and  k  x,  k  y  as  spatial 
02  ox  oy 

coordinates.  Furthermore,  if  one  adopts  A2  and  as  new  depen¬ 
dent  variables,  the  equations  of  motion  become1  similar  to  the 
continuity  and  momentum  transport  equations  of  ordinary  hydrody¬ 
namics2  s* 26 .  By  defining 

Z  =  k"1  V*  and  (17) 

P  =  A2  (18) 

and  supposing  Xj  =  0,  equations  (15)  and  (16)  can  be  written  as 

sfJ  +  (z  •  Vz  =  dr  vt[p”1/2(vt  ^  +  r  (VTP)  (19) 


In  +  7T  *  (P&  =  0- 
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These  equations  are  the  momentum  and  continuity  transport  equations 
o£  a  fluid  with  a  pressure 

P  =  (^  Vp)/Vp)).  (2D 

It  should  be  emphasized  that  this  pressure  depends  here  solely  on 
the  "fluid  density"  and  not  on  the  "velocity".  Equation  (19)  and 
(20)  can  be  rearranged  into 

In  <«>  *  V««>  *  £  1 i  - 

o 

i_  Y2 

-  2p  CV)CV>] +  ro  p(vtp)»  (22) 

where  I  is  the  unit  tensor. 


XI.  EQUATIONS  OF  MOTION  FOR  OPTICAL  BISTABILITY 


In  the  slowly  varying  envelope  approximation,  the  dimension¬ 
less  field-matter  equations*  are 


-iF7*e+  +—  +  §£-  =  +g+  <  p*  exp(ikz)> 

1  3t  3z 

(23) 

-iFV*e  +||~  -  ||-  =  +g  <P  exp(+ikz)> 

(24) 

with  g+,  g  as  the  nonlinear  form  of  the  gain  experienced  by  the 

forward  (e  )  and  backward  (e  )  traveling  waves  associated  with  the 
pump.  The  quantities  in  the  R.H.S.  undergo  rapid  spatial  varia¬ 
tions;  <•••>  spatial  average  of  these  quantities  with  a  period  of 
half  a  wavelength 

||  +  (-iAfi)  +  TiX)P  =  +  {W(e+  +  e")} 

(25) 

||  +  tl1  (W*-W)  =  -  \  (P+  +  P“)  (e+  +  e”) 

(26) 

Equivalently, 

np  a.  X  4. 

+  (-i(Afi)+t2  )P  =  W[e  exp(-ikz)+e  exp(+ikz)]  (27) 

*As  an  aside,  the  nonlinear  interface  bistability  effect*^, 
though  potentially  important,  is  not  considered. 
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g^r  +  Tx  t«*-W)  =  j(Pe+*exp(ikz)  +  Pe*  exp(-ikz)+  c.c. )  (28) 


with 

e~  =  (2|ixp/li)e±  (29) 

P  =  (p’/2p),  (30) 

E"  =  Re{e“exp[i(wt  +  kz) ] }  (31) 

and 


P  =  Re{i  p'  exp(iwt)}  (32) 

The  complex  field  amplitude  e“,  the  complex  polarization  density  p 
and  the  energy  stored  per  atom  W  are  functions  of  the  transverse 
coordinate 

P  =  r/rp,  (33) 

the  longitudinal  coordinate 

*  *  aeff*'  (34) 

and  the  physical  time 

T  =  t/Xp.  (35) 

In  the  standing-wave  problem,  the  two  waves  are  integrated  simul¬ 
taneously  along  the  physical  time,  as  contrasted  to  S.I.T.  retarded 
time.*0  Otherwise  the  physical  parameters  and  variables  have  the 
same  meaning. 

The  presence  of  opposing  waves  leads  to  a  quasi-standing  wave 
pattern  in  the  field  intensity  over  a  half-wave  length.  To  effec¬ 
tively  deal  with  this  numerical  difficulty  one  decouples  the  mater¬ 
ial  variables  using  Fourier  series18,19  namely, 


P=exp(-ikz)  Z  P 


p=0  (2P+1) 


exp(-i2pkz)+exp(+ikz)  I  ^2p+l) 


exp(+i2pkz) 
(36) 


w  =  w  +  z 


[W2p  exp(-i2pkz)  +  c.c.] 


(37) 
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with  W  a  real  number.  Substituting  in  the  traveling 
motion,  one  obtains 

equation  of 

3t  p;  ♦  p;/t2  =  Voe+  ♦  W2e-; 

(38) 

9t  P3  +  =  W2e+  +  W4e‘; 

(39) 

3t  P(2p+1)  +  P(2p+1)/X2  =  W2pe  +  W2(p+l)e  *  aad 

(40) 

3t  P1  +  VX2  =  V‘  +  W2e+ 

(41) 

3t  P'  +  P^/^  =  W2e‘  +  W*e+ 

(42) 

9X  P(2p+1)  +  P(2p+1)/X2  =  W2pe  +  W2(p+l)e 

(43) 

atV(wo'wS)/ti = "  i(e"*  PI +  e+*  P1 +  c*c*) 

(44) 

atW2  +  W2/xl  =  '  2(e’*Pl  +  e+*P3  +  e+Pi*  +  e"  P3*} 

(45) 

3tU2p  *  W’l  *  ‘  ***  P2p+1  *  Cl  * 

The  field  propagation  and  atomic  dynamic  equation  are  sub¬ 
jected  to  the  following  initial  and  boundary  conditions: 

1.  INITIAL: 


for 


t  >  0 


e~  =  0 


(47) 

(48) 


where  is  a  known  function  to  take  into  account  the  pumping 
effects.  For  S.I.T.  or  soliton  collision 


^p+l)  =  °’ 


for  all  p 

while  for  the  superfluorescence  problem 


(49) 
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p± 

F(2p+1) 

is  defined  in  terms  of  an  initial  tipping  angle  6^ 
2.  LONGITUDINAL 


(50) 


For  z=0  and  z=L: 
incident  function 


+ 


e 


and  e 


are  given  in  terms  of  a  known 


eI0 

eIL 


(51) 

(52) 


of  X  and  p. 

If  enclosing  mirrors  delineating  the  cavity  are  used  in  the 
analysis,  one  must  observe  the  longitudinal  boundary  equations 

e+  =  V(l-Ri)  eI0  +  ^  e‘  at  z  =  0  (53) 

e~  =  V(l-R2)  eIL  +  -^2  e+  at  z  =  L  (54) 

where  Ri,  R2,  (1-R*)  and  (1-R2)  are  the  respective  reflectivity  and 
transmitting  factor  associated  with  each  left  and  right  mirror. 

3.  TRANSVERSE 


For  all  z  and  X  [3e_/3pl  Q  and  [3e~/3p]  vanish.  The 

p  p~^max 

previously  described  transverse  boundary  conditions  (Section  II) 
apply  here  for  each  of  the  fields. 

It  is  noteworthy  that  the  presence  of  the  longitudinal  mirrors 
will  enhance  the  mutual  influence  of  the  two  beams.  Variations  in 
polarization  and  population  over  wave-length  distances  are  treated 
by  means  of  expansions  in  spatial  Fourier  series,  which  are  trun¬ 
cated  after  the  third  or  fifth  harmonic.  The  number  of  terms 
needed  is  influenced  by  the  relative  strength  of  the  two  crossing 
beams  and  by  the  importance  of  pumping  and  relaxation  processes  in 
restoring  depleted  population  differences. 


XII.  CONCEPT  OF  TWO-WAY  CHARACTERISTICS 

An  easy  way  to  visualize  the  mutual  influence  of  the  two  coun¬ 
ter-propagating  beams  is  to  imagine  their  respective  information 
carriers  in  the  traveling  wave  description. 

For  a  light  velocity  normalized  to  unity  (c/n  =  1),  by  intro¬ 
ducing 
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Z  =  \  (t-z) 

and 

n  =  |(t+z) 

(55) 

or  equivalently 

t  =  n  +  Z 

and 

z  =  n  -  Z  . 

(56) 

one  obtains  the  new  derivative  as 

It =  Kin  +  if) 

and 

9-1  i'd  3\ 

§z  ~  2  ’  35/ 

(57) 

Consequently 

3t  5z  '  5?i  * 

s?r 

i 

nT 

n 

(58a) 

The  field  equation  reduces  to 

If-  =  =  iV|e++P+  .  (58b) 

This  means  that  the  field  is  integrated  along  its  directional 
characteristic  path.  With  the  polarization  having  a  dynamic  func¬ 
tional  dependence  on  the  total  field  the  full  Bloch  equations  are 
required.  Furthermore  the  two  oppositely  traveling  waves  must  be 
integrated  simultaneously. 

P*  =  P*(P*,...,P*,e+,e")  (59) 

An  example  of  one  of  the  material  (Bloch)  equations  is 

apk  9V  ±  ♦  ♦  +  +  . 

ar  +  *k  Pk  =  Sk(P7>---’Pkl>Pk+r-'Pn'e  »e  )  (60) 

By  identifying  as  outlined  in  Courant  and  Hilbert  [50],  the  charac¬ 
teristics  variable,  namely 

Z  =  4(s)  and  H  =  n(s)  ,  (61) 

or  equivalently 

Z  =  Z0+s  and  q  =  %-s  .  (62) 


one  obtains 
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M  =  *  1  and  |3  =  -1  C63) 

which  simplifies  the  Bloch  equations  as  follows: 

3P 

s r  *  Vk  *  sk  (64) 

which  can  be  rigorously54*55  integrated  to  give 

s+As 

Pk(s+As)  =  Pk(s)exp(-As/Ys)  ♦  J  {exp[-(s-s')>f]Sk(s' )ds* }  .  (6S) 


Illustrating  the  method  of  solution  (see  Fig.  (35),  arrows 
indicate  integration  paths  for  reducing  differential  equations  to 
finite  difference  equations.  Paths  AB  are  used  for  Field  Equa¬ 
tions,  and  while  Paths  CB  are  used  for  Material  Equations. 


T 

B  .1 

/  p 

X 

A 

C 

A  * 

-AZ*COT/n 

Fig.  35.  Illustrates  the 
two-way  characteristic  and 
the  basis  of  the  computa¬ 
tional  algorithm. 


XIII.  THE  LAW  OF  FORBIDDEN  SIGNALS 

The  effect  of  the  physical  law  of  forbidden  signals  on  two- 
stream  flow  discretization  problems  was  applied  by  Moretti  to  the 
integration  of  Euler  equations24’43. 

For  causality  reasons,  only  directional  resolution  for  spatial 
derivatives  of  each  stream  (forward  and  backward  field)  must  be 
sought.  This  is  achieved  by  using  one-sided  discretization  tech¬ 
niques.  The  spatial  derivative  of  the  forward  field  is  discretized 
using  points  lying  to  the  left  as  all  preceding  forward  waves  have 
propagated  in  the  same  left-right  direction;  while  the  backward 
field  is  approximated  by  points  positioned  to  the  right.  As  a 
result,  each  characteristic  (information  carrier)  is  related  to  its 
respective  directive  history.  Thus,  violation  of  the  law  of  for¬ 
bidden  signals  is  prevented. 

In  any  wave  propagation  problem,  the  equations  describe  the 
physical  fact  that  any  point  at  a  given  time  is  affected  by  signals 
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sent  to  it  by  other  points  at  previous  times.  Such  signals  travel 
along  lines  known  as  the  "characteristics"  of  the  equations.  For 
example  a  point  such  as  A  in  Figure  (36)  is  affected  by  signals 
emanating  from  B  (forward  wave)  and  from  C  (backward  wave),  while 
point  A’  will  receive  signals  launched  from  A  and  D.  Similar  wave 
trajectories  appear  in  the  present  problem,  but  the  slopes  of  the 
lines  can  change  in  space  and  time. 


Fig.  36  Displays  the  role  of  character 
istics  as  information  carriers. 


The  slopes  of  the  two  characteristics  carrying  necessary 
information  to  define  the  forward  and  backward  propagating  vari¬ 
ables  at  every  point,  are  of  different  sign  and  are  numerically 
equal  to  ±c/n.  Tor  such  a  point  A,  Figure  (37),  the  domain  of 
dependence  is  defined  by  point  B  and  C,  the  two  characteristics 
being  defined  by  AC  and  AB,  to  a  first  degree  of  accuracy.  When 
discretizing  the  partial  differential  equations,  point  A  must  be 
made  dependent  on  points  distributed  on  a  segment  which  brackets 
BC;  e.g.,  on  points  D,  E  and  F  in  Figure  (38).  This  condition  is 
necessary  for  stability  but  must  be  loosely  interpreted.  Suppose 
that  one  uses  a  scheme  where  a  point  A  is  made  dependent  on  D,  E 
and  F,  indiscriminately  (this  is  what  happens  in  most  schemes  cur¬ 
rently  used,  including  the  MacCormack  method).  Suppose  now,  that 
the  physical  domain  of  dependence  of  A  is  the  segment  BC  of  Figure 
(38).  The  information  carried  to  A  from  F  is  not  only  unnecessary; 


Fig.  37.  Illustrates  the 
concept  of  the  law  of  for¬ 
bidden  signal  for  two-stream 
with  characteristics  of  dif¬ 
ferent  sign. 

Fig.  38.  Illustrates  the 
concept  of  the  causality 
for  two-stream  flow  with 
characteristics  of  same 
(identical)  sign. 


it  is  also  undue.  Consequently,  the  numerical  scheme,  while  not 
violating  the  Courant-Friedrick-Levy54  (CFL)  stability  rule,  would 
violate  the  law  of  forbidden  signals.  Physically,  it  is  much 
better  to  use  only  information  from  D  and  E  to  define  A,  even  if 
this  implies  lowering  the  nominal  degree  of  accuracy  of  the  scheme. 
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The  sensitivity  of  results  to  the  numerical  domain  of  depen¬ 
dence  as  related  to  the  physical  domain  of  dependence  explains  why 
computations  using  integration  schemes,  like  MacCormack' s®2 ,  show  a 
progressive  deterioration  as  the  AC  line  of  Figure  (38)  becomes 
parallel  to  the  T-axis  (\i-»0),  even  if  Aj  is  still  negative.  The 
information  from  F  actually  does  not  reach  A;  in  a  coarse  mesh, 
such  information  may  be  quite  different  from  the  actual  values 
(from  C)  which  affect  A.  On  the  other  hand,  since  the  CFL  rules 
must  be  satisfied  and  F  is  the  nearest  point  to  C  on  its  right,  the 
weight  of  such  information  should  be  minimized.  Moretti's  A- 
scheme,  relying  simultaneously  on  the  two  field  equations  provides 
such  a  possibility.  Every  spatial  derivative  of  the  forward  field 
is  approximated  by  using  points  lying  on  the  same  side  of  E  as  C, 
and  every  derivation  of  the  backward-scattered  field  is  approxi¬ 
mated  by  using  points  which  lie  on  the  same  side  of  E  as  B.  By 
doing  so,  each  characteristic  relates  with  information  found  on  the 
same  side  of  A  from  which  the  characteristic  proceeds  also  such 
information  is  appropriately  weighted  with  factors  dependent  on  the 
characteristic's  slopes,  so  the  contribution  of  points  located  too 
far  outside  the  physical  domain  of  dependence  is  minimized. 

A  one-level  scheme  which  defines 


M~  s  (eE  *  eD)/Az 

(forward  wave) 

(66) 

||-  =  (ej  -  ej)Mz 

(backward  wave) 

(67) 

is  Gordon's  scheme  [53], 
scheme  with  second-order 
in  a  manner  very  similar 
(39)  must  be  introduced, 
ti's  schem$  one  defines 

accurate  to  the  first  order.  To  obtain  a 
accuracy,  Moretti  considered  two  levels, 
to  MacCormack' s .  More  points,  as  in  Fig. 
At  the  predictor  level  following  Moret- 

dz  =  ^2eE_3eD+eG^//^z 

(forward  wave) 

(68) 

|f-  =  (e;-e’)Mz 

(backward  wave) 

(69) 

Fig.  39.  Displays 
the  computational 
grid  for  the  k- 
scheme. 
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At  the  corrector  level,  one  defines 

§§-  =  (e^  -  e^)/A z  (forward  wave)  (70) 

and 

If1  =  (-2 Tk  ♦  3J-  *  reysz  (71) 

It  is  easy  to  see  that,  if  any  function  f  is  updated  as 

?  =  f  +  ft  At  (72) 

at  the  predictor  level,  with  the  t-derivatives  defined  as  in  (23) 
and  (24)  and  the  z-derivatives  defined  as  in  (68)  and  (69)  and  as 

f (t+At)  =  j  (f+f+ftAt)  (73) 

at  the  corrector  level,  with  the  t-derivatives  defined  again  as  in 
(23)  and  (24),  and  the  z-derivatives  defined  as  in  (70)  and  (7l), 
the  value  of  f  at  't+At'  is  obtained  with  second  order  accuracy. 
The  updating  rule  (72)  and  (73)  is  the  same  as  in  the  MacCormack 
scheme. 

At  the  risk  of  increasing  the  domain  of  dependence,  but  with 
the  goal  of  modularizing  the  algorithm,  three-  and  four-point 
estimators  were  used  for  each  first  and  second  derivative  respec¬ 
tively.  Moretti's  algorithm  was  also  extended  to  non-uniform  mesh 
to  handle  the  longitudinal  refractive  left  and  right  mirrors:  the 
same  one-sided  differencing  is  used  for  both  predictor  and  correc¬ 
tor  steps.  Nevertheless,  the  weights  derived,  using  the  theory  of 
estimation,  (presented  by  Hamming®3),  have  improved  the  order  of 
accuracy  of  the  spatial  derivative  estimator  at  both  predictor  and 
corrector  levels.  In  particular,  the  derivative  estimators  are  of 
second  order  instead  of  first  order  as  in  Moretti's  A-scheme. 
Specifically,  these  weights  are  derived  using  a  development  in 
terms  as  a  sum  of  Lagrangian  polynomials  at  a  set  of  points.  As  a 
result,  the  overall  accuracy  of  Moretti's  predictor/corrector 
scheme  was  increased56  from  second  to  third  order.  Either  forward 
or  backward  longitudinal  derivatives  at  both  predictor  and  correc¬ 
tor  stages  are  given  for  the  point  x^,  x^  and  x^  as: 
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n  -  (  X3'X2  X3'xl 

u3  "  *  n2(x2) 

3 

with  7i. (x)  =  II  (x-x.) 

J  i*j=l  1 


2x3_xrx2N\ 
n3(x3)  y 


(76) 

(77) 


Here  ,  D2  and  represents  forward,  central  and  backward  differ* 

encing  estimators  for  the  (first-order  longitudinal  spatial)  deri¬ 
vative. 


XIV.  TREATMENT  OF  LONGITUDINAL  BOUNDARY 

When  treating  any  point  within  the  cavity  or  at  either  longi¬ 
tudinal  boundary  (where  a  partially  reflecting  mirror  is  situated), 
there  is  no  problem.  For  example,  at  z  =  0,  e  is  determined  by 
equation  (53)  and  not  through  previous  predictor/ corrector  formulas 
(68-71),  as  only  e~  is  calculated  at  z  =  0  in  that  predictor/ cor¬ 
rector  manner  (68-71).  However,  for  a  point  one  increment  (6=Az) 
from  the  left  mirror,  one  encounters  difficulties  calculating  the 
forward  wave.  The  second  needed  point,  which  is  vital  to  the 
formulas,  would  fall  outside  the  cavity.  An  identical  difficulty 
arises  from  the  counterpart  backward  wave  with  respect  to  the  right 
hand  mirror.  The  field  traveling  from  the  right  is  defined  st  z  = 
L  by  equation  (54). 

To  deal  with  this  situation  one  has  to  modify  the  predictor/ 

2 

corrector  schemes  so  the  increment  "5  "  is  used  instead  of  6.  The 
loss  of  that  second  point  reduces  the  accuracy  of  the  derivative 
estimator.  To  maintain  the  same  order  of  accuracy  near  the  mirror, 
one  must  compensate  for  this  loss  by  reducing  the  mesh  size. 


XV.  NUMERICAL  PROCEDURE  FOR  SHORT  OPTICAL  CAVITY 

An  alternate  procedure  to  carry  out  the  computation  is  to 
integrate  the  field  along  the  longitudinal  propagational  distance. 
This  approach  is  particularly  attractive  for  a  short  cavity.  It 
was  developed  with  the  help  of  McCall57  as  an  attempt  to  relax  the 
restrictive  relation  between  the  temporal  t  and  spatial  meshes  z 
and  r.  It  is  presently  being  implemented  and  will  be  outlined 
here. 


The  reflecting  effect  of  the  partially  refracting  mirror  can 
be  built  into  the  determining  equations.  Forward  and  backward 
field  and  polarization  terms  will  appear  explicitly  as  driving 
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sources  in  each  traveling  field  equation  (see  Fig.  40).  One  can 
readily  contrast  the  two  physical  situations  of  long  and  short 
cavity.  To  illustrate  the  methodology  the  diffraction  is  neglec¬ 
ted.  For  no  reflection,  the  fields  are  described  by 

e+(t+At,z)  =  e+(t,z-cAt)  +  J  dz*  P+(t+At  -  ,  z<)  (78) 

z-cAt 


which  applies  if  z  >  cAt.  Also 

z+cAt  _  , 

e  (t+At,z)  =  e  (t, z+cAt)  +  /  dz*  P  (t+At  +  —  ,  z')  (79) 

z 

applies  if  L-z  >  cAt.  For  one  reflection,  the  fields  are  obtained  by 


z') 

(80) 


whenever  z  <  cAt,  and  if  L-z  <  cAt,  then  one  reflection 

e”(t+At,z)  =  V^eIL( t+At  -  i^)  +  nflC  eiP  e+(t,2L-z-cAt) 

L  _  ' 

+  J  dz’  P  (t+At  +  ,  z’) 

z 

+  eip  J  dz’  P+(t+At  -  ~~z-z-  ,  z’)  (81) 

2L-z-cAt  c 


In  all  of  the  above  it  is  assumed  that  cAt  <  L  (so  that  two  re¬ 
flections  cannot  occur  in  time  At) .  To  correctly  include  the 
influence  of  diffraction,  appropriate  weighting  coefficients  must 
be  used  as  summarized  below: 

(1)  For  no  reflection-correct  by  |  V|(e+cAt),  j  V|(e"cAt) 

(2)  For  one  reflection- 

fa)  Term  -JT ejQ  only  propagates  z  (cAt  >  z)  so  correct  only  by 
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“  +  1 

(b)  Term  J"  dz'  P  goes  a  distance  of  an  average  of  (^)z;  correct 

by  |  v| 

(c)  Term  e”(t,cAt-z)  goes  a  distance  of  cAt;  full  correction  by 
cAt-z 

C&t-Z 

(d)  Term  ^R  J  dz'  P  goes  ^t~2  +  z;  correct  bya  distance  of 

,  0  c 
CAt+Z  r,2 

2  VT 

(e)  Term  Vt”  goes  eIL  goes  a  distance  of  (L-z) ;  correct  by 
(l/2)(L-z)V| 

(f)  Term  VR"  e*^  e+  goes  full  distance;  correct  ^  cAt 

L  - 

(g)  Term  /  dz'  P  goes  a  distance  of  ;  correct  by 

|  d-2)  Vf 

(h)  Term  ^R  /  dz'  P+  goes  a  distance  of  z)+cAt  ^ 

2L-z-cAt  * 

average;  correct  ^ 

and  similarly  for  any  time  correction. 

Instead  of  the  usual  predictor/ corrector  weighting  of  1/2  for 
each  of  predicted  and  corrected  values,  a  more  complicated  proce¬ 
dure  must  be  used. 


XVI.  TWO-LASER  THREE-LEVEL  ATOM 

|  An  extension  of  the  SF  calculations  presented  in  Section  IX 

should  include  such  pump  dynamics  and  its  depletion  on  a  three- 
level  system  similar  to  the  model  suggested  by  the  Bowden  et  al59. 
The  simulation  of  the  dynamic  interactions  of  two  intense,  ultra- 
short  laser  pulses  propagating  simultaneously  through  a  gas  of 
three-energy  level  atoms  was  considered60.  The  rigorous  diffrac- 

I 
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tioa  and  cross-modulation  interplay  of  the  two  laser  beams  with  the 
inertial  response  of  the  doubly  resonant  medium  is  studied  using  an 
extension  of  the  numerical  algorithm  developed  for  SIT  analysis. 
It  is  expected  that  by  altering  the  pump  characteristics,  one 
encodes  information  in  the  pulse  that  evolves  in  the  nonlinear 
media  resulting  in  a  light  by  light  control.  An  intermediate  study 
will  be  Double  Coherent  Transients61’62.  Another  benefit  of  this 
study  would  be  an  analysis  of  Wall’s63  scheme  for  optical  bistabil¬ 
ity  in  a  coherently-driven  three-level  atomic  system.  However, 
some  material  equation  modifications  must  be  made  as  the  novel 
mechanism  relies  on  the  nonlinear  absorption  resonances  associated 
with  a  population  trapping,  coherent  superposition  of  the  ground 
sublevel.  When  one  defines  dimensionless  variables  in  a  parallel 
manner  to  SIT,  the  physical  problems  are  described  by  the  following 
equations:  T^a  and  X  ^  are  the  pulse  Tp  of  laser  a  and  laser  b 

respectively.  Q  is  the  quadrupole  slowly  varying  envelope. 


-iF  V* 

ea,b  +  3n  *a,b  '  ga,b 

Pa 

,b 

(82) 

«a,b  = 

W  (V/lpb)I/2 

(83) 

Va  = 

«.  V1WOa>P.  •  V’ 

2a  1 

k 

eb  Q 

(84) 

Vb  = 

'b  ViM<V  V  V* 

2b  ‘ 

i 

’  2 

* 

ea  Q 

(85) 

3XQ  =  ■ 

■itW)J«S)b)]Q  ♦  |  (ea 

V 

'eb 

Pa^  • 

Q/T 

2ab 

(86) 

V  a= 

•  K  P.  *  'a  0  - 

<Wa' 

‘^'’la 

* 

CbPb 

* 

+  eb  V 

(87) 

9tW  b* 

-  K  pb  *  »b  pb>  - 

<Wb 

-"S^lb 

e*  P 
a  a 

*  'a  Pa> 

(88) 

If  one  uses  the  identity 


W  +  W.  =  W  . 
a  b  ab 

a  further  equation  (not  absolutely  necessary)  is  introduced: 
9XWab  =  +  WC'IW.J  +  KPb+ebPb)]  -  (wab-^b)/Tab 


(89) 

(90) 


when  W^  ^  and  W^  are  the  equilibrium  values  of  Wfl  ^  and  W^, 
subjected  for  infinite  relaxation  times  to  a  conservation  of  proba- 
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3t{|Pal2  +  |Pbl2  +  IQ  1 2  +  (wj  ♦  W*  +  V*,)}  =  zero.  (91) 

Equivalently: 

|P,|2  *  IPbl2  *  IQI2 

■  if.,ii2  *  ipb,ii2  ♦  Hi'2  ♦  2/3<«i,X,Xb,i)-  (,2) 

Figure  (40)  illuatrates  Wa,  Wfc  and  Wafe  as  a  function  of  time 
for  a  particular  radius  in  the  reshaping  region. 


J  •  A 


h  •  3 
M>«.  M»*0.  UUBm. a 


Fig.  40.  Contrast  of  the  material  energy  for  a  double  self-induced 
transparency  calculation. 


Numerical  Refinements 


If  the  two  laser  beams  which  propagate  concomitantly  are  se¬ 
verely  disparate  from  each  other,  the  normal  stretching  technique 
must  be  generalized  into  a  double  stretching  transformation60  to 
ensure  that  the  nonuniform  temporal  grids  simultaneously  match  the 
two  different  pulses.  No  spatial  rezoning  is  as  yet  designed. 

Prescribed  Double  Stretching 

Due  to  the  essential  nonlinear  nature  of  the  cooperative 
effects  associated  with  a  coherent  light-matter  interaction,  dif- 
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ferent  speeds  are  associated  with  pulses  of  different  strengths. 
So  particular  attention  oust  be  given  to  deal  effectively  with  two 
concomitant  longitudinal  speeds  (one  for  each  laser).  Mathemati¬ 
cally  this  is 

T  =  ax  +  b  sin  to  x 
s 

3T 

=  a  +  b  io„  cos  u>  t 
3X  s  s 

and  is  shown  in  Fig.  41.  Evenly  spaced  grid  points  in  T  are  clear¬ 
ly  related  to  non-uniform  variable  grid  points  in  the  physical  time 
x. 


Fig.  41.  Displays  the  pre¬ 
scribed  double 
stretching. 


10 

s 

0 

n/2 

n 

3n/2 

271 

COS  10  X 

8 

1 

0 

-l 

0 

1 

3T/3o 

a  +  bto 

8 

a 

TO 

a 

a  +  bu»s 

For  to  x  =  n,  3T/3x  is  minimum. 

8 

Several  noteworthy  facts  must  not  be  overlooked,  i.e.,  (i)  u>s 

is  related  to  the  frequency  of  oscillations;  and  (ii)  the  steepness 
of  the  slopes  must  depend  on  the  concentration  points. 

The  various  stretching  parameters  are  given  by 
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3  =  1/2  [Sr1 max  +  Sr'minj 
b  =  {1/2  ws}  [Ir'max  *  It ‘min] 


u,s(tc2  •  W  =  271  =>  “s  Xd  =  271 

If  I,  increases,  ui  decreases  -  a  smaller  frequency  yields  to  a 

(2  S 

larger  b,  if  decreases,  iug  increases  -  a  larger  frequency  yields 
to  a  smaller  b  parameter. 


To  ensure  monotonicity  of  the  function  T  in  T  (so  that  multi¬ 
valued  possibilities  are  excluded),  an  important  condition  which 
must  never  be  violated  (see  Fig.  42),  is 


g 


(a  -  btu)  >  0 


Fig.  42.  Displays  the  li¬ 
mitations  on  the  parameter 
choice  to  the  double  stretch¬ 
ing  transformation. 


Adaptive  Double  Stretching 

Following  the  spirit  of  adjusted  stretching  for  a  single 
pulse,  described  in  Section  V,  the  sampling  frequency  tu  can  vary 
along  the  direction  of  propagation  n*  s 

Prescribed  Triple  Stretching 

For  a  correct  treatment  of  the  pulses  propagating  concomi¬ 
tantly  while  one  of  the  two  lasers  may  have  broken  up  into  two 
small  pulses,  successive  double  stretchings  are  applied 

£  =  A  x2  +  Bx 


Step  1 
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from 


and 


x  =  x2,  t  =  $0  =  +  Bx2 

x  =  x3,  C  =  2C0  -  Ax2  +  Bx3 
x  =  0,  $  =  0. 


one  gets , 


Cl  -  C2  =  S2  -  C3  =  0  -  Cl 

£  (x3-2x2)  t0(2x22-x23)  • 

A  =  r - =t  and  B  =  — - -A - if  * 

X3X2^X2-3V  x2x3(x2-x3) 


Step  2  Y  =  a  £  +  b  sin  uj  £ 

2  2 

Cumulative  step  Y  =  a  (Ax  +  Bx)  +  b  sin  u>s  (Ax  +  Bx) 

Yx  =  a(2x  A  +  B)  +  buis  (2Ax  +  B)  cos  (Ax2  +  B) 

=  (2Ax  +  B)  (a  +  bui  cos  (Ax2  +  B))  . 
s 

The  coefficients  ate  readily  found  (see  Fig.  43). 


Fig.  43.  Illustrates  a  pre¬ 
scribed  triple  stretching. 


XVII.  CONCLUDING  REMABXS 

Most  of  the  features  of  the  numerical  model  used  to  study 
temporal  and  transverse  reshaping  effects  of  single  and  multiple 
short  optical  pulses  propagating  concomitantly  in  active,  non¬ 
linear,  resonant  media  have  been  presented.  The  calculations 
strive  to  achieve  a  rigorous  analysis  of  this  nonlinear  interaction 
with  maximum  accuracy  and  minimum  computational  effort.  The  appli¬ 
cability  of  computational  methods  developed  in  gas  and  fluid  dy¬ 
namics  to  the  detailed  evolution  of  optical  beams  in  nonlinear 
media  have  been  demonstrated. 

By  introducing  adaptive  stretching  and  rezoning  transforma¬ 
tions  wherever  possible,  the  calculations  improved  considerably. 
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la  particular,  self-adjusted  rezoaing  aad  stretching  techniques 
consisting  of  repeated  applications  of  the  same  basic  formulae  were 
reviewed  as  a  convenient  device  for  generating  computational  grids 
for  complex  nonlinear  interactions.  The  techniques  are  well-suited 
for  each  programming  because  the  mapping  functions  and  all  related 
derivatives  are  defined  analytically  as  ouch  as  possible.  Enhance¬ 
ment  of  speed  and  accuracy  was  realized  by  improving  the  integra¬ 
tion  technique/algorithm  which  was  general  and  simple  in  its  appli¬ 
cation  compared  with  its  analogue,  the  two-dimensional  Lagrangian 
approach42. 

This  method  was  applied  to  a  number  of  SIT  situations  with  and 
without  homogeneity  in  the  resonant  properties  of  the  atomic  medi¬ 
um.  Note  that  the  theoretical  predictions  defined  with  the  single 
stream  SIT  code,  when  applied  to  absorbing  media,  were  quantita¬ 
tively  found64  by  independent  experimental  observations65,  and 
recent  independent  perturbational66  and  computational  analysis67. 
The  design  of  the  first  of  these  experiments  dealing  with  sodium 
vapor,  was  based  on  qualitative  ideas,  quantitative  analysis  and 
numerical  results  obtained  with  the  code  described  in  this  paper. 
More  recently.  King  et  al  also  reported68  the  experimental  observa¬ 
tion  in  iodine  atomic  vapor  of  the  coherent  on-resonance  self- 
focusing.  This  is  a  novel  manifestation  of  the  phenomenon  as  it 
deals  with  a  magnetic  dipole  instead  of  an  electric  dipole  moment. 

Also,  the  severe  beam  distortion  and  on- axis  pulse  break-up, 
when  the  problem  of  transverse  boundary  is  rigorously  addressed, 
was  observed  in  high  power  lasers  used  in  Laser  Fusion  experiments. 

With  the  help  of  Gibbs  and  McCall,  we  have  resolved  the  major 
discrepancies  between  planar  calculations  (as  done  by  Hopf  et  al°9) 
and  the  Cs  experimental  observations.  The  main  sources  of  these 
discrepancies 60  were  the  occurrence  of  transverse  effects  in  the 
experiments  and  the  uncertainty  in  the  tipping  angle  values. 

Optical  bistability  shares  with  the  previous  SIT  and  SF  the 
same  basic  physical  features;  however,  the  initial  and  boundary 
conditions  are  different  and  complicate  the  problem.  Nevertheless, 
the  similarities  predominate;  therefore,  a  unified  numerical  des¬ 
cription  with  some  modifications  can  apply  to  all  these  problems. 
This  new  computational  approach,  based  on  the  concept  of  absolute 
consistency  of  the  numerics  with  the  physics,  should  be  successful. 


ADDENDUM 

An  alternate  solution  to  eliminate  rapid  oscillations  from  the 
two-mode  Bloch  equation  without  recourse  to  harmonic  expansion 
could  be  to  adopt  Moore  and  Scully71  multiple-scaling  perturbation 
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expansion.  They  have  applied  the  techniques  of  multiple-scaling 
perturbation  theory,  described  in  hydrodynamics  textbooks,  to  the 
free-electron  laser  problem  and  the  pico-second  transient  pheno¬ 
mena. 
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Abstract 

Calculational  results  and  analysis  are  presented  and  discussed  for  the  effects  of  coherent  pump  dy¬ 
namics  ,  propagation,  transverse  and  diffraction  effects  on  superfluorescent  (SF)  emission  from  an  optically- 
pumped  three-level  system.  The  full,  co-propagational  aspects  of  the  injected  pump  pulse  together  with  the 
SF  which  evolves  are  explicity  treated  in  the  calculation.  It  is  shown  that  the  effect  of  increasing  the 
injection  signal  area  exhibits  a  similar  effect  on  the  evolved  SF  delay  time  as  either  increasing  the  gain, 

or  F  ,  (F  is  the  Fresnel  number  per  effective  gain).  All  else  being  equal,  it  is  demonstrated  that  altera¬ 
tion  of  the  temporal  as  well  as  radial  shape  of  the  injected  pump  pulse  has  a  profound  effect  upon  the  shape 
of  SF  as  well  as  the  sharpness  of  the  rise  of  the  pulse,  its  delay  time,  peak  intensity  and  temporal  width. 
For  conditions  of  sufficiently  large  gain  and  large  injection  pulse  area,  SF  which  evolves  and  the  propa¬ 
gating  pump  pulse  eventually  occur  in  the  same  time  frame  (overlap).  It  is  shown  that  under  these  condi¬ 
tions  the  SF  can  be  significantly  temporally  narrower  than  the  pump  and  of  significantly  larger  peak  inten¬ 
sity.  Thus,  by  choosing  the  shape  of  the  injected  pump  envelope  and/or  its  area,  the  SF  shape,  delay  time, 
peak  intensity  and  temporal  duration  can  be  altered.  Thus,  deterministic  control  of  the  characteristics  of 
the  evolving  SF  pulse  is  demonstrated  by  selecting  appropriate  characteristics  of  the  injected  pulse  signal 
at  a  different  frequency. 

Introduction 

Superfluorescence[l]  (SF),  is  the  dynamical  radiation  process  which  evolves  from  a  collection  of  atoms 
or  molecules  prepared  initially  in  the  fully  inverted  state,  and  which  subsequently  undergoes  collective, 
spontaneous  relaxation[2] .  Since  Dicke's  early  work[2],  much  theoretical  and  experimental  effort  has  been 
devoted  to  this  subject[3]. 

With  the  exception  of  the  more 'recent  work  of  Bowden  and  Sung[4],  all  theoretical  treatments  have  dealt 
exclusively  with  the  relaxation  process  from  a  prepared  state  of  complete  inversion  in  a  two-level  manifold 
of  atomic  energy  levels,  and  thus  do  not  consider  the  dynamical  effects  of  the  pumping  process.  Yet,  all 
reported  experimental  work[5-10]  has  utilized  optical  pumping  on  a  minimum  manifold  of  three  atomic  or 
molecular  energy  levels  by  laser  pulse  injection  into  the  nonlinear  medium,  which  subsequently  superfluo- 
resces. 


It  was  pointed  out  by  Bowden  and  Sung[4]  that  for  a  system  otherwise  satisfying  the  conditions  for 
superfluorescent  emission,  unless  the  characteristic  superradiance  time[l],  t 


pump  pulse  temporal  duration,  T 


P’ 


jj,  is  much  greater  than  the 
Tn  >  >  t  ,  the  process  of  coherent  optical  pumping  on  a  three-level 

K  p 

system  can  have  dramatic  effects  on  the  SF.  This  is  a  condition  which  has  not  been  realized  over  the  full 
range  of  reported  data.  Also,  Bowden  and  Sung's  analysis  was  restricted  to  the  uniform  plane  wave  regime; 
it  cannot  account  for  the  inevitable  spatial  and  temporal  beam  energy  redistribution  (as  in  physical 
system).  Transverse  fluency  is  associated  with  radial  density  variations  and  diffraction  coupling,  it  leads 
to  communication  among  the  various  parts  of  the  beam. 


In  this  paper,  we  present  calculational  results  and  analysis  for  the  effects  of  coherent  pump  .dynamics, 
propagation,  transverse  and  diffraction  effects  on  SF  emission  from  an  optically-pumped  three-level  system. 
The  full,  nonlinear,  co-propagational  aspects  of  the  injected  pump  pulse,  together  with  the  SF  which  evolves 
are  explicitly  treated  in  the  calculation.  Not  only  do  our  results  relate  strongly  to  previous  calculations 
and  experimental  results  in  SF,  but  we  introduce  and  demonstrate  a  new  concept  in  nonlinear  light-matter 
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interactions,  which  we  call  light  control  by  light.  We  show  how  characteristics  of  the  SF  can  be  controlled 
by  specifying  certain  characteristics  of  the  injection  pulse. 


Equations  of  motion 

The  model  upon  which  the  calculation  is  based  is  comprised  of  a  collection  of  identical  three-level 
atoms,  each  having  the  energy  level  scheme  shown  in  Figure  1.  The  1  «-»  3  transition  is  induced  by  a  coher¬ 
ent  electromagnetic  field  injection  pulse  of  frequency  tuQ  nearly  tuned  to  the  indicated  transition.  The 

properties  of  this  pumping  pulse  are  specified  initially  in  terms  of  the  initial  and  boundary  conditions. 
The  transition  3  *-*  2  evolves  by  spontaneous  emission  at  frequency  <uq.  It  is  assumed  that  the  energy  level 

spacing  is  such  that  >  e ^  »  £j  so  that  the  fields  at  frequencies  tuQ  and  ui  can  be  treated  by  separate 

wave  equations.  The  energy  levels  2  <-*  1  are  not  coupled  radiatively  due  to  parity  considerations,  and 
spontaneous  relaxation  from  3  *-»  2  is  simulated  by  the  choice  of  a  small,  but  nonzero  initial  transverse 

polarization  characterized  by  the  parameter  -  10  .  Our  results  do  not  depend  upon  nominal  deviations  of 

this  parameter.  The  initial  condition  is  chosen  consistent  with  the  particular  choice  of  dQ,  with  nearly 

all  the  population  in  the  ground  state,  and  the  initial  values  of  the  other  atomic  variables 
chosen  consistently [4, 1 1 ] . 


We  use  the  electric  dipole  and  rotating  wave  approximations  and  couple  the  atomic  dipole  moments  to 
clasical  field  amplitudes  which  are  determined  from  Maxwell's  equations.  The  Hamiltonian  which  describes 
the  field-matter  interaction  for  this  system[4]  comprising  N  atoms,  is, 


3  N  .x  N  -i(uit  -  k*r.) 

H  2  2  e  R^}  -  f-  2  e  _J 

r=l  j=l  rj  rr  i  j  =  l 


0 


(j)*  R(j) 

R23 


i(u»t 


2  *  f“RJ  "31 

J  =  1 


««> 


-i(io  t  -  k  -r.) 


-o-y .  *u>  Ro) 

“R  13 


i(u)  t  -  k  *r , ) 
e  0  “J  ]  , 


(1) 


The  first  term  on  the  right-hand  side  of  Eq.  (1)  is  the  free  atomic  system  Hamiltonian,  with  atomic 
level  spacings  ,  r  =  1,2,3;  j=l,2 . N.  The  second  term  on  the  right-hand  side  describes  the  interac¬ 
tion  of  the  atomic  system  with  the  fluorescence  field  associated  with  the  3  *-*  2  transition,  whereas  the 
last  term  on  the  right  in  (1)  described  the  interaction  between  the  atomic  system  and  the  coherent  pumping 

field. 


The  fluorescence  field  and  the  pumping  field  have  amplitudes  and  luj^ , 

of  Rabi  frequency,  at  the  position  of  the  j1*1  atom,  r  ^ .  The  respective  wave  vectors  of  the  two  fields  are  k 
and  kQ  and  the  carrier  frequencies  are  u»  and  WQ. 


respectively,  in  terms 


It  is  assumed  that  the  electromagnetic  field  amplitudes 


vary  insignificantly  over  the  atomic  dimensions  and  that  all  of  the  atoms  remain  fixed  during  the  time  frame 
of  the  dynamical  evolution  of  the  system. 

The  atomic  variables  in  (1)  are  the  canonical  operators  [4]  r£^  which  obey  the  Lie  algebra  defined  by 
the  commutation  rules  [12-14]  ** 


[R(m), 

ij 


R^]  =  rW  a,. 6 

fk  lk  Ij  an 


R^)  6.. 6 

2j  ik  mn 


(2) 


i,j,  =  1,2,3;  m,n  =  1,2,...,N.  The  Rabi  rates,  (1 
amplitudes  E(j)  and  E(j), 

M31)  by 


(j) 


and 


,(j) 


E(j)  uO) 

t  ^32 


uij^  are  given  in  terms  of  the  electric  field 
respectively,  and  the  matrix  elements  of  the  transition  dipole  moments,  and 


(3a) 


r(j )  „(j) 

■4J,  =  V111 


(3b) 


where  we  have  considered  only  one  linear  polarization  for  the  two  fields  and  propagation  in  the  positive  z 
direction. 


It  is  convenient  to  canonically  transform  (1)  to  remove  the  rapid  time  variations  at  the  carrier  fre¬ 
quencies  ut  and  uo  and  the  rapid  spacial  variations  in  the  wave  vectors  k  and  kQ.  We  assume  that  the  field 

envelopes  0^^  and  vary  much  more  slowly  than  the  periods  ut  '  and  uiq  \  respectively.  In  the  trans- 
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formed  representation,  we  are  thus  dealing  with  slowly  varying  field  amplitudes  and  atomic  operators.  The 
desired  transformation  U  is  unitary  and  is  described  in  ref.  12. 

Rj.  =  U  H  if1 

The  equations  of  motion  for  the  atomic  variables  are  calculated  from  the  transformed  Hamiltonian  ac- 
cording  to 

*  =  IV  R^l  (5) 

This  set  of  equations  constitutes  the  equation  of  motion  for  the  density  operator  <|j  for  the  system  in  the 
slow-varying  operator  representation.  By  imposing  the  canonical  unitary  transformation,  we,  in  fact,  trans¬ 
formed  to  a  slow-varying  operator  representation  which  is  consistent  with  the  slowly- varying  enveloped 
approximation  to  be  imposed  later  on  in  the  Maxwell's  equations  coupled  to  the  hierarchy  of  nonlinear, 
first-order  equations,  (5). 

The  following  hierarchy  of  coupled  nonlinear  equations  of  motion  is  obtained  for  the  atomic  variables: 
R^3  =  \  [fi(j)  R^3  +  0*(j)  R^3]  +  \  [u^j)  R^3  ♦  i4(j)  R^3]  -  Yn[R^3  *  Rjj3]  ,  (6a) 

Rjj3  =  *  \  R32}  +  R23)}  '  *11  lR223  *  R22)}  *  (6b) 

*11  “  2  *31  *  ^  R13  J  *11  lRll  *11  J  *  (6c) 

r(J3  =  ^(j)  R(j)  *  1  n*(j)  (RU)  .  R(j)j  +  1  ^(j)  R(j)  .  Yi  R0)  t  (6d) 

R(i3  =  i6(i)  .  1  [n*(j)  Rj3  +  Uijj)  R32]  -  Yl  R^3  ,  (6e) 

R(j)  =  iA(j)  R(j)  +  1  fi(j)  Rj2  .  1  ujCJ)  (RU)  .  R(j)j  .  yi  R(J)  .  (6f) 

In  Eqs.  (6),  we  have  added  phenomenological  relaxation  y.^  and  dephasing  y.  and  taken  these  to  be  uniform, 

i.e.,  the  same  parameters  for  each  transition.  For  the  diagonal  terms,  r£73,  the  equilibrium  values  are 

(e)  kK 

designated  as  RRR  i  the  same  for  all  atoms. 

Since  the  equations  (6)  are  linear  in  the  atomic  variables  R^j3 ,  they  are  isomorphic  to  the  set  of 

equations  of  motion  for  the  matrix  elements  of  the  density  operator  <|».  We  shall  treat  the  Eqs.  (6)  from 
this  point  as  c-number  equations.  Further,  we  assume  that  all  the  atoms  have  identical  energy  level  struc¬ 
ture  and  also,  we  drop  the  atomic  labels  j,  so  it  is  taken  implicitly  that  the  atomic  and  field  variables 
depend  upon  the  special  coordinates  as  well  as  the  time. 

It  is  convenient  to  introduce  a  new  set  of  variables  in  terms  of  the  old  ones.  We  let 

Wkg  =  Rkk  ’  Rgg  *  k  >  1  »  (7a3 

Rki  *  J  <°M  +  1  V  *  k>*  ■  ‘  <7b3 

where  U^,  V^,  and  W^  are  real  variables,  and  Uk£  =  U£k,  Vfe£  =  V£fc, 

0  =  X  iY  ,  (7c) 

\  =  Xo  +  iYo  -  W 

where  X,  Y,  X_  and  Y  are  real  variables, 
o  o 

The  resulting  equations  of  motion  for  the  real  variables  {W^,  Ukje>  Vk£J  are 


*31  S  \  <X  “32^32}  *  *XoU3l  *  YoV  *  ’ 


V  =  V  -  yv„}  +  i  {xou31  -  yov31)  -  y„[W„-W^M  , 


'll1  32  32 


6V32  *  XW32  +  2  ^XoU21  '  YoV213  “  *1  U32  ’ 
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*32  -  6U32  *  ™32  ‘I  <XoV21  +  W  *  Y1  V: 


32 


=  av3l  + 

1 

2 

[xu2i 

+YV2ll 

*  XoW31 

'  V1  U31  ’ 

(8e) 

=  -*U31  + 

1 

2 

f^i 

*  TO2iJ 

+  XoW31 

*  *1V31  ' 

(8f) 

u2i  =  fiv21  -  |  [xu31  -  yv31)  -  I  [xou32  -  vov32]  -  Ylu2I  , 

*21  =  *6U21  '  l  ^31  +  ^31’  *  \  <XoV32  +  YoU32>  '  *1  V21 
la  obtaining  Eqs.  (8),  we  have  made  use  of  the  invarient,  tr  <j>  =  I, 


I  =  R^  +  R^  ♦  R^  (9) 

It  is  noted  that  I  -  0  is  satisfied  identically  in  (6a)-(6c)  for  Yjj  •*  0.  For  Yll  f  0,  the  condition  (9) 
together  with  (6a)-(6c)  constitutes  the  statement  of  conservation  of  atomic  density,  i.e.,  particle  number. 

The  Eqs.  (8)  are  coupled  to  Maxwell's  equations  through  the  polarizations  associated  with  each  transi¬ 
tion  field.  It  is  easily  determined  that  the  Maxwell's  equations  in  dimensionless  form  in  the  slowly- 
varying  envelope  approximation  and  in  the  retarded  time  frame  can  be  written  in  the  following  form 

V  *  p  <  J +  hr  *  5  = d  <  >  >  -  (10a) 

v  p  ^  1 5 +  hr  t  x  ^  -  o  i  >  i  •  (lob> 

S  J4 

In  the  above  equations,  we  have  assumed  cylindrical  symmetry,  thus  the  transverse  Laplacian  which  accounts 
for  diffraction  coupling  is: 

V2  =  i  §-  (p  §-  )  (11) 

p  p  ap  ap 


The  first  term  on  the  left-hand  side  in  (10a ,b)  accounts  for  transverse  communication  effects  across 
the  beam  with  normalized  radial  coordinate  p  =  r/r  where  r  is  the  radial  distance  and  r  is  a  character- 

P  P 

istic  spatial  width.  In  (10),  r)  -  z  a  where  a  „  is  the  on-axis  effective  gain, 


Ps  e£f  e£f 

"  "s  "s 


o  m31 


where  {  TP  !  are  characteristic  times  for  the  system,  N  is  the  atomic  number  density  (assumed  longitudinally 
s 

homogeneous)  and  n  is  the  index  of  refraction  (assumed  identical  for  each  transition  wavelength).  The 
quantity 

d  =  ^  (13) 

o 

governs  the  relative  radial  population  density  distribution  for  active  atoms  and  is  taken  as  either  Gaussian 

with  full  width  r  or  uniform,  in  which  case  r  corresponds  to  p  =1.  The  Gaussian  distribution  would  be 
p  ’  p  r  rmax 

associated  with  an  atomic  or  molecular  beam  with  propagation  along  the  beam  axis.  For  the  cases  treated 
here,  it  was  found  that  there  is  no  significant  difference  in  the  results  for  a  uniform  density  distribution 
with  iajection  pulse  of  initial  radial  width  at  half  maximum,  rQ,  and  a  Gaussian  radial  density  variation 

with  rQ  *  Tp.  For  the  latter  case,  the  effective  gain  is  appropriately  adjusted  such  that  both  the 

radially  integrated  gain  and  the  total  effective  gain,  g^^L,  remain  invariant  between  the  two  cases,  where 

L  is  the  length  of  the  medium  in  the  direction  of  propagation.  In  obtaining  (10-13),  we  have  extended 
Mattar  et.  al  (14)  Theoretical  analysis  for  two-level  SF.  Equations  (10)  are  written  in  the  retarded  time. 
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I,  frame  where  X  =  t-nz/c.  From  this  point  on,  •  in  Eqs.  (8)  is  taken  to  be  •  =  3/3x.  Finally,  the  first 
factors  on  the  first  terms  in  (10)  are  the  reciprocals  of  the  "gain  length”  Fresnel  numbers  defined  by 


where 


(14) 


(15) 


It  is  seen  from  (10)  that  for  sufficiently  large  Fresnel  number,  F,  the  corrections  due  to  transverse  ef¬ 
fects  become  negligible.  Note  that  F  corresponds  to  a  gain  to  less  ratio.  The  "gain  length"  Fresnel  nura- 

2 

bers  F  are  related  to  the  usual  Fresnel  numbers  7=  rttp/Al,  where  L  is  the  length  of  the  medium  by 

F/7  =  geff  L  •  (16) 


i.e.,  the  total  gains  of  the  medium.  In  the  computation,  diffraction  is  also  explicity  taken  into  account 
by  the  boundary  condition  that  p  =  p  corresponds  to  completely  absorbing  walls. 

!D3X 

The  initial  conditions  are  chosen  to  establish  a  small,  but  nonzero  transverse  polarization  for  the 
3  «-*  2  transition  with  almost  the  entire  population  in  the  ground  state.  This  requires  the  specification  of 

-4  -4 

two  small  parameters,  £  ~  10  ,  for  the  ground  state  initial  population  deficit,  and  6  ~  10  for  the  tip¬ 

ping  single  for  the  initial  transverse  polarization  for  the  3  *-*  2  transition.  The  deriva'  ion  for  the 
initial  values  for  the  various  matrix  elements  is  presented  elsewhere  [12],  and  the  results  are  as  follows: 


31 

=  2  e  -  1 

(17a) 

32 

=  e 

(17b) 

32 

=  0 

(17c) 

32 

=  e6 

(17d) 

31 

-  m  sin  ft 

P 

(17e) 

31 

=  m  cos  $ 

P 

(17f) 

21 

=  -  2  V31 

(17g) 

21 

=  2  U3i  , 

(17h) 

where  m  =  cos 


-1 


(2e-l)  and  the  phase  $  is  arbitrary,  and  we  have  chosen  the  phase  <>  to  be  zero. 

P  s 


Numerical  Results 


Calculational  methods  applied  to  this  model  and  discussed  elswehere[ 13, 15]  were  used  to  compute  the 
effects  on  SF  pulse  evolution  for  various  conditions  for  the  injection  signal,  thus  demonstrating  control  of 
the  SF  signal  by  control  of  the  input  signal.  Some  examples  follow. 


In  Figure  2  is  shown  the  transverse  integrated  SF  pulse  intensity  vs.  retarded  time  x  (curve  2)  to¬ 
gether  with  the  transverse  integrated  pump  pulse  intensity  vs.  X  (curve  1)  for  a  gain  and  propagation  depth 
chosen  so  that  the  pulses  temporally  overlap.  Under  these  conditions  the  two  pulses  strongly  interact  with 
each  other  via  the  nonlinear  medium,  and  the  two-photon  process  (resonant  coherent  Raman  -  RCR)  which  trans¬ 
fers  population  directly  between  levels  2  and  1,  makes  strong  contributions  to  the  mutual  pulse  develop¬ 
ment^].  The  importance  of  the  RCR  in  SF  dynamical  evolution  in  an  optically-pumped  three-level  system  was 
pointed  out  for  the  first  time  in  reference  4.  Indeed,  in  the  extreme  case,  the  SF  pulse  evolution  demon¬ 
strated  here  has  greater  nonlinearity  than  SF  in  a  two-level  system  which  has  been  prepared  initially  by  an 
impulse  excitation.  What  is  remarkable  is  that  this  is  an  example  where  the  SF  pulse  temporal  width  xg  is 

much  less  than  the  pump  width  x  ,  i.e.,  the  SF  process  gets  started  late  terminates  early  with  respect  to 
the  pump  time  duration.  Pulses  of  this  type  have  been  observed[I6]  in  CC^-pumped  CH^F. 


Figure  3  is  a  comparison  of  the  radially  integrated  SF  pulses  at  equal  propagation  depth  for  three 
different  values  for  the  input  pulse  radial  shape  parameter  v,  where  the  initial  condition  for  the  pump 

transition  field  amplitude  XQ(p)  is  XQ(p)  =  Xq(0)  exp  [-(r/r  )v].  Since  all  other  parameters  are  identical 
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for  the  three  curves,  this  shows  that  the  peak  intensity  increases  with  increasing  v  whereas  the  temporal 
width  and  delay  time  decreases.  Also,  it  is  clear  that  the  SF  pulse  shape  varies  with  v.  In  connection 
with  each  of  the  SF  curves  shown,  there  is  less  than  ten  percent  overlap  with  the  injected  pulse.  These 
results  thus  demonstrate  the  control  of  the  SF  shape,  delay  time,  peak  intensity  and  t  :mporal  width  by 
control  of  the  injection  pulse  radial  shape.  In  Figure  4,  we  contrast  for  different  v  (as  in  Fig.  3)  iso¬ 
metric  of  the  pump  and  superf luoresance  outputs  to  display  the  importance  of  spatial  profile  (v=l,2,3: 
exponential,  Gaussian  and  hyper-Gaussian) . 

The  effect  on  the  SF  pulse  of  variation  of  the  input  pulse  temporal  shape  parameter  O,  is  shown  in 
Figure  5  which  compares  SF  pulses  at  the  same  penetration  depth  as  given  in  Figure  3,  for  two  different 

values  of  o.  Here  Xo(p)  =  XQ(0)  exp  [-(  — )°J.  It  is  seen  that  the  variation  from  a  Gaussian,  a  =  2,  to  a 

super-Gaussian,  a  -  4,  temporal  input  pump  pulse  shape  causes  almost  a  factor  of  two  increase  in  the  peak  SF 
intensity  with  a  significant  reduction  in  temporal  width  and  no  discernible  shift  in  the  time  delay.  This 
situation  is  in  marked  contrast  with  that  shown  in  Figure  3  for  the  effect  of  pump  radial  shape  variation. 
As  in  the  previous  case,  there  is  less  than  ten  percent  overlap  between  the  SF  pulses  and  the  pump  pulse. 

Figure  6  shows  the  SF  pulses  at  equal  penetration  for  various  values  for  the  initial  temporal  width  T 

of  the  injected  Gaussian  n-pulses .  All  other  parameters  for  the  pulse  propagation  are  equal.  Again,  there 
is  less  than  ten  percent  overlap  between  the  SF  pulses  shown  and  the  pump  pulse.  Thus,  reducing  the  initial 
temporal  width  of  the  injection  pulse  causes  a  shift  of  the  SF  delay  time  and  temporal  width  to  higher 
values,  and  a  decrease  in  the  SF  peak  intensity. 

Figures  7  and  8  illustrates  the  Fresnel  dependence  of  the  SF  buildings.  Figure  7  represents  the  radi¬ 
ally  integrated  output  SF  energy  while  Figure  8  displays  isometrically ,  versus  x  and  p,  the  SF  energy.  As 
the  initial  spatial  width  of  the  injected  Gaussian  pump  increases  r^,  the  associated  Fresnel  number  de¬ 
creases,  the  delay  strengthens,  the  SF  peak  intensity  reduces  and  the  SF  pulse  gets  more  symmetrical. 

The  effect  on  the  SF  pulse  of  the  on-axis  area  of  the  Gaussian  pump  pulse  is  shown  in  Figure  9  for  the 
same  penetration  depth  as  for  Figure  3.  It  is  seen  here  that  the  effect  of  increasing  the  initial  on-axis 
area  of  the  pump  pulse  is  to  decrease  the  SF  pulse  temporal  width  and  delay  time  and  to  increase  the  inten¬ 
sity.  As  before,  the  overlap  in  this  case  between  the  SF  and  pump  pulses  is  less  than  ten  percent. 

Figure  10  illustrates  the  dependence  of  SF  output  on  the  shape  (form)  of  tie  input  pump  pulse  whether 
it  is  full  Gaussian  pump,  half-front  Gaussian  or  ref lected-half  Gaussian.  The  shorter  delay  and  the 
stronger  SF  output  are  associated  with  the  full  Gaussian  followed  by  the  reflected-half  Gaussian  pump  and 
the  (rising)  front  half  Gaussian  pump  respectively. 

In  Fig.  11,  the  effect  of  varying  N,  the  atomic  density,  on  the  SF  build-up  is  shown.  Note  that  N 
enters  in  the  definition  of  then  in  F  The  more  dense  N  becomes,  (the  larger  is  the  effective  gain), 

eps  Ps 

the  more  intense  is  the  SF  build-up  and  the  shower  becomes  the  relative  delay.  Thus,  the  overlap  between 
the  SF  and  the  pump  pulses  increases  with  N.  furthermore,  the  nonlinear  contribution  of  the  two-photon 
effects  increases  significantly. 


Conclusion 

We  have  shown  here  eight  ways  of  shaping  the  SF  pulse  by  controlling  corresponding  properties  of  the 
injection  pulse  in  coherent  optical  pumping  on  a  three-level  system,  where  propagation,  transverse  effects 
and  diffraction  are  precisely  taken  into  account.  We  have  demonstrated  also,  in  Figure  1,  the  highly  non¬ 
linear  effect  of  generation  of  an  SF  pulse  of  much  narrower  temporal  width  and  larger  peak  Rabi  rate  than 
the  pump  pulse  under  conditions  where  the  two  pulses  completely  temporally  overlap  after  suitable  propaga¬ 
tion  and  pulse  reshaping.  An  additional  significant  nonlinear  to  the  SF  emission  in  this  case  is  due  to  the 
competing  two-photon  process  with  the  direct  process [4],  We  have  thus  demonstrated  by  numerical  simulation, 
the  nonlinear  control  of  light  at  one  frequency  with  light  of  another  frequency. 

By  changing  the  material  characteristics  such  is  the  dipole  moment  of  species  oil,  the  associated  transi¬ 
tion  frequency,  one  finds  that  the  SF  pump  dynamics  are  modified  [12].  The  effect  of  increasing  them  is 
similar  to  the  effects  associated  with  augmenting  N. 
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FIGURE  CAPTIONS 


Figure  1. 
Figure  2. 


Figure  3. 


Figure  4. 
Figure  5. 


Figure  6. 


Figure  7. 


Model  three-level  atomic  system  and  electromagnetic  field  tunings  under  consideration.  For 
the  results  reported  here,  the  injected  pulse  is  tuned  to  the  1  3  transition. 

Radially  integrated  intensity  profiles  for  the  SF  and  injected  pulse  at  Z  =  5.3  cm  penetra¬ 
tion  depth.  The  injected  pulse  is  initially  Gaussian  in  r  and  T  with  widths  r  =  0.24  cm  and 

t  =  4  nsec,  respectively,  and  initial  on-axis  area  0  =  n.  Further,  (£,-£.)/(£,-£,)  =  126.6; 

P  _1  .1  J  i  J  Z 

g  =  17  cm  ;  g  =  641.7  cm  ;  F  =  8400;  F  =  2505;  T.  =  80  nsec;  T,  =  70  nsec,  where  T  and 

p  s  p  S  1  Z  1 

T2  are  taken  to  be  the  same  for  each  transition. 

Radially  integrated  intensity  profiles  of  SF  pulses  at  a  propagation  depth  Z  =  5.3  cm  for 
three  different  values  for  the  input  radial  shape  parameter  v.  The  injected  pulse  is  ini¬ 
tially  Gaussian  in  t,  and  has  radial  and  temporal  widths  as  for  Figure  2  with  initial  on-axis 

area  0  =  2n.  In  this  case,  g  =  14.2  cm  1 ;  g  =  758.3  cm  F  =  2960;  F  =  7017,  with  all 
.  r  S  ®  P 

other  parameters  the  same  as  for  Figure  2.  Here,  curve  1,  v  =  2;  curve  2,  v  =  3;  curve  3, 
v  =  4,  (see  text). 

Isometric  SF  intensity  (t  versus  p)  at  a  propagation  depth  Z  =  5.3  cm  for  three  different 
values  for  use  input  radial  shape  parameter  \/.  This  figure  complements  Figure  3. 

Radially  integrated  intensity  profiles  of  SF  pulses  at  a  propagation  dept  Z  =  5.3  cm  for  two 

different  values  for  the  input  pulse  temporal  shape  parameter  a.  The  injected  pulse  is 

initially  Gaussian  in  r,  and  has  radial  and  temporal  widths  as  for  Figure  2  with  initial 

on-axis  area  0  =  3JT.  In  this  case,  gs  =  641.7  cm  Fs  =  2505  and  all  other  parameters  are 

the  same  as  for  Figure  3.  Here  curve  1,  0=2;  curve  2,  o  =  4  (see  text). 

Radially  integrated  intensity  profiles  of  SF  pulses  for  five  different  values  for  the  tempo¬ 
ral  width,  tp  of  the  injected  signal:  curve  1,  =  4  nsec;  curve  2,  =  3.3  nsec;  curve  3, 

T  =  2.9  nsec;  curve  4,  x  =  2.5  nsec;  curve  5,  T  =  2.2  nsec, 
p  p  P 

Radially  integrated  intensity  profile  of  SF  pulses  at  a  propagation  depth  Z  =  5.3  cm  for  five 
different  values  of  the  spatial  width  r^  of  the  injected  pump  (thus  of  the  associated  Fresnel 

number):  curve  1,  7  =  0.69;  curve  2,  7=  0.40jcurve  3,  7  =  0.24;  curve  4,  7  =  0.17  and 

curve  5,  'J-  0. 10. 


Figure  8.  Contrast  of  SF  (top  line)  and  Pump  (botton  line)  Energy  isometric  versus  T  and  p  at  a  propa¬ 
gation  depth  Z  =  5.3  cm  for  different  values  of  the  Pump  Fresnel  number  (associated  with  the 
initial  spatial  width  of  the  injected  signal):  curve  1,  7  =  4.0;  curve  2,  7  =  2.26; 

curve  3,  7  =*  .0;  curve  4,  7=  0.69;  curve  5,  7=  0.40;  curve  6,  7 =  0.27  and  curve  7, 

7=  0.10. 


Figure  9 . 


Figure  10. 


Radially  integrated  intensity  profiles  of  SF  pulses  for  three  different  values  for  the  ini¬ 
tial  on-axis  injection  pulse  area  0  ;  curve  1,0  =  n;  curve  2,  0  =  2n;  curve  3,  0  =  3n 

P  P  P  P_! 

All  other  parameters  are  the  same  as  for  Figure  2,  except  for  g  =  291.7  cm  1  and 

F  =  1138.7.  s 

s 

Radially  integrated  intensity  profile  of  SF  pulses  for  three  different  form  of  the  injected 
pump:  curve  1,  front  half  Gaussian  form;  curve  2,  full  Gaussian  and  curve  3,  reflected  half 
Gaussian. 


Figure  11.  Radially  integrated  intensity  profile  of  SF  pulses  for  three  different  atomic  density  N. 
From  curve  a  to  curve  d,  the  density  ratios  are:  b/a  -  1.4,  c/a  -  1.8.  d/a  -  2.2. 
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ABSTRACT 

This  document  presents  the  system  developed  to  support  the  numerical  laser 
modeling  project  at  the  Universite  de  Montreal  in  conjunction  with  the  Polytechnic 
Institute  of  New  York.  This  tool  represents  a  mechanism  for  practical  parametric 
simulation  studies  of  real-life  experiments  in  quantum  Electronics.  The  goal  of 
this  system  is  to  offer  a  reliable,  adaptable  and  easy  tool  to  the  production  and 
study  of  laser  simulations,  a  study  mainly  done  through  drawings  and  comparisons 
of  functions.  Organized  around  SIMRES  and  DATSIM  type  files,  this  system  en¬ 
compasses  software  packages  which  control  file  access,  application  programs  and 
the  very  laser  programs.  The  SIMRES  files  3re  self-descriptive  and  can  store 
in  the  same  direct  access  file  all  the  information  relative  to  a  simulation. 

The  SIMRES  package  is  used  to  generate  a  SIMRES  file  while  the  XTRACT  package 
permits  the  reading  of  the  information  stored  on  a  SIMRES  file.  The  DATSIM  files 
regroup  on  one  file,  permanently  located  on  disk,  a  summary  of  the  SIMRES  files 
(because  of  their  size  these  must  be  filed  away  on  a  magnetic  type).  The  DATSIM 
package  permits  the  reading  and  the  writing  procedures  of  the  DATSIM  files.  This 
document  also  presents  three  of  the  principal  application  programs:  the  DEFPARM 
program  which  helps  the  user  to  construct  parameter  games  for  the  simulation  pro¬ 
grams,  the  DESRES  program  which  plots  the  simulation  results,  and  the  SYNTH 
program  which  makes  the  comparisons.  Finally,  the  document  presents  the  different 
laser  programs. 

*  Jointly  supported  by  F.P.Matt3r,  the  U.S.  Army  Research  Office,  the  U.S.  Office 
of  Naval  Research,  the  U.S.  Science  Foundation  Research  Corporation,  Battelle 
Colombus  Lab.  and  the  Canadian  Defense  Research  Establishment  at  Valcartier. 
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The  laser  numerical  modeling  project  began  over  three  years  ago  at  the  University  of 
Montreal.  A  first  production  system,  "which  permitted  generation  of  laser  simulations  and 
graphic  representation  of  the  results  was  then  set  up. 

This  first  system  was  based  on  a  fixed  structure  of  the  result  files,  and  the  programs 
using  this  structure  were  conseouently  not  very  flexible. 

Eventually,  new  needs  appeared  (catalogs  and  comparisons)  and  their  implementation 
made  the  system  more  complex  and  less  efficient  as  these  new  possibilities  could  not  always 
be  adequately  integrated'.  Binaily,  new  models  were  introduced  to  the  system  for  which  the 
fixed  format  was  not  adequate. 

A  second  system,  more  flexible  and  more  ooverful,  was  undertaken  in  May  1981.  The 
object  of  this  document  is  to  present  this  new  system.  It  consists,  on  the  one  hand,  of 
a  nucleus,  made  of  general  packages,  which  nermits  the  creation  and  maninulation  of  result 
files  consisting  of  functions  of  arbitrary  dimensionality;  and  on  the  other,  of  a  set  of 
programs  adapted  to  precise  tasks  (granhic  renrensentation  of  the  results,  comparisons) . 

The  order  of  the  sections  goes  from  the  general  to  the  oarticular. 

Section  two  presents  the  objectives  which  oriented  the  design  and  implementation  of 
the  system. 

Section  three  gives  a  comprehensive  view  of  the  system. 

Section  four  presents  the  different  packages  forming  the  nucleus. 

Section  five  presents  the  programs  which  generate  the  various  products  (drawings, 
catalogs)  of  the  laser  modeling  project. 

The  conclusion  returns  to  the  objectives  presented  in  section  two  and  discusses  to  what 
extent  they  have  been  attained. 


II  -  OBJECTIVES 


The  design  of  the  different  packages  composing  the  production  system  tor  the  laser 
numerical  modeling  project  has  been  elaborated  from  the  following  goals: 

-  modularity 

-  flexibility 

-  reliability 

-  efficiency 

-  transportability 

•  adequate  documentation 

2.1  MODULARITY 

Modularity  implies  that  a  job  is  divided  into  tasks  and  that  execution  of  a  given  task 
is  confined  within  a  set  of  routines. 

By  proceeding,  such  a  task  is  isolated  from  the  rest  of  the  program.  The  use  of 
packages  is  modular  since  they  are  indenendent  from  the  programs  and  can  therefore  be  used 
in  various  ways  in  various  programs. 

2.2  FLEXIBILITY 

Flexibility  is  the  quality  of  a  software  which  not  only  answers  a  precise  need  but 
also  adapts  to  a  range  at*  similar  problems. 

Software  products  must  therefore  be  given  a  maximum  of  generality  and  flexibility  in 
view  of  current  and  future  needs.  Ideally,  a  software  should  handle  the  general  case. 

But  in  reality,  it  is  often  neither  possible  nor  desirable;  and  restrictions  are 
necessary. 

In  such  cases,  flexibility  is  then  measured  by  the  facility  with  which  the  software 
can  be  modified  in  order  to  bypass  its  limitations  or  restrict  their  impact. 

2.3  RELIABILITY 

Reliability  combines  two  major  aspects. 

The  first  aspect  is  that  a  software  must  give  the  control  back  to  the  operating  system 
only  if  it  wishes  to  do  so.  This  means  that  a  software  must  prevent  conditions  (such  as 
memory  overflow)  where  the  operating  system  would  otherwise  force  it  to  stop. 

The  second  aspect  is  that  when  a  routine  or  a  program  does  return  results,  these  must 
be  correct;  otherwise  no  results  are  produced  and  ah  error  message  is  returned. 

2.4  EFFICIENCY 


When  designing  a  software,  the  limited  and  often  costly  resources  given  by  an  operating 
system,  often  shared  by  many  users,  must  be  taken  into  account. 

Techniques  which  minimize  factors  such  as  computation  time,  memory  requirements  and 
disk  access  are  thus  essential.  Moreover,  reduced  use  of  the  resources  may  have  a  positive 
impact  on  the  turnaround  time,  and  then  again,  the:  optimisations  will  directly  benefit 
the  user. 

2.S  TRANSPORTABILITY 


It  is  often  difficult  to  produce  perfectly  transportable  software  products.  Neverthe¬ 
less,  techniques  can  be  used  to  increase  software  transportability.  Thus,  machine  dependent 
and  installation  dependent  features  must  be  banned.  In  some  cases,  it  is  impossible  to  do 
so  (such  as  in  I/O  routines)  and  critical  actions  must  be  isolated  in  routines  which  can 
easily  be  modified  to  adapt  to  other  environments. 

2.8  ADEQUATE  DOCUMENTATION 

Three  types  of  documentation  are  necessary  to  describe  a  given  system  adequately: 

Comments  within  the  source  code  are  necessary  to  maintain  and  modify  the  software. 

A  separate  technical  manual  complements  the  internal  documentation  with  a  higher  level 
description  giving  the  overall  design  philosophy  and  indicating  the  global  structure  and 
interdependencies  between  the  various  procedures  or  programs. 

Finally,  a  user’s  guide  is  needed  to  indicate  clearly  how  the  software  is  to  be  used. 


Ill  -  A  COMPREHENSIVE  VIEW  OF  THE  SYSTEM 


The  system  suooorting  the  laser  modeling  project  has  been  developped  on  a  pair  of  COC 
CY3ER  173  computers  at  the  Centre  de  Calcul  of  the  (Jniversitd  de  Montrial.  It  consists  of 
programs  and  packages  written  in  FORTRAN  IV.  The  three  major  tasks  accomplished  by  the 
system  are: 

-  generation  of  simulation  results, 

-  drawings  of  the  results  of  an  individual  simulation, 

-  comparisons  of  results  between  simulations. 

3.1  GENERATION  OF  RESULTS 

The  study  of  lasers  is  done  with  programs  simulating  the  special  and  temporal  evolution 
of  a  laser  impulse,  in  conformity  with  a  given  numerical  model.  Initially,  there  was  only 
one  program  which  was  using  a  single  laser  cylindrical  model.  Eventually,  with  developments 
in  the  physics  theory,  the  initial  model  was  improved  (it  now  takes  into  account  Ooopler 
effects,  oscillatory  phenomena,  . ..)  and  new  models  were  developped  (2-laser  model,  Cartesian 
model).  There  are  now  many  laser  simulation  programs,  each  being  the  starting  point  of  a 
data-base  of  results  associated  with  the  model. 

Each  simulation  is  controlled  by  a  set  of  oarameters  defining  the  material  and  the  field 
through  which  the  laser  impulse  propagates.  These  parameters  are  given  to  the  laser  programs 
as  FORTRAN  NAMELISTs.  For  each  model,  simulations  are  identified  through  a  unique  number. 

This  number  is* included  in  the  NAMELISTs  as  a  special  parameter.  The  results  of  a  simulation 
are  written  on  SIMRSS  type  files  (SI.Mulation  RESults) .  Each  file  is  identified  through  a  root 
to  which  a  suffix  is  added;  the  root  corresponds  to  the  identifier  of  the  program  which  pro¬ 
duced  the  simulation,  and  the  suffix  is  the  simulation  number. 

SIMRES  files  contain  general  information  (name  of  the  originating  program,  version  number 
of  the  program,  creation  date  of  the  file,  . ..),  the  list  of  the  simulation  parameters,  and 
the  results  of  the  simulation.  The  way  results  of  a  simulation  are  handled  can  be  summarited 
in  the  following  manner: 

-  The  programs  evaluate  functions  of  varying  dimensionality  and  the  parameters  of  the 
simulation  determine  at  what  points  these  functions  must  be  evaluated. 

-  Values  of  the  functions  are  kept  in  SIMRES  files  for  a  given  sample  of  evaluation  points. 

As  can  be  seen,  all  the  information  relative  to  a  simulation  is  kept  on  a  single  entity, 
i.e.  the  SIMRES  file.  In  this  basic  scheme  (NAMELISTs,  simulation  programs,  SIMRES  files), 
DATSIM  type  files  and  the  program  DEFPARM  were  added.  The  program  DEFPARM  (DEFinition  ?ARa- 
Meters)  is  used  to  assist  the  user  in  writing  NAMELISTs.  It  is  an  interactive  program  which 
allows  the  user  to  describe  a  simulation  of  a  family  of  simulations  by  using  a  compact  syntax, 
and  in  return  produces  the  corresponding  NAMELISTs.  Although  this  program  may  not  be  essential, 
its  advantage  is  to  relieve  the  user  of  the  chore  of  writing  often  repetitive  NAMELISTs. 

It  also  avoids  trivial  errors  such  as  syntax  errors  in  NAMELISTs  and  errors  in  parameter 
names . 

The  emergence  of  DATSIM  files  is  linked  to  a  context  of  intense  production.  Moreover,  to 
be  efficient  at  a  production  level,  it  is  necessary  that  any  information  concerning  any  given 
produced  simulation  be  available.  SIMRES  files  being  top  large  and  too  numerous  to  be  all  kept 
on  disk,  a  mechanism  has  been  laid  to  transfer  data  between  disk  and  tape.  This  archival  sys¬ 
tem  is  essential,  but  it  considerably  slows  the  access  to  information.  To  be  efficient,  we 
must  then  compromise  and  keep  on  disk  some  high  priority  informations  concerning  all  produced 
simulations . 

The  informations  are  gathered  in  a  data  base  consisting  of  DATSIM  type  files  (DATa  SIMul- 
ation).  DATSIM  files  contain,  for  every  simulation  produced  by  the  orogram: 

-  general  informations,  identical  to  those  on  SIMRES  files, 

-  values  of  the  simulation  parameters, 

•  evaluation  points  and  values  of  the  functions  used  in  comparisons. 

The  program  MAJDTS  (Mise-A-.Iour-uodate ,  DaTSira)  reads  useful  informations  on  a  SIMRES  fils 
and  writes  them  on  the  SIMRES  file.  It  is  noteworthy  that  the  information  contained  in  the 
DATSIM  file  is  used  by  the  program  DEFPARM  to  get  the  numbers  to  be  assigned  to  new  simulations. 

The  configuration  of  the  system,  as  regards  to  the  production  of  simulations  is  given  at 
figure  3.1. 

The  suffixes  1CFS,  2CFS,  IPS,  1P1S  refer  to  the  different  laser  models  (these  will  be 
explained  in  Section  5) . 


Consider  model  1CFS  (1-laser  Cylindric  Frequency  Statistics  model) .  The  program  DEFFARM 
takes  the  specifications  from  the  user,  validates  them  and  writes  on  the  file  SX1CFS  (Simul¬ 
ations  to  be  executed)  the  data  needed  to  produce  the  simulations  requested.  Then,  the  program 
LR1CFS  (LaseR)  reads  the  appropriate  date  on  the  file  SX1CF3,  generates  the  simulation  and 
produces  a  SIMRES  file  whose  identifier  is  LR1CFS  (no)  ((no):  simulation  number). 

Finally,  the  file  1R1CFS  (no)  gives  the  program  MAJDTS  the  information  needed  to  register 
the  simulation  an  the  file  DT1C-S  (DaTsia)  which  contains  a  summary  of  the  simulations  carried 
out  with  the  model  1CF3. 

3.1  DRAWINGS  OF  A  SIMULATION 


The  study  of  the  simulation  results  requires  graphic  support  in  order  to  visualize  the 
profiles  of  the  functions  evaluated  by  the  simulation' programs .  The  program  DESRES  (dessin¬ 
drawing,  simres)  has  been  designed  to  offer  such  assistance.  This  program  can  be  used  either 
in  batch  or  interactive  mode. 

Drawings  needed  are  specified  by  using  a  syntax  whose  structure  is  similar  to  that  of  a 
program  and  allows  inner  loops  on  simulations,  functions,  selection  criteria,  etc.  The  user 
can  thus  indicate  in  a  short  way  what  drawings  he  wishes  to  have. 

The  commands  given  by  the  user  are  analysed  by  the  program  DESRES,  which  breaks  them  up 
in  single  units,  using  the  package  XTRACT.  the  SIMRES  files  then  give  all  the  information 
needed  to  identify  and  produce  the  drawings.  There  are  four  types  of  drawings  available: 

-  2-dimensional  representation  of  a  function, 

-  3-dimensional  representation  of  a  function, 

-  2-dimensional  projection  of  a  3-d  representation. 

The  3-D  projections  and  the  level  curves  are  performed  by  the  program  TRA3URF  (CACM 
sept  /7-t) . 

Figure  3.2  presents  the  portion  of  the  system  which  carries  out  the  production  at 
drawings . 

3.3  COMPARISONS  OF  RESULTS  3ET<EE?f  SIMULATIONS 

The  program  SYNTH  (SYNTHesis)  has  been  designed  to  3llow  comparisons  of  results  between 
simulations.  A  comparison  is  done  by  superposing  on  one  drawing  '2-dimens ior.al  representations 
ot  either  functions  coming  from  different  simulations  or  functions  for  which  each  point  comes 
from  a  different  simulation.  The  program  SYNTH  is  a  powerful  tool;  it  can  bo  used  in  both 
interactive  and  batch  mode  and  its  scope  includes  the  three  following  applications: 

-  Comparison  inside  one  simulation. 

-  Comparisons  between  simulations  of  a  same  model,  bringing  out  the  role  of  certain 
parameters  in  2  or  more  laser  models,  and  the  role  each  laser  plays. 

-  Comparisons  between  the  different  models  to  demonstrate  their  impact.  The  user  speci¬ 
fies  the  work  to  be  done  either  by  defining  the  objects  to  be  compared  and  the  comparison 
criteria  or  by  indicating  where  to  search  for  the  objects  to  be  compared  and  how  to  organize 
the  comparison.  In  this  last  case,  part  of  the  search  procedure  needed  for  the  definition 

of  the  comparison  is  done  by  the  SYNTH  program. 

After  validating  and  accepting  the  request,  the  SYNTH  program  produces  the  necessary 
headings  identifying  the  comparison  (by  isolating  the  fixed  parameters  from  the  variable  ones) 
then  effects  the  drawings  corresponding  to  the  comparison. 

The  running  of  a  comparison  requires  all  the  information  needed  at  the  same  time  on  one 
disk.  It  is  at  this  level  that  the  DATSIM  files  are  useful  as  they  give  access  to  the  para¬ 
meter  list  of  all  the  simulations  already  produced  and  to  certain  functions  otter,  used  in  the 
comparisons.  Nevertheless,  the  data  on  the  DATSIM  files  are  not  always  sufficient,  the  user 
therefore  must  revert  to  the  archival  procedures  of  the  needed  SIMRES  files. 

This  structure  is  presented  in  figure  3.3. 


FIGURE  3.1  -  SIMULATIONS  PRODUCTION 


FIGURE  3.3  -  PRODUCTION  OF  COMPARISONS 


IV  -  THE  PACKAGES 


The  packages  are  the  lower  level  of  the  system.  3esi.de  answering  a  particular  applica¬ 
tion,  their  role  is  to  solve  a  problem  in  a  general  way.  Each  package  is  made  ud  of  'several 
procedures  accomplishing  a  precise  task.  The  packages  presented  here  are  the  following: 

-  SIMRES  :  generation  of  the  SIMRES  files; 

-  XTRACT  :  operation  of  the  SIMRES  files; 

-  DATSIM  :  generation  and  operation  of  the  DATSIM  files. 

4.1  THE  SIMRES  PACKAGE 

The  SIMRES  package  aims,  on  the  one  hand,  to  keep  on  one  single  file  all  the  information 
relative  to  a  simulation  and  on  the  other,  to  provide  self-descriptive  files,  or  files  that 
carry  the  necessary  information  to  describe  their  organisation.  3y  proceding  this  way,  the 
integrity  of  the  information  is  insured  (all  data  relating  to  one  simulation  is  concentrated 
in  one  file)  and  the  system  is  given  a  greater  flexibility  when  faced  with  changes  (the  orga¬ 
nisation  of  the  file  varies,  the  key  is  in  its  description). 

4.1.1  DESIGN  OF  THE  RESULTS  FILES 

The  different  simulation  models  describe  the  evolution  of  a  laser  pulse  in  a  space  of  n 
dimensions.  The  value  of  n,  the  number  of  dimensions,  depends  on  the  model.  To  each  dimen¬ 
sion  corresponds  an  axis  identified  by  a  name  and  by  units.  The  simulation  programs  results 
are  functions  defined  on  the  reals: 

8  Rdi  ♦  CR 

where  i  -  1,2,...,M  (M  -  number  of  functions) 

o  <  dt  <  N  (N  =  number  of  dimensions  of  the  simulation  space) . 

For  instance,  in  the  1CFS  model  involving  a  4  dimension  space  defined  by  the  STASTIC, 

ETA,  RHO  and  TAU  axes,  the  0  POWER  function  depends  on  the  STATISTIC,  ETA  and  TAU  axes 
(N  *  4  and  d0  POWER  3  3) • 

The  functions  assessed  by  che  simulation  programs  correspond  to  continuous  phenomena. 

3ut  the  fact  of  using  a  computer  makes  it  important  to  make  them  discrete.  Thus,  the  points 
at  which  a  function  has  to  be  assessed  is  determined  by  associating  them  to  a  sampling  grid. 
When  only  one  sampling  grid  is  used  for  all  the  functions,  it  can  be  said  that  this  grid 
constitutes  the  discrete  space  in  which  the  simulation  evolves. 

It  would  be  very  costly  to  keep,  for  each  value  of  a  function,  the  value  of  its  points 

of  assessments.  It  is  thus  of  prime  importance  to  find  a  more  compact  method  to  describe  the 

sampling  grids. 

The  simplest  sampling  grid  is  the  linear  orthogonal  grid  which  can  be  described  by  giving 
for  each  of  the  axes  that  make  up  that  grid,  a  starting  point,  an  increment  and  the  number  of 
points  on  the  axis.  Figure  4.1  shows  such  a  grid. 

However,  the  linear  orthogonal  grid  offers  little  flexibility.  Thus,  in  order  to  follow 
more  adequately  the  phenomenon  under  study,  there  would  be  a  need  for  a  grid  where  the  dis¬ 
tance  between  the  points,  instead  of  being  uniform,  is  smaller  in  certain  areas  than  in  others 
This  will  define  a  finer  grid  where  the  phenomenon  is  more  interesting.  Such  a  grid  is  said 
to  be  "nonlinear  orthogonal”  and  can  be  described  by  keeping  for  each  of  the  axis  the  value 
of  the  chosen  point:  see  figure  4.2. 

Moreover,  there  may  be  a  need  for  a  grid  even  more  adapted  to  the  phenomenon  under  study, 
for  instance  for  a  grid  without  the  constraints  of  orthogonality.  In  this  case,  the  coordi¬ 
nate  of  the  grid  associated  to  an  axis  depends  on  the  value  on  that  axis  and  possibly  on  the 
values  on  other  axes.  A  grid  in  CRn  C3n  thus  be  described  by  X  sampling  functions  fex,  rex,., 
fen  each  of  these  functions  depending  of  an  axis  or  on  several  axes  for  its  assessment.  What 
is  stored  to  describe  the  grid  is  then  the  values  of  the  functions.  Thus,  in  figure  4.3, 
which  illustrates  a  nonlinear  orthogonal  grid,  the  sampling  grid  fey,  depending  only  on  the  V 
axis,  is  completely  described  by  a  7  points  vector  and  the  function  fex,  depending  on  axes 
x  and  y,  is  described  by  a  matrix  of  7x7  points. 

This  last  method  is  the  most  advantageous  and  thus,  it  i3  the  one  most  used  hers. 

In  fact,  this  method  permits  the  description  of  grids  as  general  as  possible  while  avoiding 
the  redundancy  of  the  information  at  the  level  of  the  values  of  the  points  on  the  axes,  "or 
this  method,  the  use  of  space  is  proportional  to  the  '’complexity”  of  the  sampling  functions. 
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The  definition  of  a  sampling  grid  often  requires  that  the  points  be  sufficiently  close 
together  and  sufficiently  numerous  to  assure  the  stability  of  the  numerical  techniques  used. 
Thus,  it  is  possible  to  store  more  information  than  is  required  to  visualize  the  phenomena, 
even  more,  it  is  possible  that  the  results  files  may  not  be  kept  on  the  same  disk  unit: 
for  instance,  the  complete  Cartesian  laser  model  assures  four  functions  for  more  than  a 
billion  points  (7  points  for  the  STATISTIC  axis  x  300  for  the  ETA  axis  x  95  for  the  X  axis 
x  OS  for  the  Y  axis  x  64  for  the  TAU  axis)  which  is  far  beyond  the  space  capacity  of  a  disk. 

It  is  thus  essential  to  reduce  the  volume  of  data  to  be  put  on  file.  This  is  done  by 
introducing  a  selection  mechanism  which  chooses  those  points  of  a  sampling  function  for 
which  the  data  is  effectively  being  stored.  This  selection  is  done  by  specifying  the  number 
of  the  starting  point  and  an  increment  in  number  of  points.  This  simple  way  of  proceding, 
together  with  an  as  precise  a  grid  as  is  required  gives  enough  flexibility  to  make  a  perti¬ 
nent  choice  of  data  for  storage. 


4.1.2  USAGE  OF  THE  SIMRES  PACKAGE 

The  procedures  of  the  SIMRES  package  create  the  SIMTMP  files  (SIM  for  simulation  and 
TMP  for  temporary)  which  will  later  be  converted  to  SIMRES  files.  These  procedures  are: 


SIMDE3 

:  initialization  of 

the  package; 

SIMAXE 

:  definition  of  the 

axes ; 

SIMECH 

:  definition  of  the 

sampling  functions; 

SIMFCT 

:  definition  of  the 

functions ; 

SIMSEL 

:  definition  of  the 

selectors ; 

SIMVAL 

:  writing  of  the  values; 

SIMAVC 

:  positioning  of  the 

selectors; 

S IMF IK 

4.4  is 

:  end  of  processing. 

a  diagram  showing  the  sequence  of  the  package  procedure  calls  and  the  uses  of 

the  special  parameters,  that  is:  those  which  identify  the  axes,  the  sampling  functions,  the 
results  functions  and  those  which  build  the  dependencies  between  the  sampling  functions  and 
the  axes,  between  the  results  functions  and  the  sampling  functions.  All  this  is  explained 
more  fully  in  the  following  paragraohs . 


The  SIMDE3  procedure  initialises  the  writing  process  of  a  SIMTMP  file  and  records  the 
identification  and  the  main  characteristics  of  the  simulation.  The  parameters  of  the  proce¬ 
dure  are  the  following: 


-  ULSIM  : 

-  ULPRNT: 

-  ICRI  : 

-  IVER  : 

-  NOSIM  : 

-  N3AXE  : 

-  MBECH  : 

-  MBFCT  : 


unit  number  of  E/S  associated  to  the  SIMTMP  file; 
unit  number  of  E/S  associated  to  the  print  file; 
name  of  the  program  creating  the  SIMTMP  file; 
program  version; 
simulation  number; 
axes  number; 

number  of  the  sampling  functions; 
number  of  results  functions. 


Figure  4.5  shows  an  example  of  a  program  when  3  functions  in  a  2  dimension  space  is  assessed 
For  this  example,  the  call  corresponding  to  SIMDE3  would  be  the  following: 

CALL  SIMDEB  (1,6,  ' SIMUL’ ,  *1.0',  1,  2,  2,  3) 

The  SIMAXE  procedure  is  used  to  declare  each  of  the  axes  defining  the  simulation  space. 
The  order  in  which  the  axes  are  declared  determines  the  order  in  which  the  SIMVaL  procedure 
will  receive  the  values  of  the  functions.  The  procedure  receives  in  parameter  the  following 
information: 


I3AX2  :  the  axis  identifier; 


-  NPTAXE:  the  number  of  points  of  the  axis; 

-  UNITAX:  the  MKSA  units  used  for  the  graduation  of  the  axis  (meters,  seconds,  . ..); 

-  EXPUNT:  the  exponent  affecting  the  units,  for  instance:  if  UNITAX  =  'seconds'  and 

EXPUNT  *  -6,  we  have  microseconds; 

-  FACJNT:  the  .multiplying  factor  affecting  the  units. 

The  received  information  is  recorded  in  the  SIMTMP  files.  In  exchange,  the  procedure  ini¬ 
tializes  the  MUMAXE  parameter  (number  of  the  axis)  which  identifies  the  axis  in  the  SIMRES 
and  DEPAXE  (axis  dependency)  package  which  will  mark  the  dependency  of  a  sampling  function 
with  regards  to  an  axis.  It  is  important  to  note  here  that  the  value  given  to  the  DEPAXE 
parameter  is  in  the  power  of  two,  thus  the  dependencies  can  be  combined  by  addition.  For 
example,  the  calls  for  SIMAXE  will  be  the  following: 

SIMAXE  ('x',  7,  'METERS',  -2,  1.0,  NUMAXX,  D3PAXX) 

SIMAXE  ('y',  S,  'METERS' ,  -2,  1.0,  NUMAXY,  DEPAXY) 

The  SIMECH  declares  to  the  SIMPES  package  the  sampling  function.  The  procedure  receives 
in  parameter: 

-  IDFECH  :  the  identifier  of  the  sampling  function; 

-  NUMAXE  :  the  number  of  the  axis  to  which  the  function  applies; 

-  DEPAXS  :  dependency  in  term  of  the  axes  of  the  sampling  function,  DEPAXS  *  -  DEPAXE 

ke(i)  k 

where  k  corresponds  to  the  axes  of  which  depends  the  function  and  (i)  is  the 
body  of  available  dependencies  for  the  axes. 

In  exchange,  the  procedure  initializes  the  NUMFEC  parameter  (number  of  the  sampling  function) 
which  identifies  the  samoling  function  when  recording  its  values  and  the  DEPFEC  parameter 
(dependency  of  the  sampling  function)  which  will  be  used  to  mark  the  dependency  of  a  results 
function  as  to  a  sampling  function.  In  the  example,  the  calls  to  SIMECH  would  be: 

SIMECH  ( ' XFC' ,  NUMAXX,  DEPAXX  *  DEPAXY,  NUMFCX,  DEPFCX) 

SIMECH  ('YrC',  NUMAXY,  DEPAXY,  NUMFCY,  DEPFCY) 

The  SIMFCT  procedure  defines  a  results  function  (as  opposed  to  a  sampling  function) .  The 
procedure  receives  in  parameter  the  identifier  of  the  function  (IDrCT)  and  its  dependency  in 
term  of  sampling  functions  (sum  of  the  value  type  DEPFEC  fedback  by  SIMECH) .  The  NUMFCT  pa¬ 
rameter  returns  the  number  of  the  function:  it  is  the  number  that  must  be  used  in  the  calls 

to  SIMVAL  to  identify  the  values  of  a  function.  Thus,  in  the  example  used  here,  the  three 

functions  would  be  defined  as  follows: 

SIMFCT  CENER’,  DEPFCX  *  DEPFCY,  NUMFEN) 

SIMFCT  ( ' PEAKX’ ,  DEPFCY,  NUMFPX) 

SIMFCT  ('PEAKY',  DEPFCX,  NUMFPY) 

The  procedure  SIMSEL  changes  the  value  of  lack  of  selectors  of  an  axis  for  one  or  several 
functions.  By  their  absence,  all  the  noints  of  an  axis  are  selected.  The  parameters  of  the 
SIMSEL  procedure  are  the  following  (there  is  no  exit  parameters): 

-  TABFCT  :  vector  containing  the  numbers  of  the  functions; 

-  0I?fTAB  :  give  the  number  of  elements  in  TABFCT; 

-  NUMAXE  :  number  of  the  axis  for  which  the  selectors  are  to  be  changed;  ' 

•  DEBSEL  :  number  of  the  first  selected  point; 

-  INCSEL  :  increment  for  the  selected  points. 

It  must  be  noted  that  changing  the  selectors  of  an  axis  affects  only  those  functions  whose 

numbers  have  been  received  by  SIMSEL.  Thus,  in  our  example,  the  fallowing  call: 


SIMSEL  (NUMFEN,  1,  NUMAXY,  I,  2) 


implies  that  the  values  of  function  ENER  will  be  kept  only  for  1  of  2  points  or. the  Y  axis, 
but  this  does  not  touch  the  PSAKX  function  which  also  depends  on  the  Y  axis. 

The  SIMPAR  procedure  allows  the  addition  to  the  SIMTMP  file  of  the  siaulation  parameters 
in  that  way,  the' data  needed  to  identify  the  simulation  always  comes  with  the  results.  The 
procedure  receives  the  following  information: 

NAME  :  parameter  identifier; 

TYPE  :  complete  code  giving  the  type  of  the  parameter  CO  for  complete,  1  for  real,  .. 

VALUE  :  list  of  values  of  the  parameter  (vectorial  parameters  are  allowed) ; 

NBELEM  :  number  of  elements  in  VALUE  array. 

Thus,  in  our  example,  there  will  be  the  two  following  calls: 

SIMPAR  ('PHI' ,  1,  20.0,  1) 

SIMPAR  (’THETA',  1,  4S.0,  1) 

The  SIMVAL  procedure  writes  the  values  of  the  sampling  functions  or  results  functions. 
The  SIMRES  package  awaits  the  values  of  the  functions  in  an  order  which  is  induced  by  the 
axes  declaration,  the  last  declared  axis  varies  first.  As  there  is  no  order  among  the  func¬ 
tions  ,  and  as  each  function  can  evolve  at  its  own  rythm,  it  is  expected  that  the  values  of 
a  same  function  are  dispersed  in  the  SIMTMP  file.  It  is  thus  necessary  that  the  SIMVAL 
procedure  precedes  each  block  of  values  by  a  label  identifying  the  function  and  the  length 
of  the  block.  It  is  also  the  SIMVAL  procedure  which  controls  the  application  of  the  selec¬ 
tors  (thus  it  may  happen  that  SIMVAL  is  called  and  that  nothing  is  written  on  the  SIMTMP 
file).  The  parameters  of  the  procedure  are  the  following  ones: 

-  MOFCT  :  number  of  the  sampling  or  result  function; 

-  TABVAL:  list  of  values; 

-  NBVAL  :  number  of  values  in  TABVAL. 

Figure  4.6  gives  a  valid  scenario  for  one  example  showing  the  use  of  the  SIMVAL  procedure. 

The  SIMAVC  procedure  was  conceived  to  make  pre-positioning  and  in  that  way  contravene 
the  order  imposed  by  the  writing  of  the  values  of  the  functions.  The  procedure  changes  the 
context  of  the  required  functions  by  replacing  the  numbers  of  the  last  points  of  the  axes 
that  have  been  recorded  by  numbers  entered  in  oarameters.  This  ’’skip"  is  noted  in  the  SIMTMP 
file  by  a  special  label.  Thus  this  procedure  avoids  loading  the  SIMTMP  file  with  unusable 
values  where  it  is  impossible  to  correctly  assess  one  or  several  functions.  The  parameters 
of  this  procedure  are  as  follows: 

-  TA3FCT  :  list  of  functions  numbers  for  which  the  context  is  to  be  changed; 

-  NBFCT  :  nuaber  of  functions; 

-  TABIND  :  list  of  the  numbers  of  the  points  on  the  axes  for  each  declared  axis; 

-  NBIND  :  number  of  values  in  TABIND. 

The  SIMFIN  procedure,  which  has  no  parameter,  must  be  called  on  to  terminate  the  genera¬ 
tion  of  the  SIMTMP  file.  This  procedure  adds  an  end  of  file  mark  to  the  SIMTMP  file. 

4.1.3  CONVERSION  OF  SIMTMP  TO  SI?<RES 

The  SIMTMP  file  is  a  sequential  file  in  which  the  position  of  the  values  associated  to 
the  different  functions  depends  on  the  order  in  which  they  are  written.  The  dispersion  of 
the  information  in  the  SIMTMP  file  makes  the  search  for  the  values  of  a  function  quite  long 
and  complex.  The  3IMNET  program  (SIM  for  simulation  and  NET  for  cleaning)  has  thus  been 
created  to  convert  a  SIMTMP  file  to  a  direct  access  file  in  which  the  values  of  a  same  func¬ 
tion  will  be  in  consecutive  locations.  This  new  file  format  is  the  SIMRES  format. 

Figure  4.7  shows  the  functioning  of  the  SIMNET  program.  It  is  possible  to  create  a  file 
where  the  values  of  each  function  are  pooled  because  the  SIMRES  program  knows  the  number  of 
values  of  each  function  and  can  thus  assess  the  locations  where  the  writing  is  to  be  made. 

For  this,  a  memory  tone  is  divided  in  as  many  buffers  as  there  are  functions  on  the  SIMTMP 
file.  The  site  of  each  buffer  is  determined  ir.  such  a  way  as  to  minimite  the  number  access 
to  the  disk.  The  program  reads  the  SIMTMP  file  sequentially,  pools  the  "bit3"  of  functions 
in  the  appropriate  buffer  and,  when  the  buffer  is  full,  it  is  written  at  its  olace  in  the 
SIMRES  file. 


The  size  of  the  memory  lone  required  for  proper  functioning  has  made  it  necessary  to 
opt  for  a  special  conversion  program  rather  than  directly  writing  the  results  in  the  SIMRES 
format.  It  has  thus  been  deemed  preferable  to  have  a  program  using  a  large  working  area 
during  a  short  time  spread,  rather  than  adding  this  time  to  simulation  programs  already 
quite  loaded  and  using  already  too  much  time. 

4 .  2  THE  XTRACT  PACKAGE 


The  XTRACT  package  allows  the  extraction  of  information  from  the  SIMRES  file.  The 
package  procedure  can  be  divided  into  three  sub-groups.  The  first  sub-group  includes  the 
EXTDE3  procedure  which  initializes  the  XTRACT  package.  The  second  includes  the  procedures 
which  extract  the  descriptive  information,  that  is  the  information  written  by  the  SIMAXE, 
SIMECH,  SIMFCT  and  SIMPAR  procedures.  These  are  procedures  that  work  more  or  less  alone. 
Finally,  the  procedures  of*  the  last  sub-gToup  extracts  the  values  of  the  function  of  a 
SIMRES  file,  that  is  the  information  written  by  the  SIMVAL  procedure.  These  procedures 
are  interdependent  and  they  follow  a  rigorous  sequence. 

4.2.1  THE  EXTDE3  PROCEDURE 

The  EXTDE3  procedure  initializes  the  package  and  opens  the  SIMRES  file  on  which  the 
other  procedures  will  work.  It  is  thus  essential  to  call  the  EXTDEB  procedure  before  trying 
to  extract  any  information  from  the  SIMRES  file .  The  procedure  gets  as  parameter  the  name 
of  the  SIMRES  file  and  the  number  of  logical  unit  of  E/S  associated  to  the  printing  file. 

In  exchange,  the  procedure  gives  the  following  information:  the  name  of  the  program  gene¬ 
rating  the  SIMRES  file,  the  version  number  of  this  program,  the  sequential  number  of  the 
file  and  the  computer  on  which  this  file  has  been  generated. 

4.2.2  PROCEDURE  OF  EXTRACTION  OF  THE  DESCRIPTIVE  INFORMATION 

This  sub-group  is  composed  of  the  following  procedures: 


-  EXTTIM  : 

-  EXTNOM  : 


-  EXTAXE  : 

-  EXTECH  : 

-  EXTFCT  : 

-  EXTPAR  : 


gives  Che  date  and  the  hour  of  the  generation  of  the  SIMRES  file; 

gives  the  axes  identifiers,  the  sampling  functions,  the  result  functions 
or  of  the  parameters; 

gives  the  characteristics  of  an  axis; 

gives  the  characteristics  of  a  sampling  function; 

gives  the  characteristics  of  a  results  function; 

gives  the  characteristics  of  a  parameter. 


It  is  important  to  note  here  the  particular  role  played  by  the  EXTNOM  procedure,  which  orovides 
the  identifiers  of  different  objects  (axes,  functions,  parameters).  The  characteristics  of 
those  objects  could  be  later  called  up  by  the  appropriate  procedure. 


The  running  of  each  procedure  is  relatively  easy.  The  input  parameters  identify  the 
needed  information.  This  information  is  extracted  from  the  SIMRES  file  and  returned  to  the 
caller  through  the  output  parameters.  Figure  4.8  gives  a  list  of  the  parameters  of  each 
of  procedures  of  this  sub-group. 


4.2.3  PROCEDURE  FOR  THE  EXTRACTION  OF  THE  RESULTS  FUNCTIONS 

The  procedures  which  extract  the  values  not  only  locate  and  retrieve  the  information  on 
the  SIMRES  file  but  they  also  have  a  mechanism  which  splits  the  data  to  be  extracted  in  sub¬ 
groups  or  pages.  At  this  point,  the  extraction  loop  allows  the  routine  to  receive  data  page 
by  page.  This  mechanism  has  three  steps. 

The  first  step  consists  in  establishing  the  field  of  extraction,  i.e.  the  set  of  eva¬ 
luation  points  for  which  a  value  of  a  given  function  is  needed.  This  specification  is  done 
by  indicating  the  name  of  the  function  and  by  giving,  for  each  of  the  axes  on  which  the  func¬ 
tion  depends,  a  list  of  selection  intervals.  Each  selection  interval  is  defined  by  the  number 
of  the  first  and  the  last  point  of  the  interval  and  by  an  increment.  The  special  value,  in 
this  case  0,  allows  us  to  choose  all  the  points  of  an  axis.  For  instance,  for  function  A 
which  depends  on  axis  X,  we  can  choose  the  points  1  to  20  by  sets  of  5  and  the  points  22  to 
JO  by  sets  of  2.  The  order  of  the  presentation  of  the  axes  is  important  because  it  induces 
the  nesting  order  of  the  extraction  loons.  Moreover,  the  choice  of  the  selection  intervals 
must  take  into  account  the  points  for  which  the  requested  function  has  been  assessed  and 
written  in  the  SIMRES  files. 


The  second  step  establishes  the  segmentation  of  the  extraction  field  and  the  soecifica- 
tion  of  the  tuples  configuration  needed.  The  segmentation  of  the  extraction  field  is  dene 


by  giving  the  number  of  axes  that  must  vary  to  fora  a  page.  These  varying  axes  are  always 
the  last  to  be  declared,  and  they  are  called  the  internal  axes.  It  is  thus  the  external 
axes,  those  left  aside,  which  will  define  the  loops  extracting  the  different  pages.  Figure 
4.5  gives  an  example  showing  the  extraction  field  and  the  segmentation  of  a  function. 

The  information  fedback  by  an  "elementary"  extraction  has  a  list  of  tuples  of  the  form 
(<value  of  the  results  function*,  <value  of  the  sampling  function  1>,  ....  <value  of  the 
sampling  function  M>)  and  a  list  giving,  for  each  non-identified  axis  in  the  tuple,  the  value 
of  the  point  where  the  extraction  has  taken  place.  In  the  case  of  orthogonal  grids,  the 
tuples  must  be  composed  of  the  value  of  the  function  followed  by  the  value  of  the  internal 
axes  points.  The  list  of  the  axes  points  should  give  the  value  of  the  external  axes  points. 
Thus  the  varying  data  is  separated  from  the  fixed  data,  this  avoids  redundancies.  However, 
this  is  not  always  the  case.  In  fact,  when  the  grids  are  not  orthogonal,  it  is  possible 
that  even  the  internal  axes  may  have  different  points  for  each  of  the  values  of  the  results 
function.  In  order  to  hold  the  possible  different  cases  and  to  permit  a  maximum  of  flexibi¬ 
lity,  the  XTRACT  package  works  either  by  the  explicit  snecification  of  the  composition  of  a 
tuple  or  by  a  specification  by  default  where  all  happens  as  if  in  an  orthogonal  grid.  The 
explicit  specification  of  a  tuple  is  done  by  giving  a  list  of  the  axes  for  which  we  need  the 
values  of  the  point  in  the  tuple.  In  this  case,  the  identification  of  the  points  of  the 
other  axes  is  done  when  possible  in  the  list  of  the  axes  points  (i.e.  as  this  list  gives 
only  one  point  per  axis,  if  1  axis  varies,  the  value  is  indicated  as  1S300) .  Figure  4.10 
shows  the  example  of  figure  4.9  and  the  organization  of  the  tuples  and  the  list  of  axes 
points. 

The  third  and  last  step  consists  in  calling  the  extraction  procedure  as  many  times  as 
needed  by  the  segmentation.  The  role  of  the  package  here  is  to  control  the  evolution  of 
the  loops  dealing  with  the  external  axes,  to  retrieve  the  data  making  up  a  page  on  the  SIMRES 
file  and  to  organize  the  tuples  and  the  list  of  axes  points  according  to  the  required  confi¬ 
guration. 

One  option  of  the  XTRACT  package  gives  as  an  added  information  the  minimums  and  the 
maximums  of  the  functions  and  axes  making  up  a  tuple. 

Indispensable  for  graphic  applications,  this  piece  of  information  can  easily  be  obtained 
if  the  minimums  and  maximums  can' be  assessed  on  one  page.  3ut  this  is  not  always  the  case. 
There  may  be  a  need  for  the  minimums  and  maximums  for  a  larger  set  of  values:  for  example, 
for  the  field  of  extraction  or  even  for  all  the  SIMRES  file.  In  these  cases,  the  application 
program  must  make  a  special  extraction  run  to  assess  the  minimums  and  maximums.  This  task 
has  therefore  been  given  to  the  XTRACT  package  which  will  do  it  in  the  most  efficient  way. 

In  terms  of  application,  by  obtaining  the  minimums  and  maximums,  it  is  possible  to 
establish  a  scale  to  express  the  values  obtained  in  the  tuples.  The  XTRACT  package  can 
assess  the  minimums  and  maximums  on  three  specific  fields  defining  three  types  of  scales: 
the  global  scale,  the  local  scale  and  the  standard  scale.  The  global  scale  is  defined 
by  all  the  values  whether  selected  or  not  from  an  axis  or  a  function.  The  local  scale  is 
defined  by  the  values  of  an  extraction  page.  And  finally,  the  standard  scale  is  defined 
by  the  field  of  extraction  either  by  taking  the  whole  field  or  by  taking  a  sub-set  of  this 

field.  In  this  latter  case,  the  sub-set  is  delimited  by  an  axis,  and  each  time  the  counter 

of  the  axis  is  incremented  (i.e.  there  is  a  change  of  point),  the  minimums  and  maximums  of 

the  points  covered  by  the  interior  axes  must  be  reassessed.  Figure  4.11  gives  an  example 
of  the  different  scales. 


The  EXTRAC,  EXTSEl,  EXTDEF  and  EXTTU?  procedures  show  how  the  work  described  above  can 
be  processed. 

The  extraction  process  starts  with  the  EXTRAC  procedure.  This  procedure  specifies  the 
function  from  which  we  would  like  to  extract  the  values.  It  gets  in  parameter  the  identifier 
of  the  function.  It  outputs  N8AXSS  a  complete  parameter  giving  the  number  of  axes  on  which 
depends  the  function  and  ISRR  indicating,  and  if  it  exists,  the  number  of  the  detected  error. 

Second,  the  EXTSEL  defines  the  field  of  extraction.  A  call  on  the  EXTSEL  procedure 
indicates  for  an  axis  on  which  the  function  depends,  the  number  of  the  points  for  which  we 
need  the  values  of  the  function.  This  procedure  must  be  called  NBAXE5  times  and  the  order 
in  which  the  axes  are  presented  is  important  for  the  definition  of  the  extraction  loops. 

The  procedure  receives  the  following  parameters: 


-  NAME  the  axis  identifier; 


-  SELAXE  : 


-  NBSEL 


list  of  selection  intervals,  one  selection  interval  is  made  up  of  either 
3  values  (the  first  selected  point,  the  last  selected  point  and  an  incre¬ 
ment)  or  the  value  0  (all  points  are  selected) ; 

gives  the  number  of  intervals  in  SSLAXE. 


The  procedure  outputs  the  following  data: 


-  NPTSEL  :  indicates  the  total  number  or  points  chosen  on  the  axis; 

-  FIXE  :  the  boolean  value  which  is  realired  if  the  value  of  the  points  on  the  axis 

does  not  depend  on  other  axes,  i.e.  if  the  grid  is  orthogonal  in  relation 
to  that  axis; 

-  IERR  :  in  case  of  error,  writes  the  number  of  the  error. 

Third,  comes  the  SXTDEF  orocedure  which  defines  the  configuration  of  a  page,  the  compo¬ 
sition  of  a  tuple  and  the  type  of  scale  needed.  The  procedure  receives  the  "following  data: 

-  NBDIM  :  defines  the  cut  by  giving  the  number  of  axes  that  must  be  made  to  varv  co 

obtain  a  tuple  page  (the  innermost  axes  vary  first); 

-  TABAXE  :  explicitly  specifies  the  contents  of  a  tunle  by  giving  the  list  of  axes  which 

make  up  the  tuple.  This  chart  is  only  used  if  MBAXE  >  0; 

-  MBAXE  :  if  this  parameter  is  less  than  0, then  the  option  by  default  is  applied  and  the 

tuples  are  made  uo  of  the  value  of  the  function  followed  by  the  deepest  MBDIM 
axes.  If  not,  then  the  tuples  are  made  up  of  the  value  of  the  function  and  of 
the  NBAXES  axes  declared  in  TA3AXS; 

-  TY3ECH  :  is  a  chain  of  characters  which  gives  the  type  of  the  requested  scale.  The 

possible  values  are:  none,  global,  local,  standard; 

-  AXEECH  :  specifies,  in  the  standard  scale  case,  an  axis  which  limits  the  scope  of  the 

scale:  i.e.,  the  field  of  the  standard  scale  is  then  defined  only. on  the  axes 
deeper  than  that  axis. 

The  procedure  outputs  NBEXT  the  number  of  pages  necessary  to  cover  all  the  field  of  extraction 
and  IERR  indicating  if  an  error  has  been  detected. 

Finally,  it  is  the  EXTTUP  which  carries  out  the  extraction  of  the  information  and  the 
computations  of  the  scales.  Usually,  this  procedure  should  be  called  up  MB EXT  times  so  that 
all  the  field  of  extraction  is  covered.  The  parameters  of  this  procedure  are  the  following: 

-  TABVAL  :  the  array  containing  the  tuples.  For  a  given  extraction,  the  structure  of 

the  array  is  TABVAL  (DIJfTUP,  MPTi,  ....  NPTi-j)  where  DIMTUP  is  the  number  of 
the  value  making  up  the  tuple,  MPT^  the  number  of  points  selected  on  the 
deepest  axis,  ....  MPT**  the  number  of  points  selected  on  the  least  deep  axis 
making  the  page; 

-  DIMTAB  :  input  parameter  giving  the  total  dimension  in  number  of  TABVAL  words; 

-  TABIND  :  gives  the  numbers  which  identify  the  non-varying  axes; 

-  TAB VAX  :  gives  the  value  of  the  points  on  the  non-varying  axes; 

-  DIMIND  :  input  parameter  giving  the  dimension  of  the  TABIND  and  TABVAX  arrays; 

-  TABECH  :  array  giving  the  minimums  and  maximums  for  the  function  and  the  axes  making 

up  the  tunle; 

-  DlftECH  :  input  parameter  giving  the  number  of  TABECH  columns  (there  is  always  2  lines, 

one  for  the  minimum  and,  one  for  the  maximum) ; 

-  IERR  :  indicates  the  presence  of  an  error. 

Figure  4.12  shows  the  call  sequence  of  the  EXTRAC,  EXTSEL,  EXTDEF  and  EXTTUP  procedures. 

As  can  be  seen,  it  is  possible  to  define  the  cut  of  a  field  of  extraction,  the  configuration 

of  the  tuples  and  the  type  of  required  scale  and  then  to  restart  the  extraction  of  the  values. 

4.3  THE  DATSIM  PACKAGE 

When  a  group  of  entities  (or  object?)  have  the  same  information  fields,  the  DATSIM  package 
stores  these  fields,  or  a  sub-set  of  these  fields,  In  a  same  direct  access  file  thus  creating 
a  kind  of  data  bank.  In  this  data  bank,  the  model,  that  is:  the  necessary  information  needed 
to  operate  the  file,  specifically  the  description  of  the  fields  of  information,  is  kept  in  the 
file  heading.  The  recording  of  the  data  bank  is  made  up  of  the  information  field  of  one  entity. 
By  giving  a  sequence  number  to  the  different  entities  and  an  identifier  to  the  different  infor¬ 
mation  fields,  it  is  possible  to  construct  keys  which  will  identify  in  a  unique  manner  the 
different  recordings. 


In  the  DATSIM  file,  an  entity  can  then  have  as  many  recording  as  there  are  information 
fields.  iVhen  applicable  however,  the  DATSIM  package  avoids  an  excessive  proliferation  of 
recordings  by  defining  a  value  by  default  for’ an  information  field.  At  this  moment,  all  the 
active  entities  (an  entity  may  be  non-active)  of  the  data  bank  must  have  the  same  information 
fields.  If  the  recording  of  an  active  entity  does  not  show  up  in  the  data  bank,  then  it  has 
a  value  by  default. 

In  the  context  of  the  laser  modeling  project,  the  DATSIM  package  keeps  on  disk  a  summary 
of  the  SUIRSS  files.  It  is  thus  possible  to  concentrate  in  one  file,  information  which  would 
have  been  otherwise  dispersed  in  several  files  and  only  a  small  part  of  this  information  would 
have  fit  on  disk  (the  major  part  of  the  SIMRES  files  would  be  filed  away  on  magnetic  tape)  . 

The  summaries  of  the  SIMRES  files  produced  by  a  laser  simulation  program  are  regrouped  in 
a  same  DATSIM  data  bank.  A  simulation  is  an  entity  at  the  level  of  the  data  bank,  and  the 
simulation  sequence  number  (which  is  also  the  SIMRES  file  number)  identifies  the  recordings 
belonging  to  a  same  simulation.  The  information  fields  written  in  the  DATSIM  files  are: 
some  general  information  on  the  simulation,  the  parameters  of  the  simulation  and  the  values 
of  the  results  functions  usually  implicated  in  a  comparison. 

The  components  of  the  DATSIM  package  can  be  divided  into  two  sub-groups.  The  first  is 
made  up  of  programs  which  generate  and  modify  a  heading  of  a  DATSIM  file.  The  second  sub¬ 
group  is  made  up  of  the  procedures  that  allow  the  running  in  reading  and  writing  mode  of  a 
DATSIM  file. 


•*•3.1  GENE RATIO?!  A.VD  MODIFICATION  OF  A  DATSIM  FILE 

The  generation  phase  of  a  DATSIM  file  is  done  in  two  steps.  First,  the  generated  file 
holds  in  its  heading’ only  the  data  needed  for  an  empty  DATSI?I  file.  .Vex t,  the  description 
of  the  data  that  can  be  recorded  in  the  file  is  added  to  the  heading.  It  is  preferable  to 
write  from  the  beginning  the  descriotion  of  all  the  information  fields,  however  it  is  also 
possible  to  make  additions  to  an  already  operational  DATSIM  file,  that  is:  a  file  which 
contains  other  data  than  the  descriptive  ones. 

The  DATCRE  generates  the  base  of  a  DATSIM  file.  Thi3  program  reads  in  the  inpur  file 
the  generic  name  of  the  entities  composing  the  data  bank,  namely  the  name  of  the  simulation 
program  producing  the  SIMRES  files  which  feed  the  data  bank.  The  base  of  a  DATSIM  file 
includes  the  identifier  of  the  current  version  of  the  DATSIM  package,  the  generic  name  of 
the  entities,  the  sequence  number  of  the  last  entity  for  which  data  has  been  recorded,  that 
is  0,  and  the  number  of  information  fields  described  in  the  heading,  which  is  also  0. 


The  DATED I  program  adds  to  a  DATSIM  file  heading  the  description  of  the  information  fields 
that  can  be  recorded  in  the  files.  The  input  file  of  the  DATEDI  program  include,  in  first 
line,  the  command  ADD  or  .'MODIFY.  This  command  indicates  to  the  DATEDI  program  whether  it  is 
a  first  addition  to  the  heading  (command  ADD)  or  of  a  subsequent  addition  (command  MODIFY) . 

The  description  of  the  different  information  fields  is  found  later  in  free  form  in  the  input 
file.  This  description  includes  the  field  identifier,  the  field  class,  the  type  of  values 
of  the  field  (complete,  real,  boolean,  chain  of  characters),  the  number  of  values  by  default 
that  follow  (possibly  0),  and  finally  the  list  of  values  by  default  (possibly  empty).  The 
information  field  class  is  an  identifier  known  by  DATSIM  (through  an  interchangeable  table) 
which  allows  the  pooling  and  the  organisation  of  the  information. 


For  security  reasons,  the  DATEDI  program  procedes  by  two  runs.  In  the  first  run,  the 
data  is  validated.  If  no  error  is  detected,  then  the  program  runs  -the  data  one  more  time 
and  writes  the  data  in  the  heading  of  the  DATSIM  file.  This  way,  it  is  possible  to  avoid 
situations  where  an  error  invalidates  work  already  done.  Figure  1.13  gives  an  example  of 
data  for  the  DATEDI  program.  It  is  to  be  noted  that  the  number  of  values  by  default  in  no 
way  fixes  the  number  of  the  values  associated  to  a  field:  the  same  field  could  include 
a  varying  number  of  information  from  one  entity  to  another. 

4.3.1  OPERATIOV  OR  A  DATSIM  PILE 

The  procedures  that  run  a  DATSI?!  file  are: 


-  DATDE3  : 

-  DATVCM  : 

-  DATI.VF  : 

-  0AT1IR  : 

-  DATSCR  : 

-  DATACT  : 


starting  of  a  DATSIM  fils; 

returns  the  list  of  indentifier  of  the  information  fields; 
returns  the  characteristics  of  an  information  field; 
reading  of  a  recording; 
writing  of  a  recording; 

activation  or  non-activation  of  an  entity. 


-  DATFIN  :  closing  of  a  DATSIM  file. 

The  information  and  the  soace  necessary  for  the  manipulation  of  a  DATSIM  file  are  con¬ 
centrated  in  a  control  block  entered  as  a  parameter  at  the  different  procedures  of  the 
package.  This  way,  an  anplication  program  can  work  on  several  P'TSIM  files  at  the  same 
time  on  the  condition  of  having  a  control  block  for  each  file. 

Following  is  an  overview  of  the  oneration  of  each  of  the  package  procedures. 

The  DATDEB  procedure  is  called  uoon  to  start  a  DATSIM  file  and  to  initialise  the  control 
block  associated  to  this  file.  Anv  attempt  to  work  with  a  DATSIM  file  without  starting  first 
with  DATDEB  will  be  an  error.  The  procedure  will  then  receive  as  parameter  the  name  of 
DATS IM  file  to  be  started,  the  control  block,  and  the  site  in  number  of  words  of  the  control 
block  (the  suggested  site  is  2S0D  words).  The  procedure  returns  part  of  the  information 
composing  the  base  of  the  heading,  in  other  words,  the  generic  name  of  the  entities  making 
up  the  file,  the  sequence  number  of  the  last  recorded  entity  and  the  number  of  fields  des¬ 
cribed  in  the  heading. 

The  DATNOM  procedure  obtains  the  list  of  the  information  fields  identifiers.  This  list 
is  taken  from  the  DATSIM  file  heading.  The  parameters  of  the  procedure  follow: 

-  DATBLK  (input)  :  control  block  of  the  DATSIM  file; 

-  TABNOM  (output):  chart  containing  the  information  fields  identifiers; 

-  DIMTA3  (input)  :  size  of  TABNOM; 

-  NBNOMS  (output):  number  of  identifiers  placed  in  7A3N0M. 

The  DAT IMF  procedure  obtains  the  characteristics  of  an  information  field.  The  parameters 
of  this  procedure  are: 

-  DATBLK  (input)  :  control  block  of  the  DATSIM  file; 

-  NOM  (input)  :  identifier  of  field  of  which  we  need  the  characteristics; 

-  CLASSE  (output) :  class  of  information; 

-  TYPE  (output)  :  type  of  value  of  the  information  field; 

-  TABDEF  (output):  chart  giving  the  values  by  default  (if  there  are  no  values  by  default 

for  the  field,  the  chart  will  be  empty); 

-  DIHTAB  (input)  :  size  of  TABDEF; 

-  LGDEF  (output)  :  number  of  elements  placed  in  TABDEF; 

-  IERR  (output)  :  gives  0  if  there  are  no  errors,  if  not,  it  gives  the  number  of  the 

error. 

The  DATLIR  procedure  reads  the  recording  of  a  DATSIM  file,  that  is,  it  gives  access  to 
the  values  contained  in  the  information  field  of  a  given  entity.  If  the  entity  exists  (i.e. 
if  its  sequence  number  is  smaller  than  the  number  of  the  last  recorded  entity  in  the  file) 
and  if  it  is  active,  the  procedure  assembles  the  key  (entity  number  and  field  identifier) 
and  orders  the  reading  of  the  recording.  If  the  recording  exists,  then  all  it  does  is  to 
transfer  it  to  the  caller.  If  not,  then  the  procedure  verifies  if  there  is  a  value  by  default 
for  the  field,  and  if  it  falds  one,  it  returns  it.  In  case  the  data  required  does  not  exist 
at  all,  an  error  number  is  returned  to  the  anplication  program.  Figure  4.1*  shows  schemati¬ 
cally  the  running  just  described.  The  parameters  are  as  follows: 

-  DATBLK  (innut)  :  control  block  of  the  DATSIM  file; 

-  NUMSIM  (input)  :  entity  number  (in  this  case,  it  is  a  simulation  number); 

-  NOM  (input)  :  field  of  information  identifier; 

-  TABVAL  (output):  field  of  information  values; 

-  DIMTAB  (input)  :  site  of  TA3VAL ; 

-  DIMVAL  (output):  number  of  values  read  and  returned  in  TABVAL; 

-  IERR  (output)  :  gives  1  if  there  is  no  error.  If  not,  it  gives  the  error  number. 


The  DATSCR  procedure  can  add  a  recording  to  a  DATSIM  tile.  First,  the  procedure  veri¬ 
fies  if  the  entity  at  hand  is  new,  in  this  case  it  must  update  the  number  of  the  last  recor¬ 
ded  entity  in  the  file.  If  it  is  an  already  recorded  entitv,  it  must  see  if  it  is  active, 
as  there  should  be  no  access  to  the  information  field  of  a  non-active  entity.  If  ail  works 
well  until  this  step,  then  the  procedure  checks  to  see  if  there  is  no  values  by  default  for 
the  requested  field.  If  none  exists,  then  the  recording  is  written  in  (in  some  cases,  it  will 
be  a  rewriting).  If  however  there  is  a  value  by  default,  then  there  must  be  a  comparison 
between  the  values  by  default  and  those  received  for  the  field.  If  they  are  equal,  nothing 
is  written  in  the  file,  and  the  previous  recording  is  deleted.  If  they  are  not  equal,  then 

the  recording  is  written  into  the  file  or  the  previous  recording  is  replaced  by  the  new  one. 
Figure  a.  IS  shows  schematically  how  this  is  done.  The  different  parameters  of  the  procedure 
are  as  follows: 

-  DAT3LK  (input)  :  control  block  of  the  DATSIM  file; 

-  NUMSIM  (input)  :  entitv  number  for  which  an  information  field  is  to  be  written; 

-  NOM  (input)  :  information  field  identifier; 

-  VALEUR  (input)  :  chart  containing  the  field  values; 

-  DIMVAL  (input)  :  number  of  values  in  the  VALEUR  chart; 

-  IERR  (output)  :  gives  0  if  there  are  no  errors,  if  not,  gives  the  number  of  the  error. 

The  DATACT  orocedure  specifies  the  stats  of  an  entity  in  the  DATSIM  file,  in  other  words, 
an  entity  can  be  active  or  non-active.  The  recordings  of  a  non-active  entity  cannot  be  re- 
treived  but  they  are  not  destroyed.  Thus  by  reactivating  a  non-active  entity,  we  can  have 
access  to  its  recording-;  The  parameters  of  this  procedure  are  as  follows: 

-  DATBLK  (input)  :  control  block  of  the  nATSIM  file; 

-  NUMSIM  (input)  :  number  of  the  entity  that  has  to  be  modified; 

-  ACTIF  (input)  :  boolean  parameter  with  its^tTue  values  if  the  entity  is  active,  and 

its  false  value  if  it  is  non-active. 

-  IERR  (output)  :  gives  0  if  there  are  no  errors,  if  not,  gives  the  number  of  the  error. 

Finally,  the  DATFIN  procedure  terminates  the  operation  of  the  DATSIM  file.  It  is  impe¬ 

rative  to  call  the  DATFIN  procedure  because  the  buffer  associated  to  the  DATSIM  fix  must  be 
cleared.  Tie  only  parameter  of  this  procedure  is  DAT3LX,  the  control  block  of  the  DaTSIM  file 
that  Is  to  be  closed. 
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Factor 


X  7  meters  -2  1.0 

Y  3  meters  02  1.0 
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Results  functions 
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FIGURE  4.3  -  CONTEXT  DEFINITION  TO  ILLUSTRATE  THE  USE  OF  SIMRES  PACKAGE  PROCEDURES  IN  A  PROGRAM 


REAL  ENERY  (3). 
PEAKX, 
PEAKY  (8), 
AXEY  (8), 
AXEX  (7), 


Establish  axis  Y> 

call  SIMVAL  (NUMFCY,  AXEY,  8} 

DO  10  IX  *  1.7 

<Escablish  a  column  of  axi  X> 
call  SIMVAL  (NUMFCX,  AXEX,  3) 
DO  20  IY  *  1,3 
ENERY  (IY)  s  ... 

20  continue 

call  SIMVAL  (NUMFEN,  ENERY,  3) 

PEAKX  «  MAX  (ENERY,  3) 

call  SIMVAL  (NUMFPX,  PEAKX,  1) 

<asses  partial  PEAKY > 

10  continue 

call  SIMVAL  (NUMFPY,  PEAKY,  1) 
FIGURE  4.6  -  USE  OF  SIMVAL  PROCEDURE 
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FIGURE  4.7  -  CONVERSION  OF  A  SIMTMP  FILE  INTO  A  S IMRES  FILE 


Procedur 


Parameter 


Descriotion 


EXTTIIl 

DATE  (output) 

HOUR  (outnut) 

Date  of  generation  of  the  file 

Hour  of  generation  of  the  file 

EXTNOM 

XIND  (input) 

TABNOM  (outout) 
DIMTAB  r inrut) 
NBNOMS  (output) 

Indicates  which  identifier  is  needed 

AXE  -  AXES 

ECK  -  sampling  functions 

CCT  *  results  functions 

PAR  ■*  parameters 

List  of  identifiers 

Site  of  TA3NOM 

Number  of  identifiers  put  in  TA3N0M 

EXTAXE 

NAME  (input) 

UNITS  (output) 

EXPO  (output) 

FACT  (output) 

RESOL  (output) 
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Type  of  units  of  the  axis 

Exhibitor  affecting  the  units 

Factor  affecting  the  units 

Number  of  resolution  points  on  the  axis  (not  to  be 
mistaken  with  the  number  of  selected  points) 

EXTECH 

NA)fE  ( input ) 

AXEREP  (output) 
AXEDEP  (output) 

DIMDEP  (input) 

Identifier  of  the  sampling  f-. notion 

Identifier  of  the  axis  associated  to  the  function 
3oolean  array  giving  the  dependencies  of  the 
function  as  to  each  of  the  axes  CD 

Dimension  of  AXEDEP 

EXTFCT 

NAME  (input) 

ECHDEP  (outnut) 

AXEDEP  (output) 

DIMDEP  (input) 

Identifier  of  the  results  functions 

Boolean  array  in  which  the  I  element  indicates  whether 
the  function  depends  on  the  Ith  sampling  function 
3oolean  array  in  which  the  I  element  indicates 
if  the  function  depends  on  the  Ith  axis 

Dimension  of  ECHDEP  and  .AXEDEP 

SXPAR 

NAME  (input) 

TYPE  (OUTPUT) 

TABVAL  (outnut) 

D IMTAB  (innut) 

NBVAL  (output) 

Identifier  of  the  parameter 

Code  indicating  the  type  of  parameter  (C:  complete, 

1:  actual,  ...) 

value  of  the  parameter  (.can  be  a  vector) 

Dimension  of  TAB^AL 

Number  of  effective  value  in  TA3VAL 

(1)  The  order  of 

the  elements  is  that 

in  which  they  have  been  declared. 
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4.12  -  CALL 
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FIGURE  4.13  -  EXAMPLE  OF  DATA  FOR  A  DATED I  PROGRAM 
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FIGURE  4. IS  -  RUNNING  OF  CATECR  PROCEDURE 


V  -  APPLICATION  PROGRAMS 

This  section  deals  with  the  programs  in  the  system  that  go  beyond  the  frame  of  appli¬ 
cation  in  the  laser  model  building  project.  These  are  the  DEFPARM,  DESRES  and  SYNTH  programs 
created  to  treat  in  a  general  way  a  specific  application.  These  also  use  the  SIMRES,  X7RACT 
and  DATSIM  software.  All  the  examples  in  this  chapter  derive  from  the  only  source  we  have: 
the  laser  model  building  project. 

S.l  TH5  DEFPARM  PROGRAM 

The  DEFPARM  program  is  an  interactive  tool  which  defines  the  FORTRAN  NAMELISTs.  A  pro¬ 
gram  generation  of  the  NAMELISTs  is  a  good  way  to  validate  them  (syntactically)  and  to  avoid 
certain  trivial  errors.  DEFPARM  is  a  program  of  general  application  but  by  referring  to  the 
laser  aodelbuilding  project  to  describe  its  operation,  the  explanations  will  be  more  concrete. 

In  the  DEFPARM  program,  the  NAMELISTs  are  defined  by  statements  that  follow  a  specific 
syntax.  A  set  of  statements  establishes  the  parameters  of  a  grouo  of  simulations  dealing  with 
a  particular  phenomenon.  These  simulations  differ  only  by  the  value  of  a  limited  number  of 
parameters,  all  the  other  parameters  being  fixed.  It  is  because  of  these  fixed  parameters 
that  the  information  can  be  condensed  and  the  svntax  made  more  concise. 

A  statement  specifies  the  value  or  values  associated  to  a  block  of  parameters.  A  block 
of  parameters  is  made  of  one  parameter  or  a  group  of  interdependent  parameters  (varying 
conjointly).  For  example,  A  •  0  shows  that  a  parameter  has  a  given  value.  If  the  parameter 
is  to  be  given  several  values  or  that  there  be  a  simulation  for  each  of  these  values,  the 
values  are  separated  by  a  comma,  A  ■  0,1,2.  To  specify  that  a  group  of  parameters  are  inter¬ 
dependent,  forming  one  whole,  narenthesis  are  used.  The  values  associated  to  the  parameters 
are  also  put  between  parenthesis.  The  order  of  the  elements  in  such  a  group  is  of  major 
importance,  and  the  order  of  the  parameters  induces  the  order  of  the  values.  Moreover, 
there  must  be  as  many  values  in  each  group  of  values  as  there  are  parameters  in  the  reference 
group.  Thus  the  following  group  of  naraneters  can  be  defined  as:  (A, 3)  *  (0,1),  (1,1). 

Vectorial  parameters  are  put  between  brackets  and  the  different  values  are  separated  by 
a  comma:  thus  A  3  CO.1.2]  or  B  1  Cl]  .  The  specific  values  of  the  parameters  need  not  have 
the  same  number  of  elements;  thus:  A  •  C1.2],  Cl. 2, S'],  Cl. 2, 3,4].  But  the  order  of  the 
values  is  important  as  it  corresponds  to  the  order  of  the  elements  in  the  vector. 

The  statements  are  separated  by  semi-colons  and  an  empty  statement  ends  the  specifica¬ 
tion  of  a  group  of  simulations.  The  following  specifications  can  be  written  as:  A  3  1; 

B  ■  1,2;  C  3  0,1;; 

The  syntactic  cards  corresponding  to  the  above  mentioned  syntax  are  shown  in  figure  5.1. 
It  is  possible  to  go  from  the  specification  of  a  family  of  simulations  to  the  exhaustive  lists 
of  parameters  of  each  simulation  forming  this  family  by  making  a  Cartesian  product  between 
the  values  given  to  the  parameters,  or  a  group  of  parameters,  by  the  different  statements. 
Thus,  the  specification: 

A  3  1,2; 

(B,C)  3  (0,0),  (1,1); 

D  3  -1,1;; 

can  create  eight  simulations  (onlythe  changes  in  the  values  of  a  parameter  are  noted  in  the 
following  list). 

Number  A  B  C  D 

1  10  0-1 

2  1 

3  11-1 

4  1 

5  2  0  0  -1 

6  1 

7  11-1 

8  1 

There  are  four  principal  steps  to  the  execution  of  the  DEFPARM  program.  The  first  step 
is  initialisation.  The  user  indicates  for  which  simulation  program  he  needs  the  NAMELISTs. 

The  DEFPARM  program  will  find  in  the  corresponding  DATSIM  file  the  number  of  the  last  encoded 
simulation  and  of  the  possible  parameters  for  the  simulation.  The  DEFPARM  program  will  thus 
know  which  number  to  give  to  the  new  simulation  and  can  verify  the  parameter  identificators 
that  the  user  could  eventually  give  it. 


The  second  stop  is  eho  specification  of  the  simulation  families.  This  can  be  done  in 
two  optional  parts:  first:  the  DEFP4PM  program  will  provide  the  specification  of  another 
sisulation,  second,  the  user  will  give  his  own  oarameter  specification.  In  other  words, 
the  user  can: 

1  -  define  nothing, 

2  *  define  a  base  with  the  paraaeters  of  another  simulation, 

3  -  give  his  own  specification  to  a  sisulation  family, 

4  -  define  a  base  and  add  to  it  his  own  specification. 

Figure  S.2  illustrates  the  second  case  and  figure  5.3,  the  third  case  (the  fourth  case 
is  a  grouping  of  the  second  and  third  cases}.  It  is  important  to  note  here  that  the  data 
given  by  the  user  are  in  free  fora  and  that  the  errors  found  on  a  line  will  be  flagged  for 
correction. 

The  third  step  is  a  correction  phase  which  can  be  repeated  as  often  as  necessary.  First, 
the  program  lists,  in  a  condensed  fora,  the  values  of  the  paraaeters  for  each  defined  simula- 
tion,  then  it  asks  the  user  if  he  needs  to  correct  these  values,  (this  is  in  fact  the  only 
kind  of  correction  allowed}.  If  the  user  wants  to  get  into  the  correction  node,  the  program 
will  question  him  on  each  group  of  paraaeters.  The  program  writes  the  group  of  paraaeters, 
using  the  same  input  syntax  and  the  user  answers  either  by  a  semi-colon  (list  of  empty  values} 
to  indicate  no  correction  or  by  a  new  list  of  values  which  will  replace  those  held  by  the 
program.  The  correction  phase  will  end  either  when  all  the  groups  of  parameters  held  by  the 
program  have  been  run  for  the  user  or  when  the  user  writes  a  period  instead  of  a  list  of 
values.  The  orogram  will  then  list  the  new  values  of  the  parameters  for  each  of  the  simula¬ 
tions  and  again  offers  the  user  the  correction  phase.  This  procedure  is  repeated  until  the 
user  has  finished  his  corrections.  Figure  5.4  shows  the  correction  phase  associated  to  the 
data  entered  on  figure  5.3.  * 

Finally,  the  fourth  steo  is  the  production  of  the  NAMELlSTs  Fortran  and  the  storing  in 
the  appropriate  DATSW  file  the  number  of  the  simulation  of  the  data  is  has  just  produced. 
Figure  5.5  gives  the  NAMELlSTs  products  for  the  specification  of  figures  5.3  and  5.4. 

s.2  THE  nesngs  PROGRAM 


The  DEERES  program  generates  the  drawings  of  the  functions  stored  on  SIMRES  type  files. 

It  reads  the  specification  of  the  drawing,  validates  it  and,  if  no  error  is  detected,  executes 
it.  The  program  can  function  in  both  the  interactive  mode  and  the  batch  mode. 

The  drawing  specification  is  done  by  a  special  language  using  all  the  possibilities  of 
the  XT*ACT  software.  This  language  separates  the  information  necessary  for  the  definition 
of  the  drawing  into  fouT  levels:  program,  simulation,  function,  drawing.  In  here,  the 
information  is  interleaved,  that  is:  if  the  information  is  the  same  for  all  levels,  it  is 
not  necessary  to  redefine  them  to  give  other  drawing  specification. 

The  user  must  give  the  name  of  the  program  which  has  produced  the  SIMRES  files  to  be 
drawn.  This  identifier  will  be  the  prefix  used  to  build  the  SIMRES  files  identifiers  to  be 
localized.  Following  is  the  interaction  between  the  user  and  the  DESRES  program  (what  the 
program  writes  is  underlined}. 

PROGRAM:  LR1CFS 

For  the  simulation,  the  user  specifies  a  list  of  simulation  numbers  to  be  drawn.  These 
numbers  will  be  the  suffixes  needed  to  retrieve  the  SIMRES  files.  The  syntax  of  this  list 
o *  numbers  conforms  to  the  following  rules:  a  list  of  numbers  is  made  of  any  sequence  of 
numbers  and  of  sets  of  numbers  separated  by  a  comma  and,  finally,  a  set  is  defined  by  two 
numbers  separated  by  a  dash.  Thus  for  SIMULATIONS:  1-S,  10,12,  what  is  needed  is  simula¬ 
tions  1,2,3,4,5,10  and  12. 


For  a  function,  the  user  indicates  which  function  must  be  drawn  and  specifies  the  field 
of  extraction,  that  is,  the  set  of  evaluation  points  for  which  the  value  of  the  function  on 
the  SIMRES  files  is  to  be  extracted.  The  function  to  be  drawn  is  specified  by  an  identifier. 
The  field  o *  extraction  is  specified  by  giving  the  list  of  points  to  be  selected  on  each  of 
the  axes  defining  the  function.  These  points  must  evidently  coincide  with  those  stored  on 
the  SIMRES  files.  A  list  of  points  is  made  of  a  sequence  of  point  labels  3nd  of  selection 
sets  separated  by  commas.  4  selection  set  includes  the  label  of  the  first  chosen  point, 
the  label  of  the  last  chosen  point  and,  optionally,  of  an  increment.  If  this  increment  is 
absent,  the  default  increment  is  used:  its  value  is  1.  The  special  symbols  5  and  •  used 
instead  of  the  label  point  signify  the  first  and  last  points  stored  in  the  SIMRES  files 
respectively.  Finally,  the  key  word  TOUS  (ALL}  can  be  used  instead  of  a  list  to  signify 
that  all  the  points  of  the  axis  present  in  the  SIMRES  files  are  selected.  For  example: 


FUNCTION:  ENERGY 
SELECT  STAT  s 

aTOCT'BTT'  * 
SELECT" SHfl  • 
SELECT  r*.U  • 


TOUS  (ALL) 
(1,71,10)  ,76,101 
(I. *.2) 

(*.•) 


For  the  drawings,  the  user  must  indicate  the  scale  and  kind  of  drawing  needed.  The 
scale  is  specified  by  indicating  one  of  the  following  identifiers:  C,L03AIE  (the  scale  is 
for  the  whole  file),  LOCALS  (the  scale  is  for  a  given  drawing),  STANDARD  (the  scale  is  for 
the  extraction  field).  If  the  chosen  scale  is  the  STANDARD  scale,  the  user  can  also  add, 
between  oarenthesis,  the  name  of  an  axis  to  limit  the  scope  of  the  scale  to  the  axes  within 
this  axis.  For  instance,  if  a  function  depends  on  the  STAT,  STA,  RHO  and  TAU  axes,  and  if 
the  scale  is  limited  to  the  standard  scale  on  the  ETA  axis,  this  scale  will  be  evaluated 
for  the  ETA,  °HO  and  TAtJ  axes  only  and  there  would  be  as  many  standard  scales  as  there  are 
noints  on  the  RTVT  axis.  Section  A.  2  gives  more  details  on  the  nature  of  the  different 
scales.  The  kind  of  drawine  is  indicated  by  the  following  identifier:  PLOT  3D  (surface 
drawings),  PLOT  2D  (curve  drawings),  CONTOUR  (level  curves)  and  PROJEC  (2  dimension  projec¬ 
tion  of  a  sub-array  of  curves  describing  the  surface  of  a  2  variable  function).  The  kind 
of  drawing  requested  will  induce  a  segmentation  on  the  extraction  field.  Thus,  one  action 
can  produce  several  plots;  that  is  as  many  plots  to  empty  the  extraction  field.  An  example 
of  scale  specification  and  type  of  drawing  follows: 

SCALE:  STANDARD 
DRIVING :  PLOT  3D 

The  DESPES  program  will  loop  at  the  deeoest  level,  that  of  drawing,  then  ask  the  user 
to  specify  a  scale  and  a  tvpe  of  drawing.  To  get  out  of  a  level:  enter  an  empty  line  or 
write  the  key  word  FIN  (2ND) .  The  user  goes  to  the  other  level  and  here,  it  is  possible  to 
define  this  level  or  getting  out  of  it.  Figure  S.S  shows  a  complete  example  of  a  specifica¬ 
tion  for  the  DESRES  program. 

In  the  interactive  mode,  the  DESRES  program  analytes  the  user's  request  and  indicates 
as  soon  as  possible  the  syntactical  errors  (data  in  the  wrong  format)  and  the  invalid  spe¬ 
cifications  (the  reouested  function  does  not  exist  ...).  The  program  then  asks  the  user  to 
hold  some  specification  in  order  to  continue  its  execution,  when  it  is  a  submission  by 
batch  mode,  when  an  error  is  detected,  the  running  is  stopped  but  the  syntactical  analysis 
can  continue. 

To  execute  a  drawing  specification,  the  SIM&ES  program  must  first  localize  the  SIMRES 
files  to  be  treated.  These  files  are  opened  one  at  a  time  and  the  information  showing 
the  function  to  be  plotted,  the  field  o£  extraction,  the  composition  of  the  tuples  and 
the  tyoe  of  scales  is  given  to  the  XT® ACT  software.  This  information  recovered  by  the 
EXTTUP  orocedure  is  processed  by  the  appropriate  plotting  procedure  (PLOT  3D,  PLOT  2D, 
CONT^l1®,  PPOJFC) .  The  program  repeats  this  operation  until  all  the  requests  have  been 
fulfilled  or  until  a  nan-retrievable  error  occurs. 

Figures  S.7  to  S.ll  show  the  different  graphic  output  of  the  DESRES  program.  Figure 
3.7  shows  the  list  of  parameters  identifying  the  plotted  simulation.  Figure  3.8  shows  the 
plot  drawn  by  PLOT  3D  for  a  2  variable  function.  Figure  S.9  shows  the  curves  set  by  the 
CONTOUR  procedure  for  the  same  function.  Figure  S.10  shows  a  projection  of  this  function 
as  produced  by  PROJEC.  And  finally,  figure  S.ll  shows  the  plot  produced  by  PLOT  2D  for  a 
function  which  varies  as  to  one  axis. 


S . 3  THE  SYNTH  PROGRAM 


The  SYNTH  program  permits  the  synthesis  of  the  information  of  many  distinctive  simu¬ 
lations  in  order  to  study  a  specific  ohenomenon.  This  synthesis  is  done  by  selecting  the 
pertinent  simulations-  necessary  to  draw  out  a  specific  phenomenon  and  by  comparing  one  or 
several  functions  of  these  simulations.  In  its  final  version,  the  SYNTH  program  should 
allow  the  user  to  soecify  the  phenomenon  to  be  studied  with  the  help  of  a  predicate 
(studying  the  effect  of  a  parameter  in  function  of  another,  or  studying  the  effect  of 
such  or  such  a  model).  The  SYNTH  program  would  find  which  simulations  will  satisfy  the 
predicate.  However,  for  a  first  version  (still  being  developed),  it  is  better  to  ask  the 
user  to  identify  the  simulation  to  be  compared.  The  SYNTH  program  thus  verifies  the 
validity  of  the  comoarison,  makes  up  the  headings  identifying  the  work  done  and  makes 
the  comparisons. 

There  are  three  oossible  fields  for  comparisons: 

-  inside  one  simulation, 

-  between  specific  simulation  produced  by  a  same  model  (same  simulation  program), 

-  between  simulation  produced  by  different  models. 

with  comparisons  done  inside  the  same  simulation,  it  is  the  variation  of  an  axis  which 
will  provide  the  criterion  for  a  comparison:  it  is  the  position  on  the  axis  which  is  stu¬ 
died.  Often,  the  comparison  will  deal  with  the  repetitive  axis,  in  other  words,  an  axis 
which  does  not  define  the  space  of  the  simulation  but  which  induces  repetition  of  the  stored 
information:  this  is  specifically  the  case  with  the  models  with  several  lasers  (where  a 
''laser1'  axis  will  store  information  on  the  di^erent  lasers)  and  the  model  including  statis¬ 
tics  (where  a  "statistic"  axis  will  store  the  different  repetitions  of  the  simulation). 


The  comparisons  of  simulations  produced  by  the  same  model  permits  the  study  of  the  effect 
of  parameter  variation  on  a  given  model.  For  instance,  it  is  possible  to  study  the  effect  of 
a  parameter  by  choosing  simulations  that  are  distinguished  from  each  ocher  only  by  the  diffe¬ 
rent  values  given  to  this  parameter. 

The  comparison  o f  simulations  produced  by  different  simulations  brings  out  the  impact  of 
the  models.  This  type  of  comparison  is  very  complex  as  the  different  models  do  not  necessa¬ 
rily  use  the  same  parameters.  The  SYNTH  program  must  thus  use  equivalence  tables  between  the 
parameters  of  the  different  model  to  iudve  the  validity  of  a  comparison  and  to  make  up  a  valid 
heading . 

The  functions  to  be  comoared  can  either  be  vectorial  (a  simulation  produces  a  curve)  or 
scalar  (a  simulation  produces  a  ooint  on  a  curve).  The  vectorial  function  can  be  used  with 
the  three  types  of  comparison.  According  to  the  case,  the  curves  of  the  comparisons  are  thus 
identified  by  the  varying  axis,  by  the  distinguishing  parameters,  by  the  changing  model.  The 
scalar  function  can  be  used  only  in  comparisons  with  simulations  produced  by  a  same  model. 
Thus,  the  effect  of  a  group  of  oaramete'rs  can  be  studied  in  terms  of  another.  In  this  case, 
the  simulations  providing  the  points  of  a  curve  are  distinguished  from  one  another  by  a  group 
of  parameters  A  defining  the  horizontal  axis  of  the  comparison.  The  comparison  thus  involves 
several  curves  distinguished  from  one  another  by  a  group  of  parameters  3,  group  3  does  not 
include  any  of  the  parameters  of  A. 

The  specification  of  the  required  type  of  comparison  is  done  in  two  steps:  first,  by 
indicating  which  function  is  to  be  compared  and  which  are  its  selectors,  second,  by  indicating 
the  simulations  involved  in  each  comparison  making  up  the  series.  A  series  is  a  group  of 
comparisons  which  have  logical  bonds  and  which  make  up  a  more  or  less  exhaustive  study  of  a 
given  phenomenon. 

In  the  first  step  of  the  specification  of  a  series  of  comparisons,  the  user  must  indicate 
the  identifier  of  the  required  function.  Next,  the  user  must  indicate  the  name  of  the  axis, 
its  type  and  the  specification  of  the  selected  points  for  each  of  the  axes  on  which  the  func¬ 
tion  depends.  There  are  four  possible  types  to  characterize  an  axis  and  each  type  is  shown 
by  a  letter  (S,  0,  C  or  M) .  The  specification  of  the  selected  points  is  done  by  a  list  of 
point  numbers,  and  a  set  of  selection  separated  by  commas  (in  fact,  it  is  the  same  syntax  of 
the  DEERES  program,  cf.  section  S.2).‘  This  first  step  is  ended  when  the  user  writes  a  semi¬ 
colon  instead  of  a  name  of  axis.  For  instance: 

The  S  type  indicates  an  axis  used  to  select  points  of  evaluation  of  the  function  to  be 
comoared.  This  is  the  "bv  default”  type,  and  the  symbol  S  can  be  omitted.  Thus,  the  func¬ 
tion  n  POWEP  is  selected  for  all  the  points  on  the  TAU  axis  evaluated  at  point  1  of  axis 
STAT  and  at  point  71  of  axis  ETA  (what  the  SYNTH  program  writes  is  underlined): 

FUNCTION  0  POWER 

- STTT  =  S ,  1 

ETA  •  S ,  71 
TAU  •  • 

* 

The  6  type  corresponds  of  an  axis  giving  many  comparisons,  that  is  providing  comparisons 
for  each  of  the  points  selected  on  the  axis.  Thus,  the  following  specification: 

FUNCTION  0  P0*EP 

- STXT  -  1 

ETA  •  G, 61,71 
TAU  ■  • 


indicates  that  2  comparisons  of  the  function  0  ?0WER  are  needed,  one  for  point  61  on  the  ETA 
axis  and  another  for  point  71. 

Type  C  corresponds  to  a  comparison  axis,  that  is,  the  impact  of  this  axis  on  the  function 
to  be  comoared.  There  can  be  only  one  comparison  axis  for  a  given  function.  For  instance, 
the  specification:  FUNCTION  0  PQVEP 

— frrxr  ■  c  ci,7,u 

ETA  -  71 
TiU  «  • 


indicates  that  the  comparison  contains  the  function  0  POWER  seven  times,  once  for  each  of  the 
points  selected  on  the  STAT  axis. 

Finally,  type  M  shows  that  the  user  would  like  to  compare  the  arithmetic  mean  of  the  func¬ 
tion  rather  than  the  function  itself.  When  M  qualifies  an  axis,  it  means  that  the  arithmetic 
mean  of  the  function  for  the  points  selecred  on  the  axis  must  be  evaluated.  Thus,  in  the  case 
of 


FUNCTION  0  POWER 

- STXT  *  M.(l,7} 

ETA  =  71 


TAU  *  * 


» 


the  user  must  compere  the  average  of  the  seven  function  0  POWER  selected  on  the  STAT  axis. 

3y  analysing  the  specification  of  the  first  step,  the  SYNTH  program  is  already  able  to 
know  some  of  the  user's  intentions  and  thus  to  determine  which  informations  must  be  provided 
at  the  second  step.  In  other  words,  if  a  type  C  axis  is  already  known,  the  SYNTH  program 
will  automatically  know  that  the  comparison  is  done  inside  the  same  simulation  and  will  ex¬ 
pect  only  one  simulation  number  per  comparison.  Moreover,  if  the  specification  of  the  points 
selected  determine  a  scalar  function  (i.e.  FUNCTION  WIDTH  STAT  *  M, £1,7)  ETA  s  71),  the 
SYNTH  program  will  conclude  that  the  user  wanes  to  study  the  impact  of  a  group  of  parameters 
on  another  group  of  parameters.  In  this  case,  the  SYNTH  program  must  ask  the  user  to  specify 
a  list  of  parameters.  Each  of  the  parameters  on  this  list  will  be  used  one  after  the  ocher 
to  define  the  points  of  the  horizontal  axis  Caxis  x)  which  corresponds  to  the  different 
simulations  that  make  up  the  curves  to  be  compared.  For  instance,  in  the  following  case: 

PARAMETERS  FOR  AXIS  X:  T3RHO ,  FARUSKA,  INVFRNL 

The  program  will  produce  three  series  of  comparisons,  one  using  the  values  of  the  TBRHO  para¬ 
meter  to  form  axis  x,  another  using  the  FARUSKA  parameter  and  finally  one  using  the  INVFRNL 
parameter. 

The  second  major  step  for  the  definition  of  the  work  to  be  done  comes  when  the  series  of 
comparisons  are  specified.  A  series  includes  one  or  several  comparisons  making  up  a  logical 
whole,  that  is  studying  the  same  phenomenon.  The  SYNTH  program  produces  a  heading  for  each 
series  of  comparisons,  showing  the  changes  of  parameters,  of  models,  or  of  points  on  the  axes 
for  each  of  the  involved  simulations. 

Depending  on  the  kind  of  study,  a  comparison  is  made  up  of  one  or  many  simulations,  and 
each  simulation  is  identified  by  a  model  and  a  simulation  number  (one  or  several  blank  spaces 
separate  the  two  elements).  In  order  to  avoid  a  repetition  of  the  name  of  the  model,  the 
SYNTH  program  lets  the  user  define,  at  the  beginning  of  a  series  of  simulation,  a  model  by 
default. 

To  end  a  series  of  comparisons,  the  symbol  period  is  used.  At  this  moment,  it  is  pos¬ 
sible  to  redefine  another  series  using  the  same  function  specification,  or  even  to  return 
with  another  point  at  the  level  of  function  specification. 

What  happens  after  this  identification  by  "model  by  default"  depends  on  the  type  of 
comparison  that  the  user  requires. 

If  the  comparison  deals  with  the  same  simulation,  the  program  asks  the  user  to  indicate 
the  simulation  used  for  each  comparison.  The  following  example  illustrates  a  series  of  these 
comparisons  showing  the  variations  produced  by  the  STAT  axis. 


FUNCTION 


0  POWER 

C, (1,7) 


ETA  «  71 


C.R1CFS 

100 

101 

102 


When  the  comparison  studies  the  impact  of  certain  parameters  or  of  the  model  on  a  vecto¬ 
rial  function,  the  SYNTH  program  will  ask  the  user  to  give  the  numbers  (at  least  two)  of  the 
simulations  making  up  each  comparison  in  the  series.  In  the  following  example  is  defined  a 
series  of  two  comparisons  involving  three  simulations,  then  a  series  of  one  comparison  invol¬ 
ving  three  simulations  of  different  models. 


FUNCTION  0  POWER 
37TT  *  M,(l,7) 
TTX  *  7 
TAU  *  « 


MOr  3Y  DEF*’"  .  :  IX1CFS 

■""{JIT  .,\S:  mo, 101, 102 
JP, .  T7T:  110,111,11: 
STiuIAIuVnR: 


MODEL  BY  DEFAULT 


LP.1CFS 

100 , LR1PS  S.LRlPiS  2 


Finally,  when  the  comparison  involves  a  scalar  function,  the  SYNTH  program  asks  the  user, 
first,  to  indicate  the  simulations  making  up  the  curves,  then  to  indicate  which  curves  make 
up  the  comparison  (it  is  possible  to  define  one  curve  only) .  The  following  example  shows  a 
series  of  two  comparisons  involving  three  and  two  curves  respectively. 


By  and  large,  the  SYNTH  program  functions  by  processing  the  series  of  comparisons  one  by 
one.  Syntactical  verifications  are  done  as  the  specifications  are  entered.  When  the  defini¬ 
tion  of  a  series  of  comparison  is  completed,  the  program  verifies  the  validity  of  what  is 
rea.uested.  If  there  are  no  errors  at  this  level,  the  program  makes  up  the  heading  of  the 
series.  The  data  needed  for  this  operation  comes  on  the  one  hand  from  the  series  specifica¬ 
tion  that  defines  the  type  of  comparison  requested  and,  on  the  other,  from  the  DATSIM  files 
which  provide  the  values' of  the  simulations  parameters  to  be  compared.  A  specific  heading 
is  given  to  each  comparison  in  order  to  identify  each  plot.  Finally,  the  comparisons  are 

?enerated,  and  the  value  of  the  functions  to  be  compared  comes  either  from  the  DATSIM  files 
if  it  contains  the  needed  information)  or  from  the  SIMRES  files. 


Figure  S.12  shows  the  heading  of  a  series  of  comparisons,  in  which  the  impact  of  para¬ 
meters  IGVA,  IGVB  and  IGVN  on  the  vectorial  function  E»R*DR  are  studied.  Figure  S.13  shows 
a  comparison  of  this  series.  Figure  5.14  shows  the  heading  of  a  series  of  comparisons  showing 
the  impact  of  parameter  G1AO  in  terns  of  parameter  SB  on  a  scalar  function.  Figure  S.1S  shows 
a  comparison  of  this  series. 


FIGURE  5.1  -  SYNTACTICAL  CARDS  FOR  THE  SPECIFICATION  LANGUAGE  FCP.  THE  SIMULATION  FAMILIES 


-PROGRAM  DEFPARM  1.0 
-HAPPY  TO  HELP  YOU.’ 

-LOAD  THE  PARAMETERS  OF  A  PREVIOUS  SIMULATION  ?  (YES /NO) 
>y»i 

-GIVE  THE  NUMBER  OF  THIS  SIMULATION 
>312 

-LOOKING  FOR  SIMULATION  312  WAIT  A  MOMENT  PLEASE 
-BE  PATIENT  I'M  DOING  MY  BEST! 

-ENTER  PARAMETERS  AND  THEIR  VALUES 
>; 


-  Program  output 
>  User's  input 


FIGURE  5.2  -  CREATION  OF  A  BASE  FROM  PARAMETER  VALUES  OF  A  PREVIOUS  SIMULATION 


-PROGPAM  DEFPARM  1.0 
-HAPPY  TO  HELP  YOU! 

-LOAD  THE  PARAMETERS  OF  A  PREVIOUS  SIMULATION  ?  CYES/NO) 

>co 

-LOOKING  FOR  THE  NUMBER  OF  THE  NEXT  SIMULATION 
-WAIT  A  MOMENT  PLEASE 
-ENTER  PARAMETERS  AND  THEIR  VALUES 
>idia«ns  1; 

>(  ideltaa  ,  ideltab.  )  • 

>(  1,  1  )  . 

>(  0,  0  )  ; 

>toto  *  ab 
-TOTO  -  AB 

-ERROR  NUMBER:  12 

-THE  GIVEN  PARAMETER  IS  UNKNOWN 

I.E.  WAS  NOT  FOUND  IN  THE  LIST  OF  PARAMETERS  USED  IN  PREVIOUS  SIMULATION) 
-PLEASE  RETYPE  LINE  FROM  THE  BEGINNING 
>slaO  -  12S.0  ,  250.0,  37S.0  ; 

>tbrboa  *  4. 236649,  S.T;; 

-  Program  output 

>  User's  input _ _ _ _ 


FIGURE  5.3  -  USER'S  SPECIFICATION  OF  A  FAMILY  OF  SIMULATIONS 


SIM* 

IDIMEN 

IDELTAA 

IDELTA3 

GIAO 

TBRHOA 

6*9 

1 

1 

1 

125.0 

4.236669 

650 

3.7 

651 

250.9 

4.236669 

652 

8.7 

653 

375.3 

4.236669 

654 

8.7 

655 

0 

0 

125.0 

4.236669 

656 

8.7 

657 

250.0 

4.236669 

653 

8.7 

659 

37S.0 

4.236669 

660 

8.7 

CORRECTIONS  (YES /NO)  7 


-yes 

-FOR  MODIFICATION  ENTER  NFrf  VALUE (S)  OF  PARAMETER (S)  LISTED 
MEANS  NO  MODIFICATION 
MEANS  END  OF  MODIFICATION 
-NUMBER  OF  THE  FIRST  SIMULATION 
>; 

-IDIMEN  • 

>; 

- (IDELTAA, IDELT4B)  - 

>(1.1). (2, 2); 

-G1AO  - 


SIM* 

I DIMEN 

IDELTAA 

IDELTAB 

GIAO 

T3RH0A 

649 

1 

1 

1 

12S.0 

4.236669 

650 

8.7 

651 

250.0 

4.236669 

652 

8.7 

653 

375.0 

4.236669 

654 

8.7 

655 

* 

2 

125.0 

4.236669 

656 

8.7 

657 

250.0 

4.236669 

658 

8.7 

659 

375.0 

4.236669 

660 

8.7 

CORRECTIONS  (YES/NO)  7 


no 


SDATA  NUMBER-649, 

IDIMEN-1 ,  IDELTAA-1 ,  IDELTAB-1  .G1A0-12S .0 , 
T8RHOA-4 . 236669 , 

S 

SDATA  NUMBER-630, 

IDIMEN-1 , IDELTAA-i , IOELTAB-1 , G1AO-12S .0 , 
T3RHOA-8 . 7, 

S 

SDATA  NUMBER-651, 

IDIMEN-1 , IDELTAA-1 , IDELTAB-1 .G1AO-250 . 0 , 
TBRHOA-4. 236669, 

S 

SDATA  NUMBER-652, 

IDIMEN-1 , IDELTAA-1, IDELTAB-1, GIAO-2 50 .0 . 
T3RHOA-8 . 7 , 

S 

SDATA  NUMBER-653, 

IDIMEN-1 , IDELTAA-1 , IDELTAB-1 .G1AO-37S . 0 , 
T3RH0A-4. 236669, 

S 

SDATA  NUMBER-654, 

IDIMEN-1, IDELTAA-1, IDELTAB-1, G1AO-37S.O, 
TBRHOA-8 . 7 , 

S 

SDATA  NUMBER-655, 

IDIMEN-1 , IDELTAA-  2 , XOELTAB - 2 , G1 AO * 1 2  S . 0 , 
\  TBRHOA *4. 236669, 

$  • 
SDATA  MUMBER-656. 

IDIMEN-1 ,  IDELTAA- 2 ,  IDELTAB  ■  2 ,  G 1AO  •  1 2  S .  0 , 
TBRHOA-8 . 7 , 

S 

JDATA  NUMBER-657, 

IDIMEN-1, IDELTAA-2, IDELTAB*2,G1AO«2SO .0 , 
TBRHOA-4. 236669, 

S 

JDATA  NUMBER-658, 

IDIMEN-1 , IDELTAA-2 , IDELTAB-2 .G1AO-250 .0 , 
TBRHOA-8. 7. 

S 

SDATA  NUMBER-659, 

IDIMEN-1 , IDELTAA-2 , IDELTAB-2 .G1AO-37S . 0 , 
T3RH0A-4. 236669, 

S 

SDATA  NUMBER-660, 

ID IMEN-1 , IDELTAA-2 . IDELTAB-2 , G1AO- S  57 . 0 , 
TBRHOA-8. 7, 

S 


FIGURE  5.5  -  NAMELISTS  PRODUCTS  OF  THE  DEFPARM  PROGRAM 


PROGRAM:  LR1CFS 

7I7TULATIONS:  1-S,  7,  12 
f unction:  Eneray 
iilicfSTAT  *  TOUS  (ALL) 
»«Iact~cTA~  -  (1,  71,  10) 
s>l«ct  rho  -  Cl*  •*  2) 
saxact  TXU  »  (S.  *) 

- SCArc  :  STANDARD 

PLOT  :  PLOT  3D 

SCTIg  :  STANDARD 

"PLOT  :  CONTOUR 

SCTT?  s  BIN  CHND) 

FUNCTinW:”'  0  POWER 
itlteT  '3TAT  *  TOUS 
TaTecTTnr  -  Cl.  71,  10) 
j'-ltctTAir  -  CS.  .1 

- aCAL'c  :  STANDARD  CSTAT) 

TEAT  :  PLOT  2D 

SCALE  :  FIN  (END) 

FUNCTiONT"  bin 
S  IMP  LAT  T  OT? :  FIN 


PLOT  2D 
FIN  (END) 


FIGURE  5.6  -  PLOT  SPECIBICATION  FOR  THE  DESPES  PROGRAM 
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FIGURE  S.8  -  PLOT  DRAWN  BY  PLOT'  3D  FOR  A  Z  VARIABLE  FUNCTION 


UtSSUY  VERSION  1.7  -  U5SCW 
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12.33> 

10 -83k 

3-29* 

7.30k 

ZA\ 
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X 
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S.053E-01 
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2 

6.288E-01 
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FIGURE  S.9  -  CURVES  SET  BY  THE  CONTOUR  PROCEDURE  FOR  A  :  VARIABLE  FUNCTION 


C  0  M  ?  A  3  I  s  0  M 


SERIE  05  CNUMBER  1) 
WITH  NORMALIZATION 


NUMBER 

IGVA  IGVB  IDGN 

■no. 

1.  1.  0. 

530. 

0.  0.  0. 

384 . 

0.  0.  1. 

LASERA 

S 

1. 

LASERB 

3 

i. 

PHIOA 

• 

.  3141782E»01 , 

PHIOB 

3 

.3141782E-01, 

PHI2A 

3 

0.0, 

PHI2B 

3 

0.0, 

IBCA 

s 

1, 

IBCS 

3 

1, 

I3CA2 

* 

0, 

I3C32 

3 

0. 

CIA 

3 

.632S-0S, 

C1B 

3 

.  8E-01 , 

GUO 

S 

.  7SE*01 , 

G130 

3 

.2?5E-*03 , 

G1AFCT 

3 

.  1E*01 , 

G1BFCT 

3 

.1E*01, 

IGVFCTA 

3 

0, 

IGVFCTB 

3 

0, 

TBRHOA 

3 

.4236669E»01, 

TBRHOB 

= 

•4236669E»01, 

I RAND A 

3 

0, 

IRANDB 

2 

0, 

SIGNA 

3 

-.99E*00, 

SIGNB 

3 

-.IB-03, 

IDELTAA 

3 

i. 

IDELTAB 

3 

1. 

DWNA 

3 

0.0, 

DWNB 

s' 

0.0, 

GAMMAA 

3 

.IE-01, 

OAMMAB 

- 

.  1E*01, 

SA 

3 

.1E*91, 

SB 

3 

0.0, 

TBWA 

3 

.  SE*00 , 

TBWB 

3 

.  SEtOO . 

RKAPPAA 

• 

0.0, 

RJCAPPAB 

3 

0.0, 

TAUOA 

3 

. /t*01. 

TAUOB 

3 

.7E*01, 

T1NINVA 

3 

.12SE-01, 

T1NINV3 

= 

.  12SE-01 , 

T2NINVA 

3 

.14236E-01, 

T2NINVB 

3 

.  14286E-01 , 

PHISTDA 

3 

0.0, 

PHISTDB 

3 

0.0, 

ISTPHIA 

3 

0. 

ISTPHIB 

2 

0, 

CURVA 

3 

0.0, 

CURVB 

3 

0.0, 

RKPLONA 

3 

0.0, 

RKPLONB 

3 

0.0, 

IDISTRA 

3 

0. 

IDISTRB 

3 

0, 

EPSILNA 

3 

.  1E»01 , 

EPSILNB 

3 

.  IE-02 , 

T2NINVC 

3 

.142S6E-01, 

TAUSr 

3 

.  4E*01 , 

TAUOCT 

s 

.9E*01, 

WINDOW 

3 

.  21E*02 , 

IDIMEN 

3 

3, 

K5AVE 

3 

64, 

MSA  VS 

s 

32, 

JSAVE 

3 

300, 

JSTEP 

3 

4, 

HR 

3 

.173S7E-01, 

HS 

s 

.  625E-03, 

NA 

a 

32, 

NAT 

2 

S7, 

INLR 

1. 

NBRUNS 

3 

1, 

1ST 

3 

2, 

ISR 

3 

2, 

IPUMPSH 

0, 

I LEVEL 

3 

1, 

BETAA 

3 

.  474E-02 , 

BETAB 

3 

.  22E*02 , 

FARUSKA 

3 

.  8608E-01 , 

FARUSK3 

3 

•394836013E*03, 

INFRNLA 

.11344E-01, 

INFRNLB 

3 

.143S949E*01, 

LGPHIOA 

3 

. 3723432E»01 , 

LGPHIOB 

2 

• . 3723432E+01 , 

IGVNEGA 

3 

0.0, 

IGVNEGB 

3 

o.o. 

IGVPOSA 

3 

-I, 

IGVPOSB 

3 

-r, 

lgphsoa 

3 

.13863943E*02, 

LGPHSQB 

■ 

•13863943E*02, 

ING1ASQ 

3 

.1777SE-01, 

ING1BSQ 

3 

.  13E-04 , 

INV01AO 

3 

.  133333E*00 , 

INVG1BO 

m 

.  3636E-02 , 

Guosq 

.  S62SE«02 , 

G1BOSO 

2 

.  75625E«05 , 

INVC1A 

.1S82278481E*04, 

INVC1B 

3 

•12SE»02, 

RCGUO 

3 

.  2738613E*01 , 

RCG1BO 

3 

.1SS83124E*02 

AKAPPAA 

= 

.6170670064E*04, 

AKAPPAB 

3 

.♦8748294E*02, 

TAURA 

3 

.  713489E*00 , 

TAURB 

a 

.19459F.-01, 

TAUSA 

3 

.3227S6009E»03, 

TAUSB 

3 

.  177267E*00 , 

GLRA 

3 

.  3S08E-01 , 

GLRfl 

3 

.384886013E.03, 

ALPHAA 

3 

.  23E*00  , 

ALPHAS 

- 

•9166667E*01 . 
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HEADING  OF  A  SERIES  OF  COMPARISONS  IN  WHICH  THE  IMPACT  OF 
PARAMETERS  IGVA,  IGVB  .AND  IGVN  ON  THE  VECTORIAL  FUNCTION 
E*R»DR  ARE  STUDIED 


GRPF23  t.l  MCE  l 


-  E*R*CR  *  10'* 


*  YKflX  .0505  IG  33  /  33  NO  0 

.YMIN  0.0000  E*R*DR  ETA  IS. 5000  LOCAL 


FIGURE  S.13  -  COMPARISON  OF  A  SERIES  OF  COMPARISONS  IN  WHICH  THE  IMPACT  Or  PARAMETERS 
IGVA,  IGVB  AND  IGVN  ON  THE  VECTORIAL  FUNCTION  E»R»DR  ARE  STUDIED 


COMPARISO  V 


7.  GIAO 

VS  S3  fCF.  COMPARISON  971 

A)  CONSTANT  PARAMETERS 

PARAMETER 

VALUE 

PARAMETER 

VALUE 

LASERA 

=  1 

USERB 

; 

1 

PHIOA 

=  3.1417817 

PHIOB 

z 

3.1417317 

PHI2A 

=  0.0 

PHI2B 

z 

0.0 

IBCA 

=  0 

IBCB 

z 

0 

IBCA2 

*  0 

1BCB2 

2 

0 

CIA 

=  .08 

C13 

s 

.000632 

IGVA 

s  1 

IGVB 

2 

1 

G1BO 

=  6.25 

G1AFCT 

z 

1.0 

G1BFCT 

*  1.0 

IGVFCTA 

s 

0 

IGVFCTB 

=  0 

TBRHOA 

X 

4.236669 

TBRHOB 

=  4.236669 

IRANDA 

2 

0 

I RAND B 

»  0 

SIGNA 

2 

-1.0 

SIGNS 

=  -1.0 

DWNA 

Z 

0.0 

DWNB 

=  0.0 

GAMMAA 

: 

1.0 

GAMMA3 

*  1.0 

SA 

z 

0.0 

TBWA 

=  .5 

TBWB 

2 

.5 

RXAPPAA 

=  0.0 

RKAPPAB 

2 

0.0 

TAUOA 

=  7.0 

TAUOB 

Z 

7.0 

T1NINVA 

=  .oi:s 

T1NINVB 

z 

.  012S 

T2NINVA 

=  .0142857 

T2NINVB 

s 

.0142857 

PHISTDA 

s  0.0 

PHISTDB 

z 

0.0 

ISTPHIA 

=  0 

ISTPHIB 

s 

0 

CURVA 

s  0.0 

CURVB 

2 

0.0 

RKPLONA 

s  0.0 

RKPLONB 

2 

0.0 

IDISTRA 

=  0 

IDISTRB 

z 

0 

EPSILNA 

=  .001 

EPSILNB 

z 

1.0 

T2NINVC 

=  .0142357 

IDGN 

z 

0 

TAUSF 

=  4.0 

TAUOCT 

2 

9.0  • 

WINDOW 

4  21.0 

IDIMEN 

2 

3 

KSAVE 

S  64 

MSAVE 

2 

32 

JSAVE 

=  300 

JSTEP 

z 

4 

HR 

*  .017357142857 

HS 

z 

.000625 

NA 

=  32 

NAT 

9 

57 

INLR 

»  1 

NBRUNS 

3 

1 

1ST 

=  4 

I  SR 

3 

2 

IADRHO 

=  0 

IPUMPSH 

S 

0 

I LEVEL 

=  1 

B)  PARAMETERS  VARYING  ON  A  CURVE 
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C)  PARAMETERS  VARYING  BETWEEN  CURVES 
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FIGURE  5.14  - 
HEADING  OF  A  SERIES  OF 
COMPARISONS  SHOWING  THE 
IMPACT  OF  PARAMETER 
GIAO  IN  TERMS  OF  PARA¬ 
METER  SB  ON  A  SCALAR 
FUNCTION 
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FIGURE  5. IS  -  COMPARISON  OF  A  SERIES  OF  COMPARISONS  SHOWING  THE  IMPACT  OF  PARAMETER 
GIAO  IN  TERMS  OF  PARAMETER  S3  ON  A  SCALAR  FUNCTION 


VI  -  THE  LASER  PROGRAMS 


Suan  though  tha  laaar  simulation  program  do  not  in  tkamaalvas  form  t ha  core  or  tha 
bat  it  of  tha  ayatam  praaantad  hara,  thay  ramain  navarthslsis  ita  fundamanial  motivation . 

It  should  be  noted  that  the  different  softwares  and  orograms  making  up  the  system  are  general 
enough  to  process  several  different  nroblems.  The  SIMSES  for  instance  can  process  any  pro¬ 
gram  using  numerical  integration  for  result  calculations.  Therefore,  it  seemed  necessary  to 
devote  a  whole  chapter  to  discuss  the  nroduction  and  resolution  probloms  faced  in  the  laser 
simulation  programs. 

It  will  not  be  possible  to  give  here  a  detailed  explanation  of  the  ohvsics  and  the 
numerical  techniques  used  to  solve  the  diverse  differential  equations  in  these  programs. 

These  two  aspects  will  only  be  touched  un  descriptively  in  order  to  place  the  programs  in 
their  nroper  context. 

This  chapter  is  divided  in  four  oarts: 

1  -  the  first  nart  is  a  summary  description  of  the  orograms  with  an  overview  of  their 

particular  techniques, 

2  -  the  second  part  deals  with  the  general  characteristics  of  the  programs:  documenta¬ 

tion,  modularity,  etc., 

3  -  the  third  discusses  the  nroblems  of  validity  and  reliability  of  the  programs, 

4  -  the  last  part  shows  how  the  problems  created  by  the  constraints  of  memory  were 

resolved  and  how  the  oerformance  of  the  programs  was  increased. 

6.1  DESCRIPTION  QP  THE  USER  SIMULATION  PROGRAMS 

Even  though  each  program  is  essentially  different  from  the  other,  all  the  programs  use 
similar  numerical  techniques  to  solve  the  nonlinear  propagation  equations  (Maxwell)  and  the 
atomic  equations  (31och) .  These  equations  are  solved  simultaneously  by  a  dynamic  predictor/ 
corrector  algorithm:  the  predictor  used  generally  is  the  explicit  method  of  the  middle  point 
(Euler's  modified  formula)’,  the  corrector  used  is  the  trapezoid. 

Moreover,  nonlinearly  defined  axes  (transverse  axes,  temporal  axes)  are  used  in  order  to 
increase  the  efficiency  of  the  nredictor/correcfor  algorithm.  These  axes  determine  a  non- 
uniform  multi -dimensional  meshing  that  show,  around  the  focal  point  along  the  prooagation 
axis,  the  interesting  phenomena  of  the  beam.  Depending  on  the  choice  and  the  nature  of  the 
phenomena  studied,  this  non-uniform  meshing  can  be  calculated  statistically  either  at  the 
beginning  of  the  simulation  or  redefined  locally  as  the  simulation  is  in  progress  (dynamic 
adaptation)  to  check  the  rapid  changes  in  self-focusing. 

The  names  of  the  laser  simulation  programs  follow  these  conventions: 

a  -  the  prefix  LR  means  LaseR; 

b  -  the  number  following  the  prefix  indicates  the  number  of  lasers  used  in  the  simulation; 

c  -  the  letter  immediately  following  this  number  shows  the  implication  of  radial  symmetry 
(C  for  Cylinder,  thus  one  transverse  axis)  or  its  absence  (P  for  Parallelepiped,  thus 
two  transverse  axes ,  x  and  y) ; 

d  -  the  letters  or  numbers  that  follow  denote  the  nrincinal  characteristics  of  the  program. 

Also,  the  axes  used  in  the  different  programs  are  designated  as  follows: 

-  longitudinal  axis  of  the  cylinder  or  parallelepiped:  axis  z; 

-  radial  symmetry  axis  of  the  cylinder:  axis  r; 

-  Cartesian  transverse  axes  of  the  parallelepiped:  axis  x  and  axis  y; 

-  temporal  axis:  axis  t; 

-  axis  of  frequencies:  axis  u. 

I 

Following  is  the  description  of  the  laser  simulation  programs  already  integrated  in  the 
system  and  using  the  SIMRES  software  to  produce  the  simulation  results. 

1)  The  LR1CFS  program  (P  for  frequency  and  S  *or  statistics):  the  simulation  is  defined  by 
the  :,  r,  t,  u  axes.  The  model*  is  based  on  the  scalar  wave  equation  coupled  to  the  two-level 
resonant  atomic  system  without  degeneracy.  This  program  offers  the  following  options: 


-  the  possibility  of  inclusion  of  the  transverse  effects  (activation  of  the  r  axis  of 
the  cylinder):  this  shows  the  increase  in  the  inhomogeneities  and  the  importance  of 
the  nonlinear  dispersion  and  the  nonlinear  absorption; 

-  the  possibility  of  inclusion  of  the  quantum  fluctuations  in  the  medium  initiation  for 
superfluorescence  evolution  (activation  of  statistics  calculations) ; 

-  possibility  of  inclusion  of  the  "extended* Donpler  effects  (activation  of  the  «  axis 
associated  with  the  atomic  system) . 

It  is  also  possible  to  include  in  this  simulation  all  these  possibilities  at  the  same 

time. 

1)  The  LR1PS  program  (S  for  statistics):  the  simulation  is  defined  by  the  x,  y,  t  axes. 
This  model  is  essentially  the  Fame  as  the  one  used  in  LR1CFS  without  the  inclusion  of  the 
extended  Doppler  effects  into  the  program.  The  following  characteristics  should  be  noted 
however: 

-  the  transverse  axes  x  and  y  are  only  defined  for  the  positive  quadrant:  i.e.,  the 
x  axis  is  defined  from  0.0  to  xmax  and  the  y  axis  is  defined  from  0.0  to  ymax; 

-  .che  transverse  effects  on  one  axis  can  be  activated  without  necessarily  activating 
the  transverse  effects  on  the  other  axis; 

-  the  maximal  delimiter  chosen  on  the  x  axis  (xmax)  can  be  different  from  the  maximal 
delimiter  (ymax)  on  the  y  axis:  this  allows  for  a  larger  choice  of  situations. 

3)  The  LR1P4S  program  (S  for  statistics  and  4  eo  indicate  that  the  transverse  axes  cover 
the  four  quadrants):  the  simulation  is  defined  by  the  t,  x,  y  and  t  axes.  This  model  is 
identical  to  the  one  used  in  the  LR1PS  program  except  for  the  two  following  points: 

-  the  transverse  effects  cannot  be  removed:  i.e.,  the  x  axis  is  necessarily  defined 
from  -xmax  to  xmax  and  the  y  axis  is  defined  from  -ymax  to  ymax; 

-  the  minimal  and  maximal  delimiters  of  the  two  axes  are  equal  to  one  another,  i.e., 

-xmax  "  -ymax  and  xmax  ■  ymax. 

4)  In  the  LR12C  program,  the  simulation  is  defined  by  the  :,  r,  t  axes.  This  model  is 
based  on  two  scalar  equations  of  the  oropagation  movement  defined  by  2  intense  ultra-wave 
laser  beams  propagating  simultaneously  through  a  gas  of  three-level  atoms.  This  model  shows 
the  interaction  between  the  two  beams  and  how  they  influence  each  other.  This  program  allows 
for  the  possibility  of  inclusion  of  the  transverse  effects  on  the  simulation. 

The  following  programs  are  not  yet  integrated  to  the  system  but  will  soon  be  added  to 
the  four  programs  described  above. 

3)  The  IR2CFS  program  (7  for  frequency  and  S  for  statistics) :  the  simulation  is  defined 
by  the  z,  r,  t,  w  axes.  The  model  used  here  is  essentially  the  same  as  the  one  described  in 
LR2C  except  that,  as  in  the  LR1CFS  program,  it  offers  the  following  options: 

-  the  possibility  of  including  transverse  effects; 

•  the  possibility  of  including  statistical  calculation  (quantum  fluctuations); 

-  the  possibility  of  including  the  extended  Doppler  effects. 

When  this  program  will  be  integrated  to  the  rest  of  the  system,  it  will  completely 
replace  the  LR2C  program. 

6)  The  LR1CC  program  (C  for  chemistry):  this  simulation  is  defined  by  the  z,  r,  t  axes. 

The  model  is  similar  to  that  used  in  the  LR1CFS  program  but  with  a  more  refined  atomic  confi¬ 
guration  system  to  allow  for  a  six  of  ten  levels' of  absorption.  This  model  thus  permits  the 
study  of  the  effects  of  coherent  oropagation  in  the  multi-level  atomic  configuration  such  as 
Europium. 

7)  The  LR1PH  program  (H  for  hydrodynamic) :  the  simulation  is  defined  by  che  :,  x,  y  axes. 
This  model  is  based  on  a  hydroffynamic  formulation.  In  order  to  avoid  the  oscillatory  behavior 
resulting  from  the  decomposition  of  the  electrical  field  into  its  real  and  imaginary  parts,  it 
is  necessary  to  describe  the  field  by  using  the  modulus  and  the  phase,  or  equivalently,  by 
using  the  field  energy  and  the  transverse  gradient  of  its  nhase.  The  evolution  of  the  beam 
can  thus  be  seen  as  a  flowing  fluid  whose  density  is  proportional  to  the  field  energy  and 
whose  velocity  is  proportional  to  the  gradient  of  the  phase.  This  description  leads  to  a 
generalized  Mavier’-Stockes  equation  of  motion  for  a  compressible  fluid  subjected  to  an  internal 
potential  which  depends  solely  and  nonlinearly  on  fluid  density  and  its  derivatives. 


g)  The  LR1CP  program  (?  for  olasaa) :  the  simulation  is  defined  by  the  r  axes.  This  is 
based  on  a  simplified  LR1CFS  program:  the  transient  effect  is  eliminated  and  the  temporal 
variation  is  disregarded,  what  is  calculated  here  is  the  asymptotic  effects  and  adiabatic 
approximation  response  of  the  atomic  field  (off -resonance) .  the  nonlinear  field  is  charac- 
terited  by  an  analytical  susceptibility  where  the  light-matter  interaction  is  instantaneous 
(unlike  the  model  used  by  the  LR1CFS  program)  .  This  nonlinearity  is  cubic  in  nature:  thus 
the  Kerr  effect.  However,  this  effect  can  be  corrected  and  limited  by  a  saturation  or  even 
by  a  nonlinear  exponentiality.  The  laser  can  therefore  describe  the  evolution  of  the  elec¬ 
tromagnetic  field  in  a  plasma  medium  governed  by  these  kinds  of  nonlinearities. 

9)  The  LR1PP  program  (P  for  alas®*) :  the  simulation  is  defined  by  the  z,  x  and  y  axes. 

It  is  essentially  the  same  model  as  the  one  described  in  8)  but  without  the  radial  sisunetry. 

10)  The  LR1CT  program  (T  for  transistor):  the  simulation  is  defined  by  the  z,  r  and  to  axes. 
The  model  used  here  is  based  on  the  following  approach:  when  two  waves  going  in  opposite 
directions  (a  forward  wave  and  a  backward  wave)  interact  coherently  with  each  other  and  with 

a  medium  resonant  to  the  pulse  frequency,  this  pulse  adapts  itself  longitudinally  and  trans¬ 
versely  during  the  simulation.  The  dynamic  cross-coupling  of  these  two  waves  appears  explici- 
tely  in  a  two-mode  equation  analogous  to  the  traditional  one-mode  31och  equation  describing 
the  two-level  absorption  system.  The  variation  of  phase  and  the  amplitude  of  the  linear  field 
polarized  in  the  transverse  direction  are  described  by  two  wave  equations,  one  for  each  mode: 
forward  travelling  propagation  and  backward  travelling  propagation.  The  equations  derive  from 
the  Maxwell  equation  comprising  the  transverse  and  transient  ohase  variations,  e  denotes  the 
spatial  frequency  harmonies  associated  with  the  standing  wave  nature  of  the  field. 

The  algorithm  used  to  solve  these  equations  is  a  generalisation  of  Moretti's  scheme  for 
the  integration  of  the  Euler  equation  of  compressible  flow.  It  is  an  explicit  algorithm  which 
demands  a  simultaneous  integration  along  the  t  axis  for  both  waves  and  which  also  takes  into 
consideration  the  directional  derivations  to  check  the  mutual  influence  of  the  two  waves  while 
respecting  the  law  of  forbidden  signals.  The  program  thus  allows  a  unified  simulation  of  the 
soliton  collision,  of  the  two-wave  superfluorescence  and  of  the  optical  instability  phenomena 
in  a  nonlinear  Fabry  Perot  cavity. 

11)  The  LR1CI  program  (I  for  implicit):  the  simulation  is  defined  by  the  z,  r  and  t  axes. 

The  model  used  here  is  similar”to  those  used  for  the  LR1CFS  and  the  LR1CC  programs,  however 
this  model  uses  an  implicit  efficient  algorithm  with  dynamically  adapting  grids:  to  achieve 
a  greater  stability  and  a  greater  exactitude,  in  many  cases,  the  algorithm  is  obtained  by 
expressing  the  variable  on  the  left  side  of  a  given  equation  in  terms  of  an  integral  on  the 
variables  on  the  right  side  of  that  equation.  The  field  equation  solution  is  determined  in 
terms  of  average  quantities  that  varies  less  rapidly  than  the  original  variables.  Every  mesh 
point  is  determined  with  the  associate  neighboring  points:  the  resulting  triadiagonal  B'och 
matrix  is  solved  by  recurrence  method. 

The  program  offers  the  possibility  of  studying  the  influence  of  diffraction,  of  i;j".sity 
variation  and  of  the  inertial  response  in  a  multi-level  system  for  a  large  number  of  experi¬ 
mental  parameters. 

6.2  GENERAL  CHARACTERISTICS  OF  THE  LASER  SIMULATION  PROGRAMS 

Several  problems  arise  from  the  frequent  modifications,  from  the  handling  by  different 
users  and  from  the  transportation  and  implantation  of  these  programs  into  other  computers. 
These  problems  can  be  summarized  as  follows: 

-  general  comprehension  of  the  programs; 

-  detailed  comprehension  of  the  code; 

-  ease  of  program  modification; 

-  transportability  of  the  programs. 

In  order  to  answer  all  these  requirements,  the  programs  must  adhere  to  certain  basic 
criteria  which  make  their  manipulation  and  maintenance  easier;  these  are: 

-  the  documentation  of  the  programs; 

-  the  use  of  standard  FORTRAN; 

-  the  modularity  of  the  programs . 

It  is  important  to  point  out  her*  that  ail  the  laser  simulation  programs  as  well  as  the 
softwares  presented  here  adhere  to  these  requirements. 


1 


s 


y' 


6.2.1  DOCUMENTATION 

Following  is  presented  the  complete  description  of  these  programs  when  dealing  with  the 
above  mentioned  requirements  of  general  comprehension. 

•  the  principal  program  includes  a  summary  description  of  the  model  used  and  a  complete 
description  of  its  algorithm; 

-  all  the  physical  parameters  (program  data)  are  adequately  reported; 

-  each  subroutine  of  the  program  has  a  detailed  description  of  its  role  in  the  program 
and,  if  need  be,  of  its  algorithm; 

-  the  code  of  the  principal  program  is  reported  in  its  smallest  detail; 

-  all  the  global  variables  of  the  program  (i.e.  variables  in  the  commons)  and  specific 
to  the  subroutines,  as  well  as  their  parameters, are  explicitely  described  as  per  their 
usage. 

Mot  only  is  a  proper  and  extensive  documentation  a  time-saving  device  but  it  also  allows 
a  more  detailed  analysis  of  the  program  at  hand. 

6.2.2  TRANSPORTABILITY 

The  laser  simulation  programs  can  be  installed  on  different  kinds  of  computers,  therefore 
they  must  be  easily  transportable.  As  a  general  rule,  and  whenever  possible  and  feasible, 
these  programs  are  coded  in  standard  Fortran  (ANSI). 

Thus  all  the  programs  use  identifiers  (i.e.  names  of  subroutines,  variables,  parameters, 
etc.)  with  at  the  most  six  alphanumeric  characters:  in  fact,  most  Fortran  programs  installed 
in  computers  other  than  CDC  or  CRAY  do  not  permit  more  than  the  maximum  six  characters  allowed 
by  the  standard  Fortran.  Nevertheless,  some  non-standard  statements,  such  as  GOTO,  the  PROGRAM 
declaration,  the  indices  in  form  of  expression,  etc.,  can  also  be  used  because  most  Fortran 
language  processor  accept  these  statements. 

It  is  worth  noting  that  the  use  of  standard  statements  was  promoted  by  the  criterion  of 
majority.  The  only  exception  to  this  is  the  BUFFER  IN  and  BUFFER  OUT  used  for  pagination  done 
for  efficiency.  More  information  about  this  will  be  given  in  section  6.4. 

6.2.3  MODULARITY 

The  first  advantage  of  modularity  is  the  simplicity  and  clarity  it  brings  to  the  program; 
that  is:  in  the  laser  simulation  programs,  a  subroutine  performs  only  one  precise  task.  For 
example:  the  C1DTAU  subroutine  of  the  LR1CFS  program  deals  with  the  calculations  of  the  tem¬ 
poral  axis  and  of  its  derivatives.  The  second  advantage  of  modularity  resides  in  the  ease  of 
introducing  additions,  modification  or  corrections  to  the  program.  In  fact,  when  a  program  has 
been  cut  into  simple  functional  and  independent  modules,  its  model  can  be  refined  (thus  a  new 
code)  without  upsetting  all  its  structure.  Moreover ,  any  modification  to  the  program  will 
remain  localized  (i.e.  modifying  a  numerical  integration  algorithm  for  a  function)  and  its 
effects  will  be  better  understood;  in  other  words,  the  risks  of  unexpected  errors,  produced 
by  these  modifications,  will  be  considerably  diminished. 

Following  is  the  general  diagram  of  the  LR1CFS  program  (figures  6.2.1,  6.2.2  and  6.2.3). 

6.3  MANAGEMENT  CONTROL  AND  VALIDITY  OF  THE  RESULTS 


Two  interdependent  problems  result  from  the  relatively  frequent  modification  to  the  laser 
simulation  programs,  whether  these  modifications  are  for  the  improvement  of  the  performance  or 
for  refining  the  models  at  hand.  These  oroblems  are: 

-  the  minimization  of  errors  due  to  modifications  to  the  program; 

-  verification  of  the  validity  of  the  results. 

6.3.1  HANDLING  4ND  MANAGING  THE  PROGRAMS 

All  the  laser  simulation  programs  are  controlled  by  the  CDC  UPDATE  program  which  produces 
program  libraries.  Thus  it  is’ possible  to  keep  a  complete  inventory  of  the  programs  and  to 
retrieve  anterior  versions  as  each  new  modification  to  the  programs  generates  a  new  version. 

This  method  offers  the  advantage  of: 
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-  controlling  the  results:  one  is  certain  that  a  specific  result  was  produced  by  a 
precise  version  of  the  prograa  and  the  relevance  of  this  result  is  verified  in  its 
production  context; 

-  controlling  all  the  modifications  effected  to  the  prograa  over  a  period  of  time. 

It  is  thus  possible  to  have  a  detailed  verification  of  the  code  if  there  is  a  need 
to  check  the  compatibility  of  certain  results  with  others,  previously  produced. 

Another  advantage  resides  in  the  fact  that  all  the  laser  simulation  programs  are  centra¬ 
lised  on  the  same  file.  Moreover,  because  it  is  necessary  to  use  the  UPDATE  program  to  make 
any  modification  or  addition  to  these  programs,  their  manipulation  must  be  very  precise.  It 
follows  chat  the  errors  (accidental  destruction  of  files,  presentation  of  a  wrong  program), 
and  the  proliferation  of  more  or  less  similar  orograms  (i.e.  different  versions)  stored  on 
several  different  files  are  kept  to  a  minimum,  this  in  spite  of  the  fact  that  a  programmer 
always  tends  to  create  working  space  by  using  several  files. 

Given  its  facility  and  its  great  security,  this  practice  has  encompassed  all  the  programs 
and  software  presented  in  this  paper. 

6.3.2  RELIABILITY  OF  THE  PROGRAMS  AMS  VALIDITY  OF  THE  RESULTS 

Validity  of  the  results  is  one  of  the  trickiest  problems  to  deal  with.  Usually,  a  se¬ 
mantically  faulty  program  will  blow  up,  sometimes  however  the  program  will  run  till  the  end 
and  produces  completely  wrong  results.  A  program  using  integration  techniques  with  slow 
evolving  numerical  values  may  be  quite  resistant  to  such  minor  errors  as  the  use  of  a  wrong 
constant  in  an  equation  or  a  wrong  sign.  The  problem  is  then  to  recognize  the  wrong  results. 

The  surest  way  of  verifying  the  validity  of  the  results  is  to  test  the  prograa  with  pre¬ 
viously  obtained  results  known  as  valid.  There  is  the  possibility  that  the  results  obtained 
in  the  new  version  may  not  be  strictly  identical  to  the  previous  results  (results  are  said  to 
be  identical  when,  for  a  given  function  and  a  given  point,  all  the  significant  numbers  are 
identical)  however  these  may  not  be  necessarily  wrong.  Indeed,  if  any  modification  to  the 
program  dealt  with  the  numerical  algorithm,  or  even  with  the  order  of  certain  calculations, 
the  results  will  be  slightly  different  (for  example,  only  the  first  significant  n  numbers  in 
the  two  versions  agree).  It  is  thus  necessary  to  establish  a  percentage  below  which  the 
results  may  be  considered  as  valid  and  above  which  these  can  be  seen  as  doubtful. 

Moreover,  one  test  only  may  be  quite  inadequate  when  dealing  specifically  with  the  relia¬ 
bility  of  the  programs.  With  the  introduction  of  modifications  to  the  statistics  of  the  LR1CFS 
program  for  instance,  it  will  be  necessary  to  determine  whether  the  new  version  will  function 
with  or  without  the  transverse  effects,  with  or  without  frequencies.  A  minimum  of  four  tests 
will  be  necessary  in  order  to  ascertain  the  proper  running  of  the  program.  According  to  the 
importance  of  the  modifications  carried  out,  it  is  important  to  choose  the  most  exhaustive 
set  of  tests  to  cover  all  the  possible  effects  of  the  modifications  on  the  model  used  in  the 
program.  The  validity  of  the  results  will  thus  be  verified  in  all  cases  (i.e.  for  any  set  of 
parameters) . 

This  testing  procedure  with  the  mechanism  of  using  other  versions  in  program  libraries 
establishes  a  consistency  between  the  results  of  the  different  versions  of  the  same  program. 

6.1  CONSTRAINTS  OF  THE  USER  SIMULATION  PROGRAMS 

Like  many  other  programs,  those  of  laser  simulation  fall  under  two  major  constraints: 

-  the  memory  available  on  a  computer,  and 

-  the  efficiency  of  the  programs. 

6.4.1  MEMORY 

Two  main  factors  must  be  dealt  with, first: 

-  the  rather  small  memory  of  the  computer  these  programs  run  on:  for  example,  depending 

on  the  equipment,  the  memory  of  the  CYBER  computers  series  170  may  vary  between  300K- 
and  400Kg  words;  9 

-  the  variable  site  of  the  programs  are  determined  by  the  number  of  words  sampled  on  the 
axes  that  define  the  simulation. 

One  of  the  smallest  programs,  the  LRlCr3,  will  be  used  to  3how  the  importance  of  these 
two  factors.  This  program  depends  on  the  following  four  axes: 


-  the  z  axis:  longitudinal  axis  of  the  cylinder 

-  the  r  axis:  radial  axis  (of  symmetry)  of  the  cylinder 

-  the  t  axis:  temporal  axis 

-  the  at  axis:  frequency  axis. 

Let  us  call  E  the  electromagnetic  field  and  QE  the  field  derivative  in  connection  to  :: 
these  two  quantities  depend  explicitely  on  the  r  and  t  axes.  For  the  purpose  of  this 
discussion,  the  m  axis  will  not  be  used.  Moreover,  if  L  is  the  current  plane  associated  with 
the  :  axis  and  i  is  that  associated  with  the  r  axis,  and  if  k  is  the  current  point  associated 
witk  the  t  axis;  when  the  used  predictor  is  considered  (modified  mid-point  method)  then: 
E(L,i,k)  *  E(L-2,i,k)  *  (dz/2)  x  (DE(L-l,i,k)  *  DE (L, i ,k) ) ;  as  can  be  seen,  the  three  planes 
L-2,  t-1,  L  of  E  and  the  two  planes  L-l  and  L  of  DE  must  be  kept.  It  should  be  noted  that  the 
quantities  of  E  and  DE  are  complex  (i.e.  one  word  must  be  counted  for  the  real  part  and  one 
word  for  the  imaginary  part) . 

With  these  informations,  the  site  of  the  program  can  be  assessed.  Let  us  consider  the 
following  three  cases: 

a)  32  points  on  the  r  axis  and  64  points  on  the  t  axis; 

b)  64  points  on  the  r  axis  and  123  points  on  the  t  axis; 

c)  64  points  on  the  r  axis  and  192  points  on  the  t  axis. 

The  code  and  other  variable  will  occupy  a  total  of  SfliCa  words. 

Following  are  the  calculations  to  find  out  the  site  of  the  programs: 

a)  required  memory  for  E  and  DE:  (3*2)x2x32x64  •  50K-  words;  total  memory  required: 

50Ka*S0Xs  *  120Kg  words; 

b)  required  memorv  for  E  and  DE:  (3*2) x2x64xl28  •  240K,  words;  total  memory  required: 

S0Ks*240Ka  ■  3iOKa  words; 

c)  required  memory  for  E  and  DE:  (3*2)x2x64xl92  •  360K-  words;  total  memory  required: 

S0Ka*360Ka  «  430Ka  words. 

Depending  on  the  number  of  points  on  the  axes,  it  can  be  noted  that  the  site  of  the  very 
same  program  may  fluctuate  surprisingly.  With  facilities  that  can  deal  only  with  300Kg  to 
400Xg  words,  like  in  cases  b  and  c,  there  will  be  serious  problems  to  face.  Moreover,  certain 
programs  without  the  radial  symmetry  hypothesis,  like  the  LR1PS,  require  a  far  greater  memory. 
In  the  LR1PS  program,  where  the  quantities  of  E  and  DE  depend  explicitely  on  the  x,  y  and 
the  t  axes,  with  32  points  on  each  of  the  transverse  axes  (x  and  y)  and  64  points  on  the  t 
axis,  there  is  a  need  for  24OOK3  words  (i.e.  (3*2)x2x32x32x64) .  This  is  indeed  a  major  problem 
for  most  installations. 

.Nevertheless,  the  laser  simulation  programs  have  some  common  characteristics: 

-  the  sice  of  the  programs  in  a  function  of  the  quantities  of  E  and  DE; 

-  the  sice  needed  by  the  programs  in  concentrated  in  two  quantities  E  and  DE  (from  SOI 

to  931  of  the  total  size,  depending  on  the  program); 

-  the  numerical  integration  uses  a  purely  sequential  algorithm  in  all  the  prograns 
(i.e.  inner  loops  structures). 

One  simple  and  direct  way  of  solving  the  problem  of  memory  is  to  use  the  computer  disks 
to  compensate  the  central  memory;  these  disks  have  3  great  capacity  to  store  information. 

Thus,  as  the  calculations  of  the  E  and  DE  quantities  proceed  by  successive  iterations  on  the 
planes  (z  axis),  the  values  of  the  quantities  of  E  and  DE,  for  a  given  plane  are  stored  on  a 
disk  (writing  operation) ,  when  these  values  are  needed  for  prediction  or  corrections  calcula¬ 
tions  of  a  given  point  of  the  r  axis  at  given  point  on  the  t  axis,  all  that  is  needed  is  to 

retrieve  them  from  the  disk  (reading  operation):  this  procedure  is  called  pagination. 

More  precisely,  the  planes  L-2,  L-l  and  L  of  E  and  the  planes  L-l  and  L  of  DE  will  be 
associated  to  five  binary  files  sequentially  manipulated  by  the  Fortran  statements  3UFFER  IN 
and  BUFFER  OUT  (writing  and  reading) .  What  remains  now  is  to  define  the  buffers  associated 
to  the  five  files  and  to  manipulate  the  values  these  deal  with. 

At  this  point,  there  is  a  need  to  distinguish  two  categories  of  programs: 


whore  y- : 


n  : 

P  : 


jth  line  on  the  matrix 

total  number  of  points  on  x  axis 
total  number  of  points  on  t  axis 
ith  point  on  x  axis 

kth  point  on  t  axis 
real  part  of  E 
imaginary  part  of  E 


The  control  of  this  buffer  is  similar  to  the  one  described  in  1)  but  there  is  no  need 

here  to  manipulate  the  sections  of  the  x  axis  as  all  the  line  fits  in  the  buffer.  However, 

to  control  the  three  lines  of  the  buffer,  it  is  necessary  to  define  the  supplementary  pointers. 
For  the  same  reasons,  the  buffer  associated  to  the  files  holding  the  values  of  DE  on  the  L-l 
plane  will  have  a  similar  structure  but  it  will  have  only  the  two  lines  y,  j  and  y^ .  All  the 
other  buffers  for  £  and  DE  will  control  only  one  y.  line  at  a  time.  1  1 

As  in  1),  the  pointers  on  the  files  are  used  to  go  from  plane  to  plane,  yet  the  solution 

here  is  not  as  versatile.  The  main  problem  here  is  the  great  site  of  the  buffers.  In  fact, 

for  32  points  on  the  x  axis  and  64  ooints  on  the  t  axis,  the  size  of  the  buffer  controlling 
the  three  lines  will  be  of  3x2x32x6*  *  30KS  words.  Keeping  in  mind  the  fact  that  there  are 
several  buffers,  and  considering  the  memory  needed  by  the  code  and  the  other  variables  (near¬ 
ly  70Kg  words  for  the  LR1PS  program),  there  will  be  160Kg  words  for  LR1PS.  3y  changing  the 
number  of  points  on  the  axis,  it  will  be  easy  to  reach  the  300Kg  words  of  the  computers  used 
here.  J 

Finally,  it  is  necessary  to  note  that  in  the  two  solutions  presented  here,  only  four 
buffers  are  needed  instead  of  five,  even  though  there  are  five  files  to  control.  In  fact, 
as  there  is  never  any  need  for  the  values  of  E  on  the  L-2  plane  and  for  the  L-l  plane  simul¬ 
taneously  (the  L-2  plane  is  used  for  prediction  and  the  L-l  for  correction).  It  is  possible 
to  use  the  same  buffer  to  control  the  two  files  associated  to  these  planes  for  the  values  of  E. 

6.4.2  EFFICIENCY 

The  pagination  of  the  laser  simulation  programs  may  be  the  first  source  of  inefficiency. 

In  fact,  it  is  slower  to  read  or  write  a  word  on  a  disk  than  to  accede  to  an  address  in  core 
memory  (primary  storage) .  In  order  for  the  pagination  not  to  affect  the  performance  of  the 
program  to  a  great  extent,  the  following  rules  have  been  adopted: 

-  using  buffers  large  enough  to  minimize  the  access  to  the  disk; 

-  using  the  statements  BUFFER  IN  and  BUFFER  OUT  to  read  and  write  the  buffers  on  file, 
these  statements  are  three  times  faster  than  equivalent  binary  statements  READ  and 
WRITE; 

-  using  pointers  for  the  control  of  files  and  buffers  in  order  to  avoid  unnecessary 
manipulations  (displacements  cf  the  values  in  the  buffers,  transfer  of  values  from 
one  file  to  another,  etc.); 

-  non-usage  of  auxilary  panels  for  calculations  (these  will  be  done  directly  in  the 
buffers)  in  order  to  avoid  supplementary  transfers. 

Beside  pagination,  other  points  dealing  with  the  efficiency  of  the  programs  must  be 
checked: 

-  given  the  inner  loops  structure  of  this  kind  of  programs,  it  is  necessary  to  a\-oid 
the  transfer  of  variables  as  parameters  in  the  subroutines  called  for  by  the  inner 
loops.  For  example,  each  variable  transferred  in  parameter  in  the  C1DRVE  (or  C1DRVP) 
subroutine  of  the  LR1CFS  program  will  increase  the  total  running  time  of  the  program 
by  O.St,  and  if  this  subroutine  has  10  variables  transferred  in  parameters,  the  running 
time  of  the  program  will  be  increased  by  St:  this  is  quite  significant. 

-  It  is  necessary  to  minimize  the  number  of  divisions  and  multiplications  in  the  equation 
used  in  the  subroutines  of  the  inner  loops.  This  can  be  done,  when  possible,  by 
linking  all  the  constant  terms  for  each  point  of  the  same  axis  and  by  storing  the 
result  in  a  panel  subject  to  this  axis.  In  that  way,  it  will  be  possible  to  replace 
many  multiplications  and  divisions  by  one  multiplication  and  one  address  calculation 
(access  to  the  element  in  the  panel) . 

For  example,  the  running  time  of  the  L.R1CFS  program  without  storing  the  pagination 
mechanism  goes  from  300  seconds  (on  a  CYBER  173)  to  330  seconds  but  with  the  storing  of 
the  pagination  mechanism,  the  gain  is  of  303. 
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where  y^ : 


n  : 
P  : 


jth  line  on  she  matrix 

total  number  of  points  on  x  axis 
total  number  of  points  on  t  axis 
ith  point  on  x  axis 

krh  point  on  t  axis 
real  part  of  E 
imaginary  part  or  E 


The  control  of  this  buffer  is  similar  to  the  one  described  in  1)  but  there  is  no  need 

here  to  manipulate  the  sections  of  the  x  axis  as  all  the  line  fits  in  the  buffer.  However, 

to  control  the  three  lines  of  the  buffer,  it  is  necessary  to  define  the  supplementary  pointers 
For  the  same  reasons,  the  buffer  associated  to  the  files  holding  the  values  of  DE  on  the  L-l 
plane  will  have  a  similar  structure  but  it  will  have  only  the  two  lines  y.  ,  and  y . .  All  the 
other  buffers  for  E  and  DE  will  control  only  one  y^  line  at  a  time.  J 

As  in  1),  the  pointers  on  the  files  are  used  to  go  from  plane  to  plane,  yet  the  solution 

here  is  not  as  versatile.  The  main  problem  here  is  the  great  site  of  the  buffers.  In  fact, 

for  32  points  on  the  x  axis  and  64  ooints  on  the  t  axis,  the  site  of  the  buffer  controlling 
the  three  lines  will  be  of  3x2x32x64  *  30Kg  words.  Keeping  in  mind  the  fact  that  there  are 
several  buffers,  and  considering  the  memory  needed  by  the  code  and  the  other  variables  Clear¬ 
ly  70Kg  words  for  the  LR1PS  program),  there  will  be  160Kg  words  for  LR1PS.  By  changing  the 
number  of  points  on  the  axis,  it  will  be  easy  to  reach  the  300Ko  words  of  the  comouters  used 
here.  3 

Finally,  it  is  necessary  to  note  that  in  the  two  solutions  presented  hers,  only  four 
buffers  are  needed  instead  of  five,  even  though  there  are  five  files  to  control.  In  fact, 
as  there  is  never  any  need  for  the  values  of  E  on  the  L-2  plane  and  for  the  L-l  plane  simul¬ 
taneously  (the  L-2  plane  is  used  for  prediction  and  the  L-l  for  correction).  It  is  possible 
to  use  the  same  buffer  to  control  the  two  files  associated  to  these  planes  for  the  values  of  E 

6.4.2  EFFICIENCY 

The  pagination  of  the  laser  simulation  programs  may  be  the  first  source  of  inefficiency. 
In  fact,  it  is  slower  to  read  or  write  a  word  on  a  disk  than  to  accede  to  an  address  in  core 
memory  (primary  storage).  In  order  for  the  pagination  not  to  affect  the  oerforaance  of  the 
program  to  a  great  extent,  the  following  rules  have  been  adopted: 

-  using  buffers  large  enough  to  minimize  the  access  to  the  disk; 

-  using  the  statements  BUFFER  IN  and  BUFFER  OUT  to  read  and  write  the  buffers  on  file, 
these  statements  are  three  times  faster  than  equivalent  binary  statements  READ  and 
WRITE; 

-  using  pointers  for  the  control  of  files  and  buffers  in  order  to  avoid  unnecessary 
manipulations  (displacements  of  the  values  in  the  buffers,  transfer  of  values  from 
one  file  to  another,  etc.); 

-  non-usage  of  auxilary  panels  for  calculations  (these  will  be  done  directly  in  the 
buffers)  in  order  to  avoid  supplementary  transfers. 

Beside  pagination,  other  points  dealing  with  the  efficiency  of  the  programs  must  be 
checked: 

-  given  the  inner  loops  structure  of  this  kind  of  programs,  it  is  necessary  to  avoid 
the  transfer  of  variables  as  parameters  in  the  subroutines  called  for  bv" the  inner 
loops.  For  example,  each  variable  transferred  in  parameter  in  the  C1DRVE  (or  C1DRVP) 
subroutine  of  the  LR1CPS  program  will  increase  the  total  running  time  of  the  program 
by  0.S3,  and  if  this  subroutine  has  10  variables  transferred  in  parameters,  the  running 
time  of  the  program  will  be  increased  by  S3:  this  is  quite  significant. 

-  It  is  necessary  to  minimise  the  number  of  divisions  and  multiplications  in  the  equation 
used  in  the  subroutines  of  the  inner  loops.  This  can  be  done,  when  possible,  by 
linking  all  the  constant  terms  for  each  point  of  the  same  axis  and  by  storing  the 
result  in  a  panel  subject  to  this  axis.  In  that  way,  it  will  be  possible  to  replace 
many  multiplications  and  divisions  by  one  multiplication  and  one  address  calculation 
(access  to  the  element  in  the  panel) . 

For  example,  the  running  time  of  the  LR1CFS  program  without  storing  the  pagination 
mechanism  goes  from  300  seconds  (on  a  CYBER  173)  to  330  seconds  but  with  the  storing  of 
the  pagination  mechanism,  the  gain  is  of  303. 


eta:  longitudinal  axis  of  the  cylinder 

rho:  transverse  axis  of  the  cylinder  (symmetry  axis) 

tau:  temporal  axis  t 

dvn:  frequency  axis  w  (associated  to  the  material) 

material:  polarization  P  (complex  quantity)  and  energy  V 
E  electromagnetic  field  (complex  quantity) 

DE  :  field  derivation  in  terms  of  eta  (complex  quantity) 

L  Lth  plane  on  the  eta  axis 

i  ith  point  on  the  rho  axis 

k  kth  point  on  the  tau  axis 

Euler  formula:  E(L,i,k)  E(l-l,i,k)  z.XDE(L-l,i,k) 

Modified  Euler  formula:  E(L,i,k)  S(L-2,i,k)  (zX2)X9E(L-l,i,k) 

Trapetoid  method:  E(L,i,k)  E(l-l,i,k)  (z/s)X(DE(L,i,k)DE(L-l,i,k) 

PHIO,  PHI2:  initial  tilting  angles  used  in  material  calculation 

Statistics:  indicate  that  depending  on  certain  distributions,  the  PHIO  and  PHI2  angles 

will  be  randomly  generated 


Kev  to  figures 


sub-routine  contents 

loop  on  the  number  of  laser  simulations;  (sta) 

loop  on  the  eta  axis 

loop  on  the  rho  axis 

loop  on  the  tau  axis 

loop  on  the  dvn  axis 


The  loops  on  the  sta,  rho  and  dvn  axes  are  optional,  i.e.  it  depends  on  the  activation  of 
certain  effects  in  the  simulation. 


FIGURE  6.2.1  -  GENERAL  DIAGRAM  OF  THE  C1IUVW  SUB-ROUTINE 


Calculation  of  the  initial  values  of  the  material 
(only  the  two  principal  cases  are  presented  here) 

Case  with  non-activated  statistical  calculations 

Step  1.  (only  at  bootstrapping  mode  or  for  simulation  by 
superfluorescence,  if  not,  go  to  step  2). 

C1RUVW . * . 

•calculation  of  a  point  of  the  material* 
•from  the  PHIO  and  PHI2  angles 


Step  2. 


.material  initialization. 


Case  with  activated  statistical  calculations 
Step  1.  C1PHST . 


•calculations  of  angles  PHIO  and  PHI2  from* 
•certain  distribution  specified  by  the  • 
•program  parameters  * 


Step  2.  ClRUWf* 


•calculation  of  a  point  of  the  material* 
•from  the  PHIO  and  PHI2  angles  * 


Step  3. 


.material  initialization. 


FIGURE  6 


GENERAL  DIAGRAM  OF  THE  C1INTG  SUB-ROUTINE 


.material  predictionon  the  TAU  axis, 
.by  Euler's  modified  formula 


Step 


C1DRVP 


.  computation  of  the  material  derivations  . 
.  in  terms  of  axis  TAU 


Step  3 . 

.  correction  of  the  material  of  the  . 
.  TAU  axis  by  the  trapezoid  method 


Step  4.  C1SUMP  . — . 

*  integration  of  the  polarization  P  * 

*  if  the  frequencies  are  active  * 


If  the  first  plane  is  ETA,  go  to  step  7. 

Step  3.  . . * . 

*  S.l  diffraction  computations  (if  transverse  effects  are  active)* 

*  5.2  computation  of  DE  using  the  gain  and  the  diffraction  * 


Step  6.  Correction  of  the  field  on  the  ETA  axis  by  the  trapezoid  method 
Step  7.  C1DRVE 


Stem  3.  C1DRVP 


7.1  diffraction  computations  with  the  corrected  values  of  * 

field  E  (if  transverse  effects  are  active)  * 

7.2  computation  of  DE  using  the  gain  and  the  diffraction  * 


.  computation  of  the  material  derivations  in  .  * 
.  terms  of  the  TAU  axis  using  the  corrected  values  .  * 
.  of  field  E  .  * 


Step  9. 


,ne 


computation  for  the  Tcth  point  of  the  TAU  axis 


FIGURE  4.2.3  (cont'd) 


Step  10.  C1CFLI 


Seep  11.  C1CPU 


Step  12.  C1CPLJ 


FIGURE  5. 


GENERAL  DIAGRAM  OF  THE  LR1CFS  PROGRAM 


'Step  1.  Reading  of  datas  (i.e.  number  of  the  simulation,  optional  selectors  on  the 
1  functions,  simulation  parameters), 

i 

jStep  2.  Parameters  verification  (markers  and  compatibility). 

'Step  3.  Simulation  definition  at  the  SIMRES  package  (i.e.  declaration  of  axes, 

1  functions,  selectors,  parameters,  etc.). 


Step  4.  Axes  calculations. 


4.1 

4.2 

4.3 

4.4 


C19ETA 

C1RHO 


C1DTAU 


C1DDNN 


calculation  of  the  ETA  axis  and  its  dependencies  * 


calculation  of  the  RKO  axis  and  its  dependencies;  * 
can  be  defined  in  linear  or  nonlinear  mode  * 


calculation  of  the  TAU  axis  and  its  dependencies;  * 

can  be  defined  in  propagation  or  superfluorescence  mode  * 


calculations  of  the  DMN  axis  and  its  dependencies;  * 
can  be  defined  symmetrically  or  asymmetrically  and  * 
can  define  a  Gaussian  or  a  Lorentzian  curve 


Step  S.  Calculation  of  the  physical  quantities  used  by  the  simulation. 

3.1  C1GAIN  *•!*** . 

*  computation  of  the  gain  in  terms  of  the  RHO  axis; 

*  can  be  defined  constant  or  Gaussian;  can  introduce 

*  disruntions 


If  the  statistics  calculations  are  non-activated,  go  to  step  S.3 

3.2  C1DPHN . . . 

*  density  calculations  in  terms  of  RHO 

*  used  for  the  normalization  of  angle  PHIO  * 


3.3  C1EVBX . * . . . 

*  outline  calculations  of  angles  PHIO  AND  PHI2  * 


Step  0.  Initializations  dealing  with  pagination. 

Step  7.  Initialization  of  angles  PHIO  and  PHIZ,  this  initialization  follows  certain 

laws  if  the  statistical  calculation  has  been  activated  and  can  be  done  through 
the  C1PHST  sub-routine  (see  figure  6.2.1). 

Step  3.  Initialization  and  adjustment  of  vector  HO  used  for  the  initialization  of 

field  E  in  the  first  ETA  plane  (only  if  the  laser  is  defined  in  propagation  mode)  . 

Step  9.  Initialization  of  the  principal  variables  of  the  program. 


FIGURE  6.2.3  (cont’d) 

I  (Step  13.  C13RPL . 

*  calculation  of  the  last  plane  produced  * 
jj  *  and  reasons  for  stoppage,  it  available.  * 

ii  _ _ _ _ _ _ 

Step  U.  C1AC0H  ******* . * . * . * 

*["”  calculation  of  the  acoher  function;  useful  ""]* 
•*  sneciallv  when  it  is  a  statistical  simulation  * 
1 _ _ _ I _ !* 


1 1 
1 1 
1 1 
1 1 

■n 


End  of  simulation 


vii  -  conclusion 


It  is  noteworthy  to  state  at  this  point  that  the  functioning  part  of  the  system  corres- 
oonds  to  the  packages  in  section  IV  and  to  an  appreciable  nart  of  the  laser  simulation  urograms 
presented  in  section  VI  (LR1CFS,  LR2CFS,  LR1PS,  LR1P4S,  LR1C?,  LR1PP) .  The  programs  of' appli¬ 
cation  DEFPARM,  DESRES  and  SYNTH  are  still  being  developed,  however  DEFPARM  and  DESRES  are 
already  in  use. 

In  conclusion,  it  would  be  of  value  to  review  our  objectives  and  to  examine  how  the 
software  developed  for  the  laser  model  building  project  answered  our  expectations. 

With  respect  to  modularity,  it  is  evident  at  this  stage  that  a  considerable  effort  has 
been  extended  to  divide  the  work  into  concrete  jobs  and  to  limit  those  different  jobs  into 
procedures  or  groups  of  procedures.  Bv  their  very  definition  and  by  their  conception,  these 
packages  constitute  evident  examples  of  modularity.  This  modularity  can  be  also  found  in 
the  step  by  step  division  of  the  programs  of  application. 

As  to  flexibility,  there  was  an  effort,  all  along  the  conception  of  the  new  system,  to 
identify  the  problems  of  general  concern  by  liberating  us  of  the  specific  constraints  of  the 
laser  project  in  order  to  concentrate  on  the  fundamental  aspects  of  the  tasks  at  hand.  It 
follows  that  the  softwares  thus  developed  have  enough  flexibility  to  be  adapted  to  the  diffe¬ 
rent  situations  arising  within  the  same  laser  model  building  project  or  even  to  be  adapted 
to  other  projects  where  to  results  are  functions  and  where  there  is  a  sufficient  quantity 
of  results  to  justify  a  data  bank. 

The  question  of  security  is  more  difficult  to  evaluate.  Nevertheless,  the  use  of  tech¬ 
niques  such  as  data  validation,  exhaustive  tests  during  the  set  up  period,  etc.,  increase  the 
security  aspects  of  the  programs.  Moreover,  splitting  tip  the  work  into  modules  facilitates 
Site  inception  and  set  up  of  the  programs  and  contributes  to  their  strength.  Finally,  the  fact 
of  using  these  programs'  in  the  context  of  production  makes  it  easier  to  test  them  and  to  find 
their  loopholes. 

As  to  efficiency,  it  is  clear  that  the  development  of  more  complex  laser  models  has  forced 
us  to  take  into  consideration  of  execution  time  and  memory  requirements.  For  instance,  the 
direct  access  to  the  SIMRES  and  DATSIM  files  has  increased  the  efficiency  of  the  application 
programs  and  made  them  more  amenable  to  use  in  the  interactif.  Moreover,  the  use  of  pagination 
in  the  laser  modeling  programs  has  cut  down  the  site  of  the  programs,  and  facilitates  their  use 
on  computer  with  limited  memory. 

Much  attention  was  given  to  transportability  in  order,  on  the  one  hand,  to  execute  certain 
laser  programs  on  computers  more  powerful  than  those  at  our  disposal,  and  on  other,  to  use  our 
auxiliary  software  in  other  projects.  To  make  the  software  more  transportable,  we  have  chosen 
to  wTite  it  FORTRAN  IV  and  to  respect  the  ANSI  standard.  Moreover,  we  have  isolated  in  proce¬ 
dures  the  instructions  or  portions  of  code  that  are  particular  to  a  given  environment  (like 
the  files  direct  access  subroutines)  thus  making  it  easy  to  locate  what  is  to  be  modified  in 
order  to  transfer  the  software  to  another  system. 

With  respect  to  documentation  finally,  we  have  established  and  tried  to  follow  a  strict 
standard  for  the  programs  comments.  ’*e  expect  to  publish  (internal  publication)  a  technical 
report  and  a  user's  manual  for  the  different  packages  and  the  programs  dealt  with  in  this 
document . 
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,  ABSTRACT 

A  model  and  results  are  presented  which  describe  copropagational 
coherent  pump  dynamics  and  evolving  super fluorescence  (SF) .  Specification 
of  certain  pump  pulse  initial  conditions  results  in  specific  SF  characteristics, 
as  recently  observed  in  CH^F  and  Ba. 
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SUMMARY 

Recently  developed  computational  methods^ are  used  to  evaluate  for 
the  first  time  the  dynamic  longitudinal  and  transverse  reshaping  associated 
with  the  concomitant  propagation  of  two  light  beams  in  a  three-level  medium. 
Neither  the  mean  field  theory  [1]  nor  the  adiabatic  following  [2]  or  even  the 
rate  equation  [3]  approximations  have  simplified  this  analysis.  Instead,  the 
full  Maxwell-Bloch  [4,5]  equations  with  phase  and  diffraction  effects  [6]  included 
are  solved  rigorously,  using  self-consistent  numerical  methods  [7], 

A  new  concept  in  nonlinear  light  matter  interactions  is  Introduced: 

The  results  obtained  for  the  first  time  display  the  conditions  under  which 
an  injected  light  pulse  of  a  given  frequency  can  be  used  to  shape  and  control 
a  second  light  pulse  of  a  different  frequency  coupled  through  the  nonlinear 
three- level  medium.  Thus,  a  specific  aspect  of  the  phenomenon  of  light  control 
by  light  is  demonstrated  [8]. 

The  model  has  been  applied  to  double  coherent  transients  (i.e.,  double 
self-induced  transparency)  and  to  the  pump  dynamics  effects  in  super¬ 
fluorescence  (SF) . 

The  goal  of  this  paper  is  to  illustrate  how  the  output  characteristics 
of  the  collective  spontaneous  emission  of  the  SF  pulse  [9]  (such  as  delay  time, 
pulse  width,  peak  intensity,  shape,  etc.)  can  be  controlled,  deterministically, 
by  appropriately  selecting  certain  initial  and  boundary  conditions  for  the 
injected  pump  pulse. 

*  Partially  supported  by  the  U.S.  Army  Research  Office,  the  U.  S.  Office  of 
Naval  Research,  the  U.S.  Science  Foundation  and  Battelle  Columbus  Laboratories. 


With  the  exception  of  Bowden  and  Sung  [10],  all  theoretical  work  has 
dealt  exclusively  with  the  relaxation  process  from  a  prepared  state  of  complete 
inversion  in  a  two-level  manifold  of  atomic  energy  levels,  and  thus  do  not 
consider  the  dynamic  effects  of  the  pumping  process.  Yet,  all  reported 
experimental  work  has  utilized  optical  pumping  on  a  minimum  manifold  of  three 
atomic  [11-13]  or  molecular  [14-15]  energy  levels  by  laser  pulse  injection  into 
the  nonlinear  medium,  which  subsequently  superf luoresces .  (Note  that  the  two- 
level  analysis  is  only  valid  for  xR  >>  x„,  where  x  is  the  characteristic  SF 
time  and  Tp  is  the  pump  pulse  temporal  width,  and  has  not  been  realized  over 
the  full  range  of  reported  data) . 

Oil* 

Contrary  to  Bowden  and  Sung's  analytical  treatment,  we  do  not  confine 
our  solution  to  the  mean  field  regime  and  the  linearized  short  time  regime 
but  have  adopted  the  semiclassical  model  advanced  by  Feld  and  co-authors  [16] 
where  both  transients  and  propagation  effects  are  rigorously  studied.  Quantum 
fluctuations  [17-19]  are  not  discussed  in  the  treatment;  instead,  a  classical 
uniform  (not  random)  tipping  angle  concept  is  used  for  initiating  the  polarization 
to  simulate  the  fluorescence  initiation.  The  latter  method  is  well-established 
for  both  two-  and  three-level  [20-21]  propagation  calculations.  Since  transverse 
effects  are  also  considered,  the  obtained  results  also  extend  the  pump less  analysis 
that  previously  modelled  the  Cs  experiment  [22]. 

In  particular,  it  is  shown  that  the  injected  coherent  pump  initial 
characteristics,  such  as  on-axis  area,  temporal  and  radial  width  (and  associated 
gain-length-Fresnel  number),  and  shape  alter  the  SF  pulse  characteristics.  The 
effects  of  changing  the  effective  gain  [23]  of  either  the  SF  or  the  pump 
transition  and  the  density  of  active  atoms  are  also  studied. 

For  sufficiently  large  effective  gain  and/or  large  input  pump  area,  the 
two  light  pulses  overlap  and  the  two-photon  processes  (RCR-resonant  coherent 
Raman)  make  strong  contributions  to  the  mutual  pulse  development. 

Dependencies  of  this  type  have  been  recently  observed  in  methyl  fluoride 
[24]  and  in  barium  [25],  Futhermore,  under  other  conditions,  we  obtained  a  SF 
pulse  of  temporal  width  much  less  than  that  of  the  pump  even  though  the  two 
pulses  temporally  overlap.  This  calculation  agrees  qualitatively  with  the 
results  of  recent  experiments  in  mode  locked  CC^  pumped  CH^F  [26] . 
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Abstract 

Transverse  effects  on  the  profile  of  an  intense  off-resonant  cw  light  beam,  propagating 
through  a  gazeous  cell  of  length  i,  are  numerically  displayed  in  both  cases  of  the  very 
small  absorption  length  (a-1  <<  I  )  and  the  intermediate  case  (a“l  v  1)  .  As  predicted  by 
the  theory,  self-focusing  and  spatial  ringings  are  obtained.  Moreover  for  »i  ^1,  these 
di3torsions  generally  appear  as  a  recurrent  process . 

Introduction 

The  profile  of  a  cw  light  beam  with  an  on-axis  input  intensity  IQ  was  analytically 
shown  to  exhibit  unusual  distortions  when  propagating  through  an  off-resonance  optically 
thick  absorber  1 ,  such  as 


at  >>  I0/Ig  >>  1  , 


(Case  I) 


The  quantity  a"  denotes  the  off-resonance  absorption  length  and  I  is  the  saturation  inten¬ 
sity  for  a  homogeneously  broadened  atom. 


2  it  N  u2 


l  +  S2  t22 


is  -  u  +o2t22)  /  tlt2  . 


Within  the  framework  (1),  an  approximate  treatment  1  of  the  normalized  Maxwell  equation  for 
a  cw  electric  field  with  envelope  s(o,z) 


<-  i  72  +  •£•)  c(  o,z) 


1  -  i  ST, 


1  +  |  ^-  e  (o  ,  z)  |  2  /I 


)  e (o ,z) 


displayed  the  formation  of  one  or  several  concentric  cransverse  rings  of  light  after  some 
propagation,  either  inside  the  cell  or  in  the  free  space.  Moreover  self-focusing  was  also 
predicted  for  a  blue-shifted  excitation  in  spite  of  strong  absorption  losses.  In  Eq.  (2),T. 
denotes  the  homogeneous  lifetime  and  5  is  the  detuning  between  the  atomic  pulsation  *a  and  ‘ 
the  driving  field  pulsation  ug.  The  undimensionnal  variable  o  is  the  radial  variable  r 
scaled  to  the  input  beam  waist  r  and  Z  is  the  axial  variable  z  scaled  to  the  diffraction 
length , 


zd  “  i  ro  -2 
c 
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The  Fresnel  number  F  for  an  absorption  length  is 
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F  -  a  zd  . 


(4b) 


It  measures  the  ratio  between  the  diffraction  length  and  the  absorption  one  and  it  was 
shown  to  be  the  Chech  parameter  for  transverse  effects  in  transient  phenomena  like  S.I.T2 
and  superfluorescence  For  large  F,  the  loss  (or  gain)  due  to  the  atomic  medium  prevails 
on  the  diffraction  loss  while  in  the  opposite  case  (F  <  1)  the  diffraction  losses  generally 
prevent  S.I.T.  and  superfluorescence  2»'. 

In  the  present  study  governed  by  Sqs.(i)  and  (3) ,  the  balance  between  the  diffraction 
and  the  atomic  response,  and  then  the  shape  of  the  intensity  profile  depend  not  only  on  F 
but  also  on  I0/Is  and  4T2«  The  analytical  treatment  just  assumes  that  the  beam  experiences 
two  regimes  :  from  the  entrance  in  the  cell  to  a  transition  abcissa  zN£ ,  the  diffraction  is 
taken  as  negligeable  (zNIi  <<  zd)  .  Through  the  cell,  the  wave-front  undergoes  distortions 
because  of  the  interplay  of  nonlinearities  and  absorption  only.  It  follows  that  at  zNt  the 
wave-front  is  encoded,  carrying  away  knowledge  of  the  nonlinearities  of  the  medium.  After¬ 
wards  the  driven  intensity  becomes  so  weak  that  the  diffraction  only  causes  further  dis¬ 
tortions  of  the  beam,  like  in  free  space  propagation.  In  summary  the  encoding  of  the  wave- 
front  results  from  the  propagation  equation 


32 


e  (o ,z) 


*  F»  -  i  iT2) 


1  ♦  |  -£.t(o,z)  |2/IS 


e  (p  ,z) 


V 


(S) 


for  any  0  <  z  <  z{jl'  self-focusing  and  multiple  ringings  arise  from  the  diffraction 

equation 


(-i  7i  +  >  C(p,z)  -  -2F(1  -  UT,)  e(p,z) 

;  32  * 

which  describes  the  distortion  of  the  encoded  envelope 

”4  (1-13  T.)  (a  z  +[-“-*.(  oJjVl. 

«(ZNL,o)  -  eo(0)  e  2  2  m  >  o  '  s 


(6) 


(7) 


for  any  z  j.  z™ .  The  abcissa  z,_  which  locates  the  transition  between  the  two  regimes  was 
found  to  obey  approximately  the  law  1 


NL  -  a 


i  (  -°  f  I) 


(8) 


that  implies 

-2  <<  F 

I. 


(9) 


when  using  Eq.(4)  together  with  the  inequality  z„L<<  zd.  Actually,  Ineq.(9)  is  only  a 
necessary  condition  for  the  diffraction  to  be  negligible.  A  more  detailed  analysis  1  shewed 
that,  near  resonance,  a  sufficient  condition  for  the  diffraction  to  be  negligible  is 


(^)3  «  F 


(5  T2  <  1) 


(10) 


This  latter  condition  can  be  generalized  to  large  detunings,  such  as 
I 

[  — 

I. 


j  ;t2  i -2.  )‘  <<  f 


(  5  Tj  >>  1) . 


(11) 


In  this  paper  we  first  present  the  results  of  a  numerical  simulation  which  confirm  the 
validity  of  the  theoretical  model  (case  I) .  in  a  next  section  we  extend  our  numerical  study 
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to  the  case  of  weaker  absorber,  such  as 


at  ^  I  /I  ^  1  (Case  XX)  ,  (12) 

for  which  there  is  presently  no  available  analytical  model.  For  such  media  the  numerical 
calculations  display  the  formation  of  several  rings  inside  the  cell  for  sufficiently  large 
values  of  either  F  or  5T, .  Experiments  realized  by  Gibbs  and  Rushford  '  in  the  conditions 
(12)  for  some  4T-  as  higher  as*  102,  103  and  small  F  •-  0.15  exhibited  many  transverse 
ringings.  They  will  be  discussed  in  details  elsewhere. 

Case  I  (ai  >>  I0  /  Ig  >>  1) 

In  this  section  we  compare  the  analytical  calculations  (Eqs.(5)-(7)  )  performed  within 
the  framework  defined  by  Ineqs .  (1)  and  (11)  with  the  numerical  solution  of  the  field  ampli¬ 
tude  which  obeys  the  full  reduced  Maxwell  equation  (2) . 

The  input  cross-section  will  be  assumed  to  be  gaussian.  Both  analytical  and  numerical 
transverse  shapes  of  the  intensity  are  plotted  on  Fig.  1  as  the  beam  propagates,  first 
inside  the  vapor  cell  (0  s  z  s  i  »  0.03)  and  next  in  the  free  3pace  to  ten  times  the  cell 
length.  The  parameters  I0/Is  *  2.31,  S  Ti  *  +5  ,  ul  ■  4  and  F  •  29.3  have  been  chosen 
in  order  to  satisfy  the  conditions  (1)  and  (11) .  Fig.  1  displays  the  good  agreement  between 
the  analytical  profile  (broken  lines)  with  the  numerical  one  (full  lines) .  Let  us  notice 
that  the  ringings  take  form  after  the  transition  point  Zjjl  »  0.025  cm,  and  even  only  outside 
the  cell.  For  z  larger  than  the  diffraction  length  the  numerical  solution  exhibits  a  sub¬ 
structure  of  ringings  for  the  two  lateral  large  rings . 


Figure  1.  Transverse  reshaping  I  /I  ■  2.31,  a£  -  4,  5  T,  «  +  5,  z,  ■  0.22  cm,  F  *  29.5, 

l  »  0.03  cm,  zNL  =  0.025  3  cm. 


Xn  Fig.  2  the  parameters  are  the  same  as  in  Fig.  1  except  for  F  »  8.8  .  In  this  latter 
case,  the  inequality  (11)  is  not  satisfied.  This  explains  why  the  analytical  curves  do  not 
fit  the  numerical  ones.  At  ZjjL,  the  theoretical  profile  exhibits  a  narrowing  of  the  beam 
waist  of  magnitude  of  order  ‘  /""TT757*  ,  resulting  from  the  nonlingar  absorption  while  the 

numerical  profile  exhibits  de focus ing°due  to  the  diffraction.  This  discrepancy  between  the 
two  descriptions  clearly  shows  that  the  diffraction  strongly  works  before  zNL.  Tlle  encoding 
model  is  no  more  valid.  Fig.  3  illustrates  the  behaviour  of  the  cn-axis  intensity  as  a 
function  of  z  for  z  <  with  the  same  parameters  as  in  Fig.  1  and  Fig.  2,  respectively. 

For  large  F,  the  analytical  curve  given  by  the  squared-modulus  solution  of  Eq.(5)  agrees 
with  the  numerical  one  deduced  from  Eq.(3) ,  that  confirms  the  validity  of  the  encoding 
approach.  For  smaller  F,  as  yet  pointed  out  in  Fig.  2,  the  diffraction  cannot  be  neglected. 

Fig.  4  displays  the  propagation  for  smaller  Fresnel  number,  F  *  1  .25  where  the  analyti¬ 
cal  treatment  does  not  hold  in  any  case.  The  parameters  Ic/Is,  5T2  and  ai  are  those 
of  Fig.  2  but  the  absorption  length  (together  with  the  ceil  length)  is  seven  times  larger 
than  in  Fig.  2  or  the  dif traction  length  is  seven  times  smaller  in  Fig.  4  than  in  Fig.  2. 
The  beam  widely  defocuses  since  the  very  beginning  of  the  cell  and  the  ringings  appear 
inside  the  cell,  even  for  penetration  smaller  than  z^. .  Let  us  point  out  that  even  though 


strong  diffraction  effects,  the  nonlinearities  of  the  medium  still  work  to  give  rise  to 
ringings . 


Figure  2 


Figure  3.  On  axis  intensity  as  a  func¬ 
tion  of  z .  The  full  lines 
correspond  to  the  analytical 
treatment  and  the  dotted  lines 
to  the  numerical  integration 
of  Eq.(5)  with  F  *  29.5  and 
F  »  8.8,  respectively. 


Transverse  reshaping ;same  parameters 
as  in  Fig.  1,  except  F  «  8.8, 

1  -  0.1  cm,  znl  -  0.08  cm/ 


Figure  4.  Transverse  reshaping,  same  parameters  as  in  Figs.  ..  and  2,  except  F  »  1.25, 
l  »  0 . 7  cm ,  z.jL  *  0.6  cm . 


Case  II  <al  I  /Ig  ^  1) 

The  case  treated  in  this  section  is  quite  different  from  the  situation  encountered  in 
the  previous  section.  In  the  present  situation,  the  Fresnel  number,  F  *  iz -j,  is  of  magni¬ 
tude  of  order  the  cell  Fresnel  number,  J\T  »  Zj/i ,  which  generally  does  net  exceed  some 
units,  for  propagation  of  visible  light  in  cells  with  reasonable  lengths.  From  another  hand, 
if  an  encoding  of  the  beam  was  feasible,  a  strong  non  linear  phase  modification  would  be 
expected  only  for  large  values  of  the  product  of  d0/Ig)  by  3T2  \see  Eq.(7)  ).  The  conjunc¬ 
tion  of  the  three  relations 


imolies  that  the  condition  for  encoding  (Eq.(12)  )  cannot  be  realized.  The  encoding  of  the 
bean  before  ZjjL  would  be  viewed  for  very  large  of  (F  s  az  Jf)  . 

Moreover  the  present  case  is  still  different  from  the  situation  for  which  analytical 
treatment  of  self-focusing  was  made  (az  <<  I  /I  <<  1)  5.  In  this  latter  case,  the  condi¬ 
tion  I-/I  <<  1  allows  to  approximate  the  term3  (1  +  |  (u/fi  )  s(z,r)  |2/I  )~i  in  the 
right  hand  member  of  Eq.(2)  by  (1  -  | (u/fi)  s  (z,r)l2  /Is  }  and  then  to3  relate  self- 
focusing  to  a  cubic  index  3 • 

Up  to  now,  no  analytical  treatment  is  attempted  in  the  conditions  (  13)  .  Only  a 
computer-simulation  appears  presently  to  turn  out  the  transverse  effects.  The  figures 
(5  -  9)  exhibit  some  features  of  the  distortion  of  an  input  gaussian  profile  as  a  blue 
shifted  light  beam  through  the  gas  and  then  through  the  vacuum.  Fig.  5  displays  a  quasi 


Figure  5.  Intensity  profile.  IQ/IS  *  2.31  Figure  6.  Number  of  on-axis  maxima  as  a 

iz  »  2,  5T,  -  -60,  z.»0.22  cm,  function  of  I  /I  ,  for  same  parame- 

F  «  2.9,  z  =  0.15  cm.  ters  as  in  Fig. 5,  and  for  different 

T,  a)  -60,  b)  -120,  c)  -250, 
d)  -500  . 


periodicity  of  the  transverse  patterns  exhibiting  self-focusing  followed  by  ringinas .  This 
recurrence  results  from  the  variation  of  the  factor  (  1  _+•  j(u/J*-)  e  (z,r)  * 2  /I  )"  ,  which 
alternatively  behaves  either  like  (1-1  (u/fi  )  e  (z,r)  |2  /Ig)  for  small  intensities  or 
(I  /  | (u/fi  )  e(z,r)|2)  near  the  focus.  When  the  driven  intensity  I(z,r)/I  is  much  smaller 
thin  unity,  the  gas  behaves  like  a  cubic  medium,  giving  rise  to  self-lensing .  This  self- 
focusing  causes  so  large  I(z,r)  /  I  that  (1  +•  |  (u/fi  )  e  (z,r)  i2  /Is  )-l  practically 
vanishes,  giving  rise  to  ringings  3 (Case  I),  and  so  on  . . .  .  Fig.  6  exhibits  the 

number  of  the  successive  foci  corresponding  to  the  recurrent  lensing  phenomenon,  for  given 
i  and  s“l,  as  a  function  of  I_/I g  ,  and  for  different  atomic  densities.  The  two  regimes 
for  small  or  strong  input  intensities  are  clearly  differentiated.  The  figures  7  and  8 
display  the  variation  of  the  maximum  intensity  I(z«)  /I  and  its  location  z <  as  a  func¬ 
tion  of  I  /I  ,  for  same  parameters  as  Fig.  7.  Let  us  notice  that,  as  a  result  of  the 
absorption  or  the  diffraction  losses,  the  absolute  maximum  is  located  at  the  first  focus. 

For  I0/I3  smaller  than  unity,  the  magnitude  of  z *  strongly  decreases  as  I0/Is  increases 
reaches  a  minimum  for  IQ/Ia  smaller  or  of  order  unity  and  then  slowly  increases  with 
I  'I  . 

The  numerical  analysis  also  shows  that  ringings  appear  inside  a  cell  with  i 1  1  if 

the  product  F  iTj  is  high  enough,  in  Fig,  5  with  a  large  F  (-.  3)  and  ;T,  »  -60,  and 
in  Fig.  9  with  a  small  F  (’.  Q.L5)  and  larger  iT,  *  -  1200  .  The  case  of  Fig.  9  was 
thoroughly  studied  in  relationship  with  experiments  of  Gibbs  and  Rushford  and  will  be 
published  elsewhere.  Let  us  only  point  out  that  the  ringings  disappear  for  large  per.e- 
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A  model  is  presented  lot  the  dynamics]  evolution  of  superfluorescence  from  an  optically 
pumped  three- level  system.  The  full  propagation,  transverse,  and  diffraction  effects  are  tak¬ 
en  into  account.  With  the  use  of  a  previously  developed  algorithm,  a  computational  simula¬ 
tion  was  constructed  from  this  model  and  results  are  presented  and  discussed.  In  particular, 
it  is  shown  that  the  injected  coherent  pump-pulse  initial  characteristics,  such  as  on-axis 
area,  temporal  and  radial  width  and  sliape,  can  have  significant  deterministic  effects  on  the 
superfluorcscent  pulse  delay  time,  peak  intensity,  temporal  width,  and  shape.  Thus,  by 
specifying  certain  initial  properties  of  the  injected  pump  pulse,  the  superfluorescent  pulse 
can  be  shaped  and  altered.  The  results  predict  the  conditions  under  which  an  injected  light 
pulse  of  a  given  frequency  can  be  used  to  generate,  shape,  and  control  a  second  light  pulse  of 
a  different  frequency  via  a  nonlinear  medium,  thus  demonstrating  a  new  aspect  of  the 
phenomenon  of  light  control  by  light 


L  INTRODUCTION 

Superflucrescence1  is  the  plienoraenon  whereby  a 
collection  of  atoms  or  molecules  is  prepared  initially 
in  a  stale  of  complete  inversion  and  then  allowed  to 
undergo  relaxation  by  collective,  spontaneous  decay. 
Since  Dicke’s  initial  work,1  there  has  been  a 
preponderance  of  theoretical  and  experimental  work 
dealing  with  this  process.1 

With  the  exception  of  the  more  recent  work  of 
Bowden  and  Sung,4  ail  theoretical  treatments  have 
dealt  exclusively  with  the  relaxation  process  from  a 
prepared  states  of  complete  inversion  in  a  twe-levei 
manifold  of  atomic  energy  levels  and  thus'  dcr  not 
consider  the  dynamical  effects  of  the  pumping  pro¬ 
cess.  Yet,  all  reported  experimental  work3”10  has 
utilized  optical  pumping  on  a  minimum  manifold  of 
three  atomic  or  molecular  energy  levels  by  laser 
pulse  injection  into  the  nonlinear  medium,  which 
subsequently  superfluoresces. 

Il  was  pointed  out  by  Bowden  and  Sung4  that  for 
a  system  otherwise  satisfying  the  conditions  for  su¬ 
perfluorescent  (SF)  emission,  unless  the  characteris¬ 
tic  super-radiance  time1  r„  is  much  greater  than  the 
pump-pulse  temporal  duration  rf,  i.e.,  rK  »rf,  the 
process  of  coherent  optical  pumping  on  a  three-level 
system  can  have  dramatic  effects  on  the  SF.  This  is 
a  condition  which  has  not  been  realized  over  the  full 


range  of  reported  data.1 

In  this  paper,  we  present  calculational  results  and 
analysis  for  the  effects  of  coherent  pump  dynamics, 
propagation,  transverse,  and  diffraction  effects  on 
SF  emission  from  an  optically  pumped  three-level 
system.  The  full,  nonlinear,  copropagatienai  aspects 
of  the  injected  pump  pulse,  together  with  the  SF 
which  evolves,  are  explicitly  treated  in  the  calcula¬ 
tion.  Not  only  do  our  results  relate  strongly  to  pre¬ 
vious  calculations  and  experimental  results  in  SF, 
but  we  introduce  and  demonstrate  a  new  concept  in 
nonlinear  light-matter  interactions,  which  we  call 
light  control  by  light.  We  show  how  characteristics 
of  the  SF  can  be  controlled  by  specifying  certain 
characteristics  of  the  injection  pulse  in  the  regime 

rp>rR' 

In  Sec.  II,  the  model  upon  which  the  calculation 
is  based  is  presented,  and  the  algorithm  used  in  the 
simulation  is  outlined.  Results  of  the  calculation  are 
presented  and  discussed  in  Sec.  III.  Section  IV  is 
used  to  summarize  the  results  and  rite  implications 
and  to  discuss  future  work. 

n.  MODEL  FOR  THREE- LEVEL 
SUPERFLUORESCENCE 

The  model  upon  which  the  calculation  is  based  is 
composed  of  a  collection  of  identical  three-level 
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atoms,  each  having  the  energy-level  scheme  shown 
in  Fig.  1.  The  1—3  transition  is  induced  by  a 
coherent  electromagnetic  field  injection  pulse  of  fre¬ 
quency  (Or)  nearly  tuned  to  the  indicated  transition. 
The  properties  of  this  pumping  pulse  are  specified 
initially  in  terms  of  the  initial  and  boundary  condi¬ 
tions.  The  transition  3—2  evolves  by  spontaneous 
emission  at  frequency  a.  It  is  assumed  that  the 
energy-level  spacing  is  such  that  ej  > «2 »e ,  so  that 
the  fields  at  frequencies  coq  and  co  can  be  treated  by 
separate  wave  equations.  The  energy  levels  2—1  are 
not  coupled  radiativeiy  due  to  parity  considerations. 

Further,  we  neglect  spontaneous  relaxation  in  the 
3—1  transition,  and  spontaneous  relaxation  in  the 
3—2  transition  is  simulated  by  the  choke  of  a  small, 
but  nonzero,  initial  transverse  polarization11  charac¬ 
terized  by  the  parameter  10~3-  Our  results  do 
not  depend  upon  nominal  variations  of  this  parame¬ 


ter.  The  initial  condition  is  chosen  consistent  with 
the  particular  choice  of  <^o  (see  the  Appendix)  with 
nearly  all  the  population  in  the  ground  state  and  the 
initial  values  of  the  other  atomic  variables  chosen 
consistently4, 12  according  to  the  initial  equilibrium 
properties  of  the  system.11  The  full  statistical  treat¬ 
ment  of  the  quantum  initiation  process  with  result¬ 
ing  temporal  fluctuations  will  be  presented  in  a  fu¬ 
ture  development.  Thus,  the  results  presented  here 
are  to  be  regarded  as  expectation  values  or  ensemble 
averages. 

We  use  the  electric-dipole  and  rotating- wave  ap¬ 
proximations  and  couple  the  atomic  dipole  moments 
to  classical  field  amplitudes  which  are  determined 
from  Maxwell’s  equations.  The  Hamiltonian  which 
describes  the  field-matter  interaction  for  this  system 
comprising  N  atoms4  is 


X0**  2  2  (H<^^exp[-<(«t-k,rp]-a(^fiy,exp[i(a>t-k-F;)]j 

r-W-l  *  /-I 


~~  2  {®,/f*j{,«P(-fI«of-k0,F;)]-«y>*Jl,,i>expl/(art-k0' r>))|  .  (2.1) 

*  7-1 


The  first  term  on  the  right-hand  side  (rhs)  of  Eq. 
(2.1)  is  the  free  atomic  system  Hamiltonian  with 
atomic  level  spacings  erj,  r=IA3;  . . .  ,N. 

The  second  term  on  the  rhs  describes  the  interaction 
of  the  atomic  system  with  the  fluorescence  field  as¬ 
sociated  with  the  3—2  transition,  whereas  the  last 
term  on  the  right  in  (2.1)  describes  the  interaction 
between  the  atomic  system  and  the  coherent  pump¬ 
ing  field.  The  fluorescence  field  and  the  pumping 
field  have  amplitudes  ft1^’  and  io{£,  respectively,  in 
terms  of  Rabi  frequency,  at  the  position  of  the  yth 
atom,  Tj.JThe  respective  wave  vectors  of  the  two 
fields  are  k  and  ko,  and  the  carrier  frequencies  are  a 


FIG.  1.  Model  three-level  atomic  system  and  eler-r’c 
field  tunings  under  consideration.  For  the  results  report¬ 
ed  here,  the  injected  pulse  is  tuned  to  the  1—3  transition. 


I - 

and  o>0.  It  is  assumed  that  the  electromagnetic  field 
amplitudes  vary  insignificantly  over  the  atomic  di¬ 
mensions  and  that  all  of  the  atoms  remain  fixed  dur¬ 
ing  the  time  frame  of  the  dynamical  evolution  of  the 
system. 

The  atomic  variables  in  (2.1)  are  the  canonical 
operators4  J?*/1  which  obey  the  Lie  algebra  defined 
by  the  commutation  rules14-14 


[Ry"l,Jiltl]=Rl"5/y5BMt—  Xtjm>SnSm„  ,  (2J2) 

where  t,y  =«  1 ,2,3;  m,n=  1,2, . . . ,  jV.  The  Rabi  rates 
flIJ>  and  are  given  in  terras  of  the  electric  field 
amplitudes  £*'’  and  £</',  respectively,  and  the  ma¬ 
trix  elements  of  the  transition  dipole  moments  u(<2 
and  u(/i  by 


(2Ja) 


(2.3b) 


where  we  have  considered  only  one  linear  polariza¬ 
tion  for  the  two  fields  and  propagation  in  the  posi¬ 
tive  z  direction. 

It  is  convenient  to  canonically  transform  (2.1)  to 
remove  the  rapid  time  variations  at  the  carrier  fre¬ 
quencies  co  and  co0  and  the  rapid  spatial  variations 
due  to  the  wave  vectors  k  and  k0.  We  assume  that 
the  field  envelopes  C1IJI  and  eog"  vaty  much  more 
slowly  than  the  periods  co  and  co o  ,  respectively. 
In  the  transformed  representation,  we  are  thus  deal- 
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tag  with  slowly  varying  field  amplitudes  and  atomic 
operators.  The  desired  unitary  transformation  U, 
such  that 


JbT  -vjtu-1 

is  given  by 


(2.4) 


UU)~  ft  «p( MjfrMtiff]  exp[iWlt)R(£] , 


(25) 


where 

k0*r;  ,  (2.6a) 

X^(t)=[{a>0-a»)r-(k0-k)-Fy].  (2.6b) 

If  <2J)  is  applied  to  (2.1)  and  the  commutation  rules 
02)  are  used,  we  get  for  the  canonically 
transformed  Hamiltonian  2fT, 


;rr-#2  Wnw+n 2  s 2  2  (•V’*SlP-®jiw*'<5) . 

i-I  Jml  2  Jml  2  Jmi 


Hi 


07) 


where 

A^*»tS§-eo>  S^Wjj+e-wo,  f||=»0  .  (2.8) 

The  equations  of  motion  for  the  atomic  variables  are  calculated  from  07)  according  to 

•  09) 

ft 

By  imposing  the  canonical  transformation  defined  by  (2.S)  we,  in  fact,  transformed  to  a  slowly  varying  opera¬ 
tor  representation  which  is  consistent  with  the  slowly  varying  envelope  approximation  to  be  imposed  later  on  in 
the  Maxwell’s  equations  coupled  to  the  hierarchy  of  first-order  equations  (2.9). 

If  (2.7)  is  used  in  (2.9),  the  following  hierarchy  of  coupled  nonlinear  equations  of  motion  is  obtained  for  the 


atomic  variables: 

*  -  -  ?( a0** ifi + am'»R  %  (j? +o>i(J)r  ft  >  -  m  « i?  -*  is* ) ,  aioa) 

*itf-+-s(a«,jj^+o-«»ji5g)-rtt(ii|g_ng>),  *  (2.iob) 

*  - + {(o,,t'RtJl+c*l(J)Rl&)-rn(R(fi  -Rtf ) ,  a  10c) 

,  aiod> 

A'&m-l&>Ra+$iOt**Ra+m'fRn)-rJt,&  ,  (210e) 

Rfl^-t^RW-Sa'fiRn+WiPtzW-RW^riRW  ■  (2.10A 


la  Eqs.  (210),  we  have  added  phenomenological  re¬ 
laxation  Y\ |  and  dephasing  yL  and  taken  these  to  be 
uniform,  i.e.,  the  same  parameters  for  each  transi¬ 
tion.  For  the  diagonal  terms  Rtf}  the  equilibrium 
values  are  designed  as  the  same  for  all  atoms. 

We  shall  treat  the  Eqs.  (210)  from  this  point  as 
e-number  equations,  i.e,  expectation  values.  Fur¬ 
ther,  we  assume  that  all  the  atoms  have  identical 
energy-level  structure  and  also,  we  drop  the  atomic 
labels  j,  so  it  is  taken  impi'^tly  that  the  atomic  and 
field  variables  depend  upon  ;  le  spacial  coordinates 
x,  y,  and  r,  as  well  as  the  time  t. 

It  is  convenient  to  introduce  a  new  set  of  real  vari¬ 
ables  in  terms  of  the  old  ones.  We  let 

Wu=Rkk-Rih  k>l  (211a) 

Ru^jiUu+iVu),  k>l  (2.11b) 


where  Uu,  VUf  and  Wu  are  real  variables,  and 
il=*X+iY,  (21  lc) 

=*XQ+iY(y ,  (21  Id) 

where  AT,  Y,  Xa,  and  Y0  are  real  variables. 

If  the  transformation  (2.11)  is  applied  to  (210), 
the  resulting  equations  of  motion  for  the  real  vari¬ 
ables  (  Wu,  UUy  Vu\  are 

-  -  7 \xu» -YVii\-\XoVi\-Y(>Vn\ 

-Y\\Wi  i-H'm).  (212a) 

*»— |Wa-  YVx)  -  |  {X0Uix  -  70K„ I 

-7to<»M-&rH).  (2.12b) 
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-  +s^u  +Jf»ra-T<^o  cr,2-  r0  ) 

-nC^n .  GL12c) 

Vn  -  -St/32-  rJK„+ |(T«Kj,  +  Y0UU ) 

-YiVn,.  (212d) 

(>3,  — •  AKj,  — j \(XUU  +  FF2l  )+Ar0fKji 

-nV„  ,  (2.12c) 

K„  -  +Atf31  - \(XVU  -  Ftf* )- Y0iV3l 

-riYx i .  ai2f) 

Om— «»rM+T«Oji-rKj|) 

+7(2r0Cr,2-r0Kj2)-yI£r2, ,  (2.12s) 

=+w„+ jtxvn + ru3i ) 

-TOfo^a+^oVaJ-nFa  .  (212h) 

In  obtaining  Eqs.  (112),  we  have  made  use  of  the 
invariant  tiR=*I 


ized  radial  coordinate  p»r/r,,  where  r  is  the  radial 
distance  and  rf  is  a  characteristic  spatial  width.  In 
(214),  ij,t  =»zgefr.^.  where  g^.p,  i»  the  on-axis  effec¬ 
tive  gain* 


to o 

Oi 

Ml  i 

JV 


ntfc 


-7*2. 


(213) 


where  N  is  the  atomic  number  density  (assumed 
longitudinally  homogeneous),  and  n  is  the  index  of 
refraction  assumed  identical  for  each  transition 
wavelength.  The  quantity 


(216) 


governs  the  relative  radial  population  density  distri¬ 
bution  for  active  atoms.  This  could  have  variation, 
say,  for  an  atomic  beam.  Equations  (214)  are  writ¬ 
ten  in  the  retarded  time  r  frame  where 


r^t—nx/c  . 


laRW+R'i+RW  .  (113) 

It  is  noted  that  7=»0  is  satisfied  identically  in 
(210a)— (2.10c)  for  Yot  rn#0.  the  condi¬ 

tion  (213)  together  with  (210a)— (210c)  constitutes 
the  statement  of  conservation  of  atomic  density,  i-e., 
particle  number. 

Equations  (212)  are  coupled  to  Maxwell’s  equa¬ 
tions  through  the  polarizations  associated  with  each 
transition  field.  It  is  easily  determined  that  the 
Maxwell’s  equations  in  dimensionless  form  in  the 
rota  ting-wave  and  slowly  varying  envelope  approxi¬ 
mations  can  be  written  in  the  following  form: 


-.To 

3 

F0 

-Un 

Yo 

+  *?, 

Xo 

Fn 

(214a) 


-X 

3 

f 

-Uyi 

Y 

+  -T— 

Sr?, 

X 

Vyi 

(214b) 


where  the  variables  X,  Y,  X0,  Yo  are  the  same  as 
those  defined  in  (211c)  and  (21  Id),  but  in  units  of 
yL.  In  the  above  equations,  we  have  assumed 
cylindrical  symmetry,  thus 


The  first  term  on  the  left-hand  side  in  (2.14a)  and 
(214b)  accounts  for  transverse  effects  with  normal- 


From  this  point  on,  the  dot  in  Eqs.  (212)  is  taken  to 
be  3/3t.  Finally,  the  first  factors  on  the  first  terms 
on  the  Ihs  in  (2.14)  are  the  reciprocals  of  the  “gain- 
length”  Fresnel  numbers  defined  by 


'a- 


ft 


(217) 


It  is  seen  from  (214)  that  for  sufficiently  large 
Fresnel  number  y  the  corrections  due  to  transverse 
effects  become  negligible.  The  gain-length  Fresnel 
numbers  y  are  related  to  the  usual  Fresnel  numbers 
lirr^/kL,  where  L  is  the  length  of  the  medium, 

by 


,  (218) 

i.e^  the  total  gains  of  the  medium.  In  the  computa¬ 
tions,  diffraction  is  explicitly  taken  into  account  by 
the  boundary  condition  that  / corresponds  to 
completely  absorbing  walls. 

The  initial  conditions  are  chosen  to  establish  a 
small,  but  nonzero  transverse  polarization  for  the 
3—2  transition  with  almost  the  entire  population  in 
the  ground  state.  This  requires  the  specification  of 
two  small  dimensionless  parameters  e —  10-J  for  the 
ground-state  initial  population  deficit,  and  5— 10”1 
for  the  tipping  angle  for  the  initial  transverse  polari¬ 
zation  for  the  3—2  transition.  The  derivation  for 
the  initial  values  for  the  various  matrix  elements  is 
presented  in  the  Appendix,  and  the  results  are  given 
by  (A22),  (A23),  and  (A28MA33). 
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I1L  CALCULATION  RESULTS  AND  ANALYSIS 

Calculations!  methods  developed  earlier17  and  dis¬ 
cussed  elsewhere  “• 19  were  applied  to  the  model 
presented  in  See.  II  to  compute  the  effects  on  SF 
pulse  evolution  for  various  initial  conditions  for  the 
injected  (pump)  pulse.  The  results  presented  here 
demonstrate  many  facets  of  the  control  and  shaping 
of  die  SF  signal  by  control  of  the  input  signal  initial 
characteristics.  The  material  parameters  chosen  for 
these  calculations  are  arbitrary,  but  correspond 
roughly  to  those  for  optically  pumped  metal  vapors 
in  the  regime  rf>rK. 

Thus,  although  the  simulation  inherently  yields 
numerically  accurate  results  for  particular  experi¬ 
mental  design,  the  results  repotted  here  must  be  tak¬ 
en  as  qualitative.  Our  main  purpose  here  is  to 
demonstrate  and  analyze  specific  correlations  be¬ 
tween  the  initial  and  boundary  conditions  associated 
with  the  injected  pump  pulse  and  characteristics  of 
the  SF  pulse  which  evolve.  In  many  of  the  cases 
which  follow,  rules  are  established  through  the 
analysis,  which  can  be  used  to  predict  quantitative 
results  for  any  particular  experimental  conditions. 
Our  choice  of  particular  initial  and  boundary  condi¬ 
tions  has  been  motivated  in  part  by  processes  which 
may  have  been  operative  in  experiments  which  have 
been  reported1-1”  and  in  part  by  the  feasibility  of 
experimental  selection  or  specification.  In  connec¬ 
tion  with  the  latter,  we  demonstrate  the  control  of 
one  light  signal  by  another  via  a  nonlinear  medium, 
thus  imparting  nonlinear  information  transfer  and 
pulse  shaping  of  the  SF  from  specific  initial  and 
boundary  conditions  associated  with  the  pomp  injec¬ 
tion  signal. 

Figure  2  shows  results  of  the  numerical  calcula¬ 
tion  for  the  transverse  integrated  intensity  profiles 
for  the  copropagating  SF  and  injected  pulses  at  a 
penetration  depth  of  :»5.3  cm  in  the  nonlinear 
medium.  There  profiles  correspond  to  what  would 
be  observed  with  a  wide  aperture,  fast,  energy  detec¬ 
tor.  The  pumping  pulses  are  labeled  by  capital 
letters,  and  the  corresponding  SF  pulses  are  labeled 
by  the  corresponding  lower  case  letters.  Each  set  of 
curves  represents  a  different  initial  on-axis  area  for 
the  pump  pulse,  i.e,  curve  A  is  the  reshaped  pump 
pulse  at  z=5.3  cm  which  had  its  initial  on-axis  area 
specified  as  Bf  **ir,  and  curve  a  is  tbe  resulting  SF 
pulse  which  has  evolved.  All  other  parameters  are 
identical  for  each  set  of  pulses.  The  initial  condi¬ 
tions  for  the  atomic  medium  is  that  nearly  all  the 
population  is  in  the  ground  state  <i  at  r—  0,  and  a 
small,  but  nonzero  macroscopic  polarization  exists 
between  levels  fj  and  £i-  These  two  conditions  are 
specified  by  two  parameters  e  and  5,  respectively, 
and  we  have  chosen  10“3  seif-consistentiy  as 


FIG.  2.  Radially  integrated  normalized  intensity  pro¬ 
files  for  the  SF  and  injected  pulse  at  2«*5.3-cm  penetra¬ 
tion  depth  for  three  different  values  far  the  initial  on-axis 
injection  pulse  area  The  SF  pulses  are  indicated  by  a, 
b,  and  c,  whereas  the  corresponding  injected  pump  pulses 
are  labeled  A,  B,  and  C  Tbe  injected  pubes  are  initially 
Gaussian  in  r  and  r  with  widths  (FWHM)  r0— 0.24  cm 
and  r,»4  nsec,  respectively.  The  level  specings  are  such 
that  (*j— C|)/(<)— ez)«>  124.6.  The  effective  gain  for  the 
pump  transition  J,*  17  cm-'  and  that  for  the  SF  transi¬ 
tion  g,  — 291.7  cm-1.  The  gain-length  Fresnel  numbers 
for  the  two  transitions  an  -5r,  — ! 6  800  and  y, —2278. 
The  relaxation  and  dephasing  times  are  taken  as  identical 
for  ail  transitions  and  are  given  as  r(— 80  nsec  and 
7j— 70  nsec,  respectively.  The  injected  pulse  initial  on- 
axis  areas  are  (A)  0,— *,  (B)  0,=»  2ir,  and  (O  0,**  3w. 

specified  in  tbe  Appendix.  These  initial  conditions 
are  uniform  for  the  atomic  medium  and  are  the 
same  for  all  results  reported  here.  Notice  that  we 
have  neglected  spontaneous  relaxation  in  the  pump 
transition  1—3  relative  to  the  SF  transition  3—2. 
This  is  justified  owing  to  our  choice  of  relative  oscil¬ 
lator  strengths  (see  Fig.  2  caption). 

There  results  clearly  indicate  the  coherence  effect 
of  the  initial  pump-pulse  area  on  the  SF  signal 
which  evolves.  Notice  that  the  peak  intensity  of  the 
SF  pulses  increases  monatonicaily  with  initial  on- 
axis  area  for  the  pump  pulse.  This  is  caused  by 
self-focusing  due  to  transverse  coupling  and  propa¬ 
gation.  For  instance;  a  2ir-injection  pulse  would 
generate  a  very  small  SF  response  compared  to  an 
initial  rr- injection  pulse  for  these  conditions  at  rela¬ 
tively  small  penetration  z,  or  for  the  corresponding 
case  in  one  spatial  dimension.  Even  so,  the  peak  SF 
intensity  is  approximately  proportional  to  the  square 
of  the  pump-pulse  initial  on-axis  area,  whereas  the 
delay  time  rD  between  the  pump-pulse  peak  and  the 
corresponding  SF  pulse  peak  is  very  nearly  inversely 
proportional  to  the  input  pulse  area.  The  temporal 
SF  pulse  width  at  full  width  at  half  maximum 
(FWHM)  r,  is  approximately  invariant  with  respect 
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to  the  injection  pulse  area. 

Since  the  average  values  of  rB  and  the  peak  SF  in¬ 
tensity  are  important  quantities  for  interpreting  ex¬ 
perimental  results  with  theories  of  SF1’2*11,  the 
manner  in  which  the  pump-pulse  coherence  and  ini¬ 
tial  on-axis  area  affects  these  quantities  is  seen  to  be 
of  extreme  importance  in  any  analysis. 

Figure  3  shows  the  effect  upon  the  SF  pulse  of 
variation  in  the  intitial  temporal  width  at  half  max¬ 
imum  intensity  for  the  pumping  pulse.  As  the  ini¬ 
tial  temporal  width  of  the  injected  pulse  rm  becomes 
smaller,  the  SF  delay  time  ra  increases,  whereas  the 
peak  SF  intensity  decreases,  and  the  SF  temporal 
width  r,  remains  very  closely  fixed. 

It  is  clear  from  these  results  that  there  exists  an 
approximate  linear  relationship  between  the  time  de¬ 
lay  t0,  between  the  peak  SF  intensity  and  the  corre¬ 
sponding  pump-pulse  intensity,  and  the  initial  tem¬ 
poral  width  rf  of  the  pump  pulse. 

This  linear  relationship  is  shown  in  Fig.  4,  where 
the  time  delay  r0  is  plotted  versus  the  corresponding 
pump-pulse  initial  temporal  width,  from  Fig.  3. 
These  results  generate  the  following  empirical  for¬ 
mula  for  tD  as  a  function  of  rf: 

ro-0.375r^[ln(4ir/dD)l2 

-4**tt<rjt/4ri--l>t> ,  (3.1) 

where20 


FIO.  3.  Radially  integrated  normalized  intensity  pro¬ 
files  for  the  SF  and  injected  pulses  at  x— 3.3-an  penetra¬ 
tion  depth  for  five  different  vaiuea  for  the  initial  temporal 
width  of  the  injected  pulse:  The  initial  on-axis  area  of  the 
injected  pulse  is  0,— ir,  and  the  pump  transition  and  SF 
effective  gains  are  y,* 17.5  an-1  and  y,  — 541.7  an-1, 
respectively.  All  other  parameters  except  for  the  Fresnel 
numbers  are  the  same  as  those  for  Fig.  2.  The  injected 
pulse  initial  temporal  widths  at  half  maximum  are  (A) 
r,«4  nsec,  (B)  r,«3J  nsec,  (O  r,«2.9  nsec,  (D)  f>»2.5 
nsec,  and  (E)  rfaI2iuec. 
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FIG.  4.  Delay  time  r0  of  the  SF  peak  intensity  from 
the  corresponding  pump-puke  peek  intensity  vs  the 
pump-pulse  initial  full  temporal  width  at  half  maximum 
intensity  rp  according  to  Fig.  3. 


is  the  characteristic  superfluorescence  time,1,2  and 
do  is  *  parameter  adjusted  to  give  a  best  fit  to  the 
calculations!  results.  For  the  case  treated  here, 
r>*41  psec,  7*2*70  nsec,  and  do3*  10~*>  and  the 
Fresnel  number  F*  1.47. 

The  relation  (3.1)  is  at  least  in  qualitative  agree¬ 
ment  with  the  analytical  prediction  made  in  Ref. 
4(b),  Eq.  (5.1),  based  upon  mean-field  theory.  The 
first  term  in  (3.1)  was  chosen  to  conform  with  the 
quantum-mechanical  SF  initiation  result.11  The 
quantity  do  can  be  interpreted  as  the  "effective  tip¬ 
ping  angle"  for  an  equivalent  ir-initial  impulse  exci¬ 
tation,  i.e^  for  rp— *0,  which  initiates  subsequent  su¬ 
perfluorescence.  It  is  to  be  noted  that  the  value  for 
do  dependent  upon  our  choice  of  5  (see  the  Ap¬ 
pendix);  however,  rB  varies  less  than  25%  for 
order-of-inagnitude  changes  in  8  for  ( 5  |  <  10“2. 
The  choice  of  5  is  simply  an  artificial  way  of  insti¬ 
gating  the  Mmidassical  numerical  calculation,  and 
reasonable  variations  in  its  value  do  not  strongly  af¬ 
fect  the  results.  The  physical  parameter  is,  then,  do* 
which,  interpreted  on  the  basis  of  (3.1),  is  generated 
through  the  dynamics  caused  by  the  pumping  pro¬ 
cess  and  represents  quantum  SF  initiation.  The  full 
statistical  treatment  for  three-level  superfluorescence 
with  pump  dynamics  included  will  be  presented  in 
another  publication.22 

These  results  emphasize  the  importance  of  the  ini¬ 
tiating  pulse  characteristics  in  SF  pulse  evolution, 
and  the  effect  of  SF  pulse  narrowing  with  approxi¬ 
mate  pulse  shape  invariance  by  increasing  the  initial 
temporal  width  of  the  injected  pulse.  It  is  em¬ 
phasized  that  all  other  parameters,  including  the  ini¬ 
tial  value  for  the  injected  pulse  on-axis  area,  are 
identical  among  these  sets  of  curves. 

The  initial  radial  width  r0  of  the  injected  pulse 
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was  varied  and  the  effect  upon  the  SF  pulse  evolu¬ 
tion  is  shown  in  Fig.  S.  There  is  dearly  indicated  an 
optimum  value  for  ra  for  which  the  SF  peak  intensi¬ 
ty  is  a  maximum  and  the  SF  temporal  width  r,  is  a 
minimum.  If  the  relation  (2.18)  is  used  in  conjunc¬ 
tion  with  the  values  of  the  parameters  given  in  Fig. 
5  and  its  caption,  it  is  seen  that  optimization  occurs 
for  a  value  for  the  conventional  Fresnel  number  F, 
for  the  SF  transition  F,  *1.  Thus  from  (2.18)  and 
F,  m  1,  we  have 

F j  *g*a«a*  (3.3) 

for  the  gain-length  Fresnel  number.  Since  F,~  1/z, 
the  implication  is  that  Eq.  (3.3)  gives  the  penetration 
depth  Zm,  at  which  the  SF  peak  intensity  reaches  a 
maximum  in  terms  of  the  ratio  Since  this 

takes  both  transverse  and  diffraction  explicitly  into 
account  as  well  as  propagation,  this  is  indeed  a  pro¬ 
found  statement. 

Further  insight  into  the  implication  of  (3.3)  can  be 
obtained  by  considering  a  one-spacial  dimension 
analogy.  If  the  linear  field  loss  is  taken  to  be  entire¬ 
ly  due  to  diffraction,  then  the  one-dimensional  linear 
loss  k  corresponding  to  the  two-dimensional  case 


FIG.  5.  Radially  integrated  normalized  intoisity  pro- 
flies  for  the  SF  and  injected  pulses  at  r»5J-cm  penetra¬ 
tion  depth  for  seven  different  values  for  the  injected  pulse 
initial  radial  width  at  half  maximum  ra.  The  initial  on- 
axis  area  0,  of  the  injection  puise  is  0,  *2 -r,  the  SF  effec¬ 
tive  gain  g,» 758.3  cm-',  and  the  pump  transition  effec¬ 
tive  gain  g,—  14.6  cm-1.  All  other  parameters  are  the 
same  as  for  Fig.  2.  The  initial  radial  widths  at  half  max¬ 
imum  for  the  injected  pulses  are  (a)  ro— 0.57  cm,  (W 
r0— 0.43  cm,  (c)  r„-0.24  cm,  (d)  r0— 0.18  cm,  (el  r0-0.15 
cm,  (f)  r0— 0.11  cm,  and  (g>  r9m 0.09  cm.  The  corre¬ 
sponding  geometrical  Fresnel  numbers  are  (a)  F,  —  8.46, 
<b>  F,— 4.79,  (c)  F,  — 1.47,  (d)  F.-0.85.  (e)  F.-0.57,  (f) 
F,-a35,  and  (g)F, -0.21. 


specified  by  SFt  is  given  by 


Then,  from  (2.17), 

—  (3.5) 

K. 

is  the  effective  gain  g,  to  loss  k,  ratio.  From  the 
condition  (3  J), 

z-,. —(*.-') ,  (3.6) 

i.e^  rT,.  is  the  penetration  depth  at  which  the  SF 
peak  intensity  is  a  maximum  and  corresponds  to  one 
effective  diffraction  length,  as  defined  by  (3.4).  Car¬ 
rying  the  one-dimensional  analogy  one  step  further, 
(3.5)  used  in  (2.18)  gives 

.  (3.7) 

From  (3.5)  and  (3.7)  we  have  exhibited  the  signifi¬ 
cance  of  the  Fresnel  numbers  y  and  F  in  terms  of 
diffraction  loss,  i.e^  y  can  be  thought  of  as  gain  to 
loss  ratio,  Eq.  (3.5),  whereas  F  can  correspondingly 
be  thought  of  as  the  reciprocal  of  the  strength  of  the 
diffraction  loss,  Eq.  (3.7). 

The  effect  on  SF  pulse  evolution  of  variation  of 
the  initial  radial  shape  of  the  initiating  pulse  is 
shown  in  Fig.  6.  The  shape  parameter  v  is  defined 
in  terms  of  the  initial  condition  for  the  pump  transi¬ 
tion  field  amplitude oK(r): 

®*('‘>-®*(0)exp[-(r/r,r]  .  (3.8) 

Thus  for  v=*2,  the  initial  amplitude  of  the  injected 
pulse  is  radially  Gaussian,  whereas  for  v=»4,  it  is  ra¬ 
dially  super-Gaussian.  We  see  from  the  results 
presented  in  Fig.  6  that  as  the  initial  radial  shape  of 
the  injected  pulse  becomes  broader,  i.e.,  larger  values 
for  v,  the  peak  intensity  of  the  SF  pulse  generated 
becomes  larger,  and  the  width  r,  and  delay  time  r0, 
diminish.  It  is  emphasized  that  all  other  parame¬ 
ters,  including  the  initial  values  for  the  radial  and 
temporal  widths  are  invariant  among  these  sets  of 
curves. 

Thus  if  the  initial  radial  shape  of  the  injected 
pulse  is  modulated  from  one  injection  to  the  next, 
the  SF  temporal  width  and  delay  time  rD  are  corre¬ 
spondingly  modulated  as  well  as  the  SF  peak  inten¬ 
sity.  Correspondingly,  the  coherence  and  initial  ra¬ 
dial  shape  of  the  pump  pulse  cannot,  with  validity, 
be  ignored  in  interpretation  of  SF  experiments  in 
terms  of  r,  and  r0. 

Whereas  the  initial  on-axis  area  for  the  pumping 
pulse  was  8f  *»  2ir  for  the  results  shown  in  Fig.  6,  the 
identical  conditions  and  parameters  were  imposed, 
but  the  initial  on-axis  pump-pulse  area  was  changed 
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FIG.  6.  Radially  integrated  normalised  intensity  pro* 
files  for  the  SF  and  injected  pulses  at  x»5.3-cm- 
penetntion  depth  for  four  different  values  far  the  injected 
pulse  initial  radial  shape  parameter  v  (see  text).  The  ini* 
tint  on-axis  area  0,  of  the  injected  pulse  is  0,* 2»,  and 
the  SF  effective  gain  738.3  cm'1,  whereas  the  effec¬ 
tive  gain  for  the  pump  transition  g, — 14.6  cm-1.  All  oth¬ 
er  parameters  are  the  same  as  for  Fig.  2.  The  radi¬ 
al  shape  parameters  for  the  injected  pulses  are  (A)  v»  t, 
(TO  r— 2,  (Q  v»3,  and  (D)  v»4. 

to  9f**3w,  and  the  results  are  shown  in  Fig.  7.  It  is 
seen  that  the  major  effect  of  changing  the  initial 
on-axis  area  from  2ir  to  3v  is  to  cause  more  ringing 
in  the  SF  pulses  and  to  modify  the  pump-pulse  tem¬ 
poral  reshaping  as  is  noted  by  comparing  Fig.  7  with 
Fig.  6. 

The  response  of  SF  pulse  evolution  to  changes  in 
the  initial  temporal  shape  of  the  injection  pulse  is 
shown  in  Fig.  8,  which  compares  the  effect  of  a 


FIG.  7.  Radially  integrated  normalized  intensity  pro¬ 
files  for  the  SF  and  injected  pulses  at  x— 3.3-cra  penetra¬ 
tion  depth  for  four  different  values  for  the  injected  pulse 
initial  radial  shape  parameter  v  (see  text).  The  initial  on- 
axis  area  0,  of  the  injected  pulse  is  0,«3t.  All  other 
parameters  are  the  same  aa  for  Fig.  6. 
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FIG.  8.  Radially  integrated  normalized  intensity  pro¬ 
files  for  the  SF  and  injected  pubes  at  x— 3.3-cm  penetra¬ 
tion  depth  for  two  different  values  for  the  injected  pulse 
initial  temporal  shape  parameter  a  (see  text).  The  initial 
on-axis  area  0,  of  the  injected  pulse  is  0,  « 2r,  and  the  SF 
effective  gain  g,™ 641.7  cm-1.  All  other  parameters  are 
the  same  as  for  Fig.  5(c).  The  initial  radial  shape  parame¬ 
ters  for  the  injected  pulses  are  (A)  u— 2  and  (B)  <r—4. 


Gaussian  initial  temporal  shape  for  the  pump  pulse, 
identified  by  the  temporal  shape  parameter  a=*2 
with  that  of  a  super-Gaussian  identified  by  er**4. 
As  for  the  radial  distribution  discussed  previously, 
the  temporal  shape  parameter  a  is  defined  in  terms 
of  the  initial  condition  for  the  pump  transition  field 
amplitude  e>jt(r), 

®*(r)-e»*(0)expt-(T/r,)'] .  (3.9) 

Again,  it  is  seen  that  the  broader  initial  pump  pulse 
causes  an  increase  in  the  peak  SF  intensity  and  a 
reduction  in  the  delay  time  rB  and  SF  pulse  width 
*»• 

Whereas  the  results  of  Fig.  8  correspond  to  an  ini¬ 
tial  on-axis  area  0,  for  the  pump  pulse;  the  re¬ 
sults  of  Fig.  9  correspond  to  identical  conditions  and 
values  for  the  parameters  as  those  for  Fig.  8,  except 
that  the  initial  on-axis  area  for  the  injection  pulse  is 
9p  »  3ir. 

The  effect  of  changing  the  effective  gain  for  the 
SF  transition  g,  and  hence  the  relative  oscillator 
strength  between  the  SF  transition  and  the  pump 
transition  is  demonstrated  in  the  results  of  Figs. 
10—13.  Each  of  these  figures  corresponds  to  a  dif¬ 
ferent  on-axis  initial  area  9f  for  the  injection  pulse. 
Consistent  among  the  entire  set  of  results  is  that  in¬ 
creasing  the  effective  gain  g,  results  in  a  nearly 
linear  increase  in  the  SF  peak  intensity  as  well  as  de¬ 
crease  in  the  delay  time  td.  Also,  the  smaller  area 
initiating  pulse  causes  a  narrower  SF  pulse  to  evolve 
and  with  apparently  less  ringing. 
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FIG.  9.  Radially  integrated  normalized  intensity  pro¬ 
files  for  the  SF  and  injected  pulses  at  r-JJ-cm  penetra¬ 
tion  depth  for  two  different  values  for  the  injected  pulse 
initial  tempors  shape  parameter  a  (see  text).  The  initial 
on-axis  area  0,  of  the  injected  poise  is  0, — Jir.  All  other 
parameters  are  the  same  as  for  Fig.  S.  The  initial  radial 
shape  parameters  for  the  injected  poises  are  (A)  cr— 2  and 
<B)  o-4. 


Figure  14  shows  the  effect  of  variation  of  the  den¬ 
sity  p  of  active  atoms.  The  effective  gains  g,  and  gf 
are  changed  proportionally,  corresponding  to  a  den¬ 
sity  variation  p.  The  ratio  of  the  SF  intensities  is 
/,//*— 1.76  and  /»//« — 2.06;  these  ratios  are  larger 
than  the  corresponding  density  ratios  squared, 
(pc/p*)2— 1.40  and  (ps/p.)2-*  1.49.  This  difference 
from  the  predictions  from  previous  theories  of 


FIG.  1 1.  Radially  integrated  normalized  intenaity  pro¬ 
files  for  the  SF  and  injected  pulaee  at  z—  3.3-cm  penetra¬ 
tion  depth  for  three  different  values  for  the  SF  transition 
effective  gain  g,.  The  on-axis  initial  area  0,  for  the  inject¬ 
ed  pulse  is  0#—  2*.  All  other  parameters  are  the  same  as 
for  Fig.  10. 

SF1-1  may  be  due  to  self-focusing,  especially  since 
the  vr'  ies  of  the  effective  gains  used,  in- this  casc-are- 
quite  high.  However,  the  ratio  of  the  temporal 
widths  t„  FWHM,  are  within  15%  of  the  corre¬ 
sponding  inverse  ratios  of  the  densities;  the  same  it 
true  for  the  delay  time  r0  of  the  SF  intensity  peak 
with  respect  to  the  pump  intensity  peak.  These  re¬ 
sults  compare  qualitatively  reasonably  well  with  the 
mean- field  predictions  for  SF  in  two-level  systems 
initially  prepared  in  a  state  of  complete  inversion.1 

A  comparison  of  the  effects  upon  the  injection 
pulse  of  variation  in  oscillator  strengths  between  the 
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FIG.  13.  Radially  integrated  aonndlieed  intensity  pro¬ 
files  for  the  SF  and  injected  pulses  stm— 5J-cm  penetra¬ 
tion  depth  for  three  different  values  for  the  SF  transition 
effective  gain*.  The  on-axis  initial  eam^  for  the  inject¬ 
ed  pulse  is  0,-4*.  All  other  panmef  are  the  same  as 
for  Fig.  10. 

SF  and  pump  transition  (variation  <f&)  as  contrast¬ 
ed  to  effects  upon  the  pump  pulsc  of  a  density  varia¬ 
tion  (variation  of  both  gf  and  g,  psoportionaUy)  is 
given  in  Figs.  13  and  16,  respectively.  It  is  seen  that 
the  respective  effects  in  the  pump-palse  reshaping 
are  quite  distinct.  The  variation  in  oscillator 
strengths.  Fig.  13,  essentially  canses  “hole  burning” 


FIG.  13.  Radially  integrated  normalized  intensity  prt> 
files  for  the  SF  and  injected  pulses  at  z— 5.3-cm  penetra¬ 
tion  depth  for  four  different  values  for  the  SF  transition 
effective  gain  *.  The  initial  on-aris  area  for  the  injected 
pulse  is  0,— v,  and  the  effective  gain  for  the  pump  tranri- 
tion  gf « 17.3  cm**1.  Except  for  the  effective  gain  *,  all 
other  parameters  are  the  same  as  those  for  Fig.  3(c).  The- 
SF  transition  effective  gain  g,  for  each  set  of  curves  it  (a) 
*=.291.7  cm-1,  (b)  *—403.3  cm'1,  (c)  *>*323.0  cm'1, 
and  (d)*— 6*1.7  cm'1. 


FIG.  14.  Radially  integrated  normafced  intensity  pro¬ 
files  for  the  SF  and  injected  pulses  atx— 5.3-cm  penetra¬ 
tion  depth  for  three  different  valuta  Sir  the  density  p  of 
atoms.  The  on-axis  initial  area  9,  for  the  injected  {wise  is 
9rmlv.  Except  for  the  effective  paused  Fresnel  num¬ 
bers,  the  values  for  all  other  perameMs  are  the  same  as 
for  Fig.  3(c).  For  each  set  of  curves,  the  gain  values  are 


(b)  *—323.0  cm* 


•26.3  cm-1;  Id*- 641.7  cm'1. 


*-32.1  cm'1;  and  (d)  g,» 738.3  cm'1,  *—37.9  cm'1. 
The  corresponding  Fresnel  numbers  am  (b)  F,» 25  992, 
F,— *100;  (c)  F, -31 724,  F.-5010;  and  (d) 
F,  - 37 456,  F,- 5922. 


FIG.  16.  Radially  integrated  normalized  intensity  pro¬ 
files  for  the  SF  and  injected  pulse  at  z—  5.3-cm  penetra¬ 
tion  depth  for  four  different  values  for  the  density  p  of 
atoms.  The  on-axis  initial  area  9t  for  the.  injected  pulse  is 
9pm it.  Except  for  the  effective  gains  and  Fresnel  num¬ 
bers,  the  values  for  all  other  parameters  are  the  same  as 
for  Fig  3(c).  For  each  set  of  curves,  the  gain  values  are 
(a)  *-291.7  cm'1,  g,— 17.3  cm'1;  (b)  g,  —406.3  cm*1, 
*—24.3  cm'1;  (c)  *—523.0  cm'1,  *-31.5  cm'1;  and 
(d)  *—641.7  cm'1,  *— 3!L5  cm'1.  The  corresponding 
Fresnel  numbers  are  (a)  F,  — 17296,  F, — 2278;  (b) 
F,— 24212,  F,  — 3188;  (c)  F,- 31 130,  F.-4100;  and 
(d)F,-3S048,F,-50l0. 
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in  the  following  edge  of  the  pump  pulse,  whereas  the 
variation  in  density,  Fig.  16,  affects  the  whole  pump 
pulse.  i  This  contrast  has  an  analogy  as  an  inhomo¬ 
geneous,  Fig,  IS,  as  opposed  to  a  homogeneous.  Fig. 
16,  effect  on  the  pump  pulse.  This  effect  might  be 
used  for  the  purposes  of  pulse  shaping  under  suit¬ 
able  conditions. 

Shown  in  Fig.  17  is  the  transverse  integrated  SF 
pulse  intensity  versus  retarded  time  r  (curve  2)  to¬ 
gether  with  the  transverse  integrated  pump-pulse  in¬ 
tensity  versus  r  (curve  1)  for  a  gain  and  propagation 
depth  chosen  so  that  the  pulses  temporally  overlap. 
Under  these  conditions  the  two  pulses  strongly  in¬ 
teract  with  each  other  via  the  nonlinear  medium, 
and  the  two-photon  processes  (resonant,  coherent 
Raman — RCR1,  which  transfer  populations  directly 
between  levels  (2  and  «|,  make  strong  contributions 
to  the  mutual  pulse  development.4  The  importance 
of  the  RCR  in  SF  dynamical  evolution  in  an  optical¬ 
ly  pumped  three-level  system  was  pointed  out  for 
the  first  time  in  Ref.  4.  Indeed,  the  SF  pulse  evolu¬ 
tion  demonstrated  here  has  greater  nonlinearity  than 
SF  in  a  two-level  system  which  has  been  prepared 
initially  by  an  impulse  excitation.  What  is  remark¬ 
able  is  that  this  is  an  example  where  the  SF  pulse 
temporal  width  r,  is  much  less  than  the  pump  width 
r,  even  though  the  two  pulses  temporally  overlap, 
i-fc,  the  SF  process  gets  started  late  and  terminates 
early  with  respect  to  the  pump  time  duration. 
Pulses  of  this  type  have  beat  observed21  in  COz- 
pumpedCHjF. 

The  remaining  figures  are  isometric  representa- 


FIG.  17.  Radially  integrated  intensity  profiles,  in  units 
of  Rabi  frequency,  for  the  SF  (2)  and  injected  puise  (1)  at 
a  penetration  depth  of  z»5.3  cm.  The  effective  gain  for 
the  pump  transition  and  the  SF  transition  are  gf~  17 
cm-1  and  g,«64l.7  cm"',  respectively.  The  initial  on- 
axis  area  for  the  injected  pulse  is  0f  «ir.  All  other  param¬ 
eters  are  the  same  as  for  Fig.  2. 


turns  of  pump-pulse  and  SF  pulse  copropagation  and 
interaction  via  the  nonlinear  medium.  These  figures 
exhibit  details  of  the  dynamic  mutual  pulse  reshap¬ 
ing,  seif-focusing  and  defocusing  during  SF  buildup. 

The  puise  intensities  as  functions  of  the  radial 
coordinate  p  and  retarded  time  r  are  presented  in 
Figs.  18  and  19  for  two  different  penetrations  r** 4.4 
cm  and  zs5.3  cm,  respectively,  into  the  high  gain 
medium.  The  injected  pulse  is  initially  radially  and 
temporally  Gaussian.  Both  the  pump  pulse  and  the 
SF  pulse  are  seen  to  exhibit  considerable  self- 
defoc using  with  ringing  following  the  main  SF  peak. 
At  the  larger  penetration,  Fig.  19,  a  large  postpulse 
appears  in  both  the  pump  and  SF  pulse  propagation. 
This  is  due  to  energy  feedback  from  the  SF  to  the 
pump  transition.  The  postpulses  overlap,  and  so  the 
two-photon  RCR  effects  are  active  and  quite  signifi¬ 
cant  in  the  dynamic  evolution  and  coupling  between 
the  pump  and  SF  pulses.  This  effect  is  due  entirely 
to  the  coherence  in  the  dynamical  evolution  of  the 
system. 

Portrayed  in  Figs.  20  and  21  are  isometric  repre¬ 
sentations  for  the  radial  and  temporal  dependence  of 
the  copropagating  injected  and  SF  pulses  for  two 
different  initial  shape  distributions  for  the  pump 
pulse.  In  the  first  case.  Fig.  20,  the  initial  temporal 
distribution  of  the  injected  pulse  is  Gaussian, 
whereas  the  initial  radial  distribution  is  character¬ 
ized  by  the  parameter  v=«3,  Eq.  (3.8).  It  is  observed 
that  the  injected  pulse  has  undergone  considerable 
reshaping,  due  to  propagation,  to  a  more  Gaussian 
radial  distribution,  and  the  SF  pulse  exhibits  strong 
self-defocusing  in  the  wings  of  the  tail  region.  In 
the  second  case,  Fig.  21,  the  initial  radial  distribu¬ 
tion  of  the  injected  pulse  is  Gaussian,  whereas  the 
initial  temporal  distribution  is  half-Gaussian,  with 
the  sharp  temporal  cutoff  on  the  following  temporal 
half-section  of  the  pulse.  The  SF  pulse  rises  ex¬ 
tremely  sharply,  in  comparison  to  the  other  cases 
analyzed,  and  tapers  off  with  strong  self-defocusing 
indicated  in  the  wings  of  the  pulse  tail.  Pump 
pulses  of  this  type  are  generated  using  a  plasma 
switch10  and  the  corresponding  SF  pulses  with  steep 
rise  have  been  observed. 

IV.  CONCLUSIONS 

The  effects  presented  here  clearly  demonstrate  the 
coherence  and  deterministic  effects  on  SF  pulse  evo¬ 
lution  of  injection  pump-pulse  characteristics  and 
conditions  in  the  regime  rf  <  r# .  It  is  suggested  that 
effects  of  the  type  discussed  here  may  have  in  fact 
been  operative  m  SF  experiments  and  their  results 
which  were  published  earlier.5- 10  The  pump  puise 
was  taken  as  purely  coherent  in  these  calculations. 
To  determine  whether  or  not  effects  of  the  nature 


FIG.  IS.  Pulse  intensity  /  as  a  function  of  the  radial  coordinate  p  and  retarded  tine  r  at  penetration  x*»4-4  cm.  The  in¬ 
jected  pump  pulse  is  in  the  upper  left,  and  the  SF  pulse,  which  is  generated,  is  in  the  lower  right  The  parameters  are  the 


same  as  for  Fig.  3(A). 

reported  here  are  indeed  operative  in  a  given  experi¬ 
ment,  it  is  crucial  to  determine  the  degree  of  coher¬ 
ence  of  the  pumping  process  as  well  as  its  temporal 
duration.4 

Furthermore,  and  perhaps  of  greater  importance, 
we  have  demonstrated  the  control  and  shaping  of 
the  SF  pulse  which  evolves  by  specification  of  par¬ 


ticular  initial  characteristics  and  conditions  for  the 
pumping  pulse  which  is  injected  into  the  nonlinear 
nudiam  to  initiate  SF  emission.  These  manifesto- 
dons  and  others  of  the  same  class  we  call  the  control 
of  light  by  light  via  a  nonlinear  medium.  This 
phenomenon  constitutes  a  method  for  nonlinear  in¬ 
formation  encoding,  or  information  transfer,  from 
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FIG.  20.  Pulse  intensity  /  is  a  function  of  the  radial  coordinate  p  and  retarded  time  r  at  penetration  z»»3  J  cm.  The  in¬ 
jected  pomp  pulse  is  in  the  upper  left,  and  the  SF  pulse,  which  is  generated,  is  in  the  lower  right  The  parameters  are  the 
same  as  for  Fig.  14(b)  except  that  the  initial  on-axis  area  for  the  injected  pump  pulse  is  0,-3*-  and  the  initial  radial  shape 
parameter  is  v*«3  (see  text). 

the  injection  pulse  initial  characteristics  to  cone-  Work  is  now  in  progress  to  incorporate  the  effects 

spending  SF  pulse  characteristics  which  evolve  due  of  quantum  statistics  of  the  SF  spontaneous  relaxa- 

to  propagation  and  interaction  in  the  nonlinear  tion  process.32  We  are  in  the  process  of  further 

medium.  determination  and  analysis  of  the  nonlinear  interac- 


FIQ.  21.  Pulse  intensity  /  as  a  function  of  the  radial  coordinate  p  and  retarded  time  r  at  penetration  z™  J.3  cm.  The  in¬ 
jected  pump  pulae  is  in  the  upper  left,  and  the  SF  pulse,  which  is  generated,  is  in  the  lower  right.  The  parameters  are  the 
same  as  for  Fig.  6(B)  except  that  the  initial  on-axis  area  for  the  injected  pulse  is  0,»3ir,  and  the  initial  temporal  shape  of 
the  injected  pulse  is  half-Gaussian  with  the  sharp  temporal  cutoff  on  the  following,  i.e^  increasing  r,  side  of  the  pumping 
pulse. 
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tion  between  two  copropagating  pubes  resonantly, 
as  well  as  nonnsonantly,  interacting  by  a  nnniin«if 
medium.  . 
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APPENDIX  ^ 

We  must  choose  the  initial  conditions  self* 
consistently.  We  wish  to  establish  a  small,  but 
nonzero,  uniform  initial  transverse  polarization  S  for 
the  3**2  transition.  For  self-consistency,  this  corre¬ 
sponds  to  initial  population  depletion  e  of  the 
ground-state  population,  consistent  with  (2.13)  and 
Eqs.  (2.10). 

In  terms  of  initial  population  number*  Nk, 

Afj  ,  (Al) 

^11*^—^!  •  (A2) 

We  choose 

Nv-l-«  ,  (A3) 

e  small  and  positive  and  impose  the  ansatz 

Uyi  jinfisind,  ,  (A4) 

Pjj  *p  sin5  cosdt  ,  (AS) 

and  let 

Nj/IVj  «1  .  (A© 

The  condition  (A6)  means  essentially  that  iVjsse 
and  Nxa«0.  Equations  (Al),  (A4),  and  (A3)  under 
condition  (A©  become 

(A7) 

Vnme6coatt ,  (A3) 

fFnaecosd .  (A9) 

Our  uniform  initial  conditions  are  just  the  condi¬ 
tions  which  led  to  the  linearized  mean-field  equa¬ 
tions  in  the  small  fluorescence  signal  regime  of  Ref. 
4,  Eqs.  (4.14«)— (4. 14f).  Initially,  the  pump  field 
amplitude  »0,  and  these  equations  of  motion  be- 


f 

come 

t 

1 

R\i^—ia/2ArR\i , 

(A10) 

\  “  • 

Rjj*  —  2iaAj-Rj  , 

(All) 

f 

Ritm—2iaAj‘R} , 

(A12) 

Aj-^  —  iaJt  2j — kA  t  ,  (A  13) 

and  At  is  the  initial  fluorescence  field  amplitude; 
and  k  is  the  linear  fluorescence  field  loss. 

We  let 

*3*7^12. 
and  initially, 

34f 

kAt»-z£- .  (A  14) 

The  condition  (A14)  in  (A13)  gives 


AT^-~Rn .  (A15) 

Using  (A15)  and  (A14)  to  eliminate  the  field  am¬ 
plitude  Ar  from  Eqs.  (A10)— (A13),  we  get 


R-n"* —^Ri\Rn  * 

(Al© 

Al2^~-Ri1Ri2 , 

(A17) 

a 2 

- Jin" '  W nRii  . 

(A18) 

K 

Dividing  (A17)  by  (Al©, 

dRXi  Ru 

dRn  “"Re¬ 

(A19) 

integrating  (A19), 

s2 

—  7*  11  > 

(A20) 

where  the  constant  of  integration  has  been  set  equal 
to  zero.  Thus 

Ri3*yR|2*  (A21) 

In  terms  of  the  real  variables  defined  by  (2.11b),  and 
using  (A21),  we  get 

Ui\—*Vn,  (A22) 

Vlx-lVn.  (A23) 

From  the  initial  conditions  (Al)— (A6), 
B^j3bcos77»  — l+2«  .  (A24) 

Thus 

ij»cos_,(2«  — l) ,  (A25) 

and 

Uj  t  —  sinij  sind^  »  ij  sind,  ,  (A26) 

Kj|  asini/  cosdp  at;  cosd,  .  (A27) 

We  have,  therefore,  using  (A9), 


•  • 
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U«) 

(piitude; 
■  tkt  loss. 


I 


(A14) 


;  (ais) 


Waned  , 

(Alt) 

w„- 2*-l . 

(A29) 

UameSsin4,m0 , 

(A30) 

Kjj»«6C08^,»<6  , 

(A3!) 

since  we  most  choose  the  phase  such  that 
sirv^—O.  We  have 

UJt  mif  ,  (A32) 

co*4,  (A33) 

with  if  given  by  (A23)  and  chosen  arbitrarily. 
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Supcrflnorcxccncc  emission  profiles  arc  computed  using  one-way  coupled  Muxwcll-flincli 
equations.  Transverse  effects  are  included  in  the  full  three-spatial-dimension  case  as  well  as 
in  the  cylindrical-symmetry  case.  Initiating  quantum  fluctuations  are  approximated  by  a 
random  polarization  source  with  a  completely  random  phase  and  root-mcan-square  tipping 
angle  of  2/1/77,  where  N  is  the  number  of  atoms  in  each  volume  element.  These  fluctua¬ 
tions  reduce  the  tail  of  the  output  obtained  with  transverse  effects  alone.  In  fact,  the  fluc¬ 
tuations  in  output  pulse  shapes  encompass  the  Cs  data  of  Oibhx,  Vrehcn,  and  Mikspoors. 
The  standard  deviation  for  the  delay  lime  is  found  to  be  (I2.5±4)%  for  Fresnel  number  of 
0.8  compared  willi  the  value  (10  I  2)%  recently  measured  by  Vrehcn  and  dcr  Wcduwc,  also 
for  Cs.  Inhomogeneous-broadening  effects  are  also  included  in  some  simulations. 


1.  INTRODUCTION 

Previous  simulations  of  superfluorcscence1  "A  have 
-Included  quantum  fluctuations7"15  or  transverse  ef¬ 
fects14  but  never  both  until  recently.  This  article  re¬ 
imports  simultaneous  treatment  of  both  of  these  effects 
y^n  the  presence  of  inhomogeneous  broadening  and 
evaluates  their  significance. 

L.  Superfluorescence  (SF)  is  the  process  by  which 
coherent  emission  occurs  from  an  ensemble  of  two- 
level  atoms  initially  in  an  inverted  stale  in  the  ab- 
|:^ence  of  driving  external  radiation.  The  emission 
[  TSegins  by  incoherent  spontaneous  emission;  only  the 
•geometry  of  the  inverted  medium  leads  to  directed 
•jemisston.  The  quantum  initiation  process  leads  to 
y  large  (=*10%)  macroscopic  fluctuations  in  the  tern- 
vporal  and  spatial  shapes  of  the  SF  pulses  emitted  by 
[-'4  system  of  10*  initially  inverted  atoms. 

Recently,  two  groups*" 15  have  studied  theoreti- 
locally  the  quantum  initiation  of  SF,  including  propa¬ 
gation  effects  in  the  plane-wave  approximation. 
Quantum  effects  occur  during  the  very  beginning  of 


the  pulse  evolution  when  the  problem  is  still  linear. 
During  the  later  nonlinear  evolution  when  the  num¬ 
ber  of  photons  in  important  modes  is  large,  the 
dynamics  can  be  described  a-curately  scmiclassical- 
ly,  i.c.,  with  coupled  Maxwcll-Bloch  equations.'*’5 
The  quantum  initiation  is  then  described  by  a  sta¬ 
tistical  ensemble  of  initial  conditions  for  Maxwell- 
Bloch  solutions.  One  can  adopt  for  each  volume  ele¬ 
ment  an  initial  polarization  source  with  random 
phase  tj>  and  with  tipping  angle  0n  which  is  a  bivari¬ 
ate  Gaussian  with  rms  value  2 /vN ,  where  N  is  the 
number  of  atoms  in  a  given  volume  element.  There 
are  two  experiments  that  indicate  that  9n  is  about 
2/v7V;  they  show  that  injected  pulses  must  have  in¬ 
put  pulse  areas  larger  than  Oo  in  order  to  shorten  the 
SF  delay  time.17,1*  Uniform  piane-wave  Maxwell- 
Bloch  solutions  have  been  calculated  by  Haake  et  al. 
for  hundreds  of  such  statistical  initial  conditions.15 
These  yield  about  12%  for  the  standard  deviation 
a(rD)/fD  >n  the  delay  time  in  good  agreement  with 
the  expression  2.3/1  o/Y  derived  by  Polder  et  al. 10 
Vrehcn  and  dcr  Wcdowc1'’  have  measured  UO '  21% 


27 


1427 


(§1983  The  American  Physical  Society 


E.  A.  WATSON  el  al. 


27 


1428 

for  Fresnel  number  /’=0.8,  (6±2)%  for  F=4,  and 
<4%  for  /•'=  18,  where  F  =  nr j /XL,  rf  is  the  radius 
of  the  initial  inversion  density  at  half  maximum,  L 
is  the  sample  length,  and  X  is  the  SF  wavelength. 
Note  that  the  plane-wave  theoretical  value  of  u(tu ) 
is  in  good  agreement  with  the  F=0.8  experimental 
value.  1  lowever,  the  lack  of  ringing  is  not  accounted 
for.  One  might  hope  that  this  would  be  so  in  that  a 
single-mode  plane-wave  theory  was  always  justified 
hy  noting  that  /•'■-I  has  enough  diffraction  loss  to 
favor  single-mode  emission  without  introducing  ex¬ 
cessive  losses.  This  article  contains  the  first20,21  cal¬ 
culations  of  SF  in  which  both  quantum  initiation 
and  transverse  effects  are  included;  we  find  satisfac¬ 
tory  agreement  with  experiment.  Inclusion  of  inho¬ 
mogeneous  broadening  further  improves  the  agree¬ 
ment. 

An  earlier  paper1*  presented  a  study  of  transverse 
effects  in  supcrfluoresccncc  in  the  absence  of  statis¬ 
tics.  In  those  simulations,  a  one-way-propagating 
small-area  pulse  irradiated  a  population-inverted 
medium  under  conditions  of  cylindrical  symmetry. 
Within  those  simplifying  assumptions,  propagation 
and  cylindrical  transverse  effects  were  fully  taken 
into  account.  It  was  found  that  transverse  effects 
couple  together  atoms  in  various  parts  of  the  beam, 
su  that  they  tend  to  emit  at  the  same  lime  and, 
hence,  largely  remove  the  strong  ringing22  so  prom¬ 
inent  in  the  plane-wave  stipulations.  In  fact,  rather 
good  agreement  was  foui|d  with  the  Cs  data23  by 
using  simulation  densities  somewhat  higher  than  the 
measured  ones.  Also  the  simulated  pulses  trailed  off 
more  slowly  than  the  observed  ones.  Finally,  the 
simulations  predicted  large  ringing  for  a  small 
detector  placed  in  the  center  of  the  Frcsnci-numbcr- 
1  (/•'  =  1 )  SF  output.  The  primary  objective  of  this 
paper  is  to  show  how  the  various  refinements  of  the 
propagation  model  lead  to  an  increasingly  accurate 
description  of  the  obscrvwj  SF  pulse  shapes,  delays, 
jittering,  and  fluctuations. 

II.  APPROXIMATIONS 
AND  NUMERICAL  TECHNIQUES 

The  basic  assumptions  of  these  calculations  are 
one-way  propagation  and  initiation  by  a  polarization 
randomized  in  a  particular  way.  Previous  studies3,24 
indicate  that  interference  effects  between  forward- 
and  backward-evolving  SF  pulses  are  quite  insignifi¬ 
cant  for  the  small  tipping  angles  dQ  (  <,  10“4  rad) 
usually  encountered  in  experiments.  At  large  60 
(sslO-1  rad),  the  interference  can  reduce  the  tail  by 
several  percent. 

To  reduce  the  computer  costs,  the  first  calcula¬ 
tions  described  a  geometry  with  cylindrical  symme¬ 
try  (one  transverse  dimension).  Subsequent  calcula¬ 


tions  have  been  extended  to  the  more  complex  cast 
where  azimuthal  symmetry  is  absent  and  two  trans¬ 
verse  dimensions  are  required.  The  latter  model  is 
needed  to  describe  short-scale-length  phase  and  am¬ 
plitude  fluctuations  which  result  in  multiple- 
transvcrsc-modc  initiation  and  lead  to  multidirec¬ 
tional  output  witli  hot  spots.  This  effect  is  only  im¬ 
portant  in  samples  with  Fresnel  numbers  of  ordei 
unity  or  larger,  since  diffraction  singles  out  a 
smooth  phase  fioul  in  small-/-'  samples. 

The  polarization  is  assumed  to  be  random  in 
phase  relative  to  the  coherent  emission  which  even¬ 
tually  evolves.  The  probability  P(u,u)  that  the 
transverse  polarization  has  components  u  and  v  is  a 
Gaussian  distribution 

P{u,v)du  du  =  — W  exp[— (m2+ u2)/52]</h  dv,  (I] 

no 

where 

6=<02>1/2=2/\/Af,  (2! 


for  the  quantum  initiation  to  l>c  properly  represent¬ 
ed.9,10,23  The  angular  brackets  denote  an  enscmblt 
average.  Equation  (2)  is  easily  checked  using 

u2  |-i/2— 1  «/2~sin20~02  ■  (3 

for  small  0  as  assumed  here;  then 

P(02)r/02rs-j~  c  ~®,/8l</02.  (4 

The  probability  that  01  is  less  than  Q\  is 

f*°P(02W02  =  I— c"*®'**,  (5 

Jo 

so  that  Eq.  (5)  can  be  set  equal  to  1  —R,  where  R  is  - 
random  number  between  0  and  I.  This  leads  to 
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When  llie  population-inverted  medium  is  divida 
into  smaller  volume  elements,  ,V  in  Ecj.(6)  is  replace 
by  the  number  of  atoms  in  each  volume  element,  i.e 


<1 


is  the  initial  tipping  angle  for  the  »th  volume  els 
ment  containing  Nj  atoms.  The  smaller  the  volum 
element  the  larger  the  initial  tipping  angle  and  tk 
fluctuations  for  that  element,  but  also  the  smalh 
their  effect. 

The  random  numbers  used  in  Eq.  (7)  and  in  rai 
domizing  $  between  0  and  2n  are  obtained  from 
table  of  random  numbers.  The  starting  address 
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the  table  is  changed  at  the  beginning  of  each  run. 
The  equations  of  motion  are 

—  -/(4  =  (8a) 


8  n  n—n* 
dr +  r, 


_ 

-Rc — - — , 
n 


where  9  and  &  are  the  slowly  varying  complex  am¬ 
plitudes  of  the  electrc  field  and  polarization,  respec¬ 
tively;  n  is  the  Inversion  density  and  can  initially 
sustain  transverse  variations,  and  tie  its  equilibrium 
value;  r=t  —z/c  is  the  retarded  time;  p  is  the  tran¬ 
sition  dipole  moment  matrix  clement;  and  T,  and 
Tj  are  the  population-relaxation  and  polarizalion- 
dephasing  times.  Diffraction  is  taken  into  account 
by  the  Laplacian  term 

Vy  /f =(  l/p)(8  )pi\ /.  /Pip, 


(32«,/3|J+8Jy/af1). 


p=sr/rf,  £=x/rp,  and  £=y/rp. 

The  boundary  conditions  arc  V  ,  •  —0  (where  ’6‘ 

is  the  electric  field)  on  the  axis  (r  -  0  or  x  ~-y  -0) 
and  at  r=  «  (or  x  =y  =  oo ).  liquations  (8)  arc  nu¬ 
merically  integrated  with  .'2'*=/t«nsin0oexp(/0n)  and 
n  mitocavfih;  &n  is  defined  hy  liq.  (7)  ami  is  uni¬ 
formly  randomly  distributed  between  0  and  2 it.  For 
computational  efficiency,  the  temporal  and  radial 
grids  are  adaptive  nonlinear,  i.c.,  nonlinear  with 
parameters  determined  by  the  computer  noting  the 
evolution  of  the  pulse.2* 
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FIG.  2.  Intensity  integrated  over  the  transverse 
cylindrical  coordinate  as  a  function  of  time  for  single  tra¬ 
jectories.  (a)  Cs  data  for  «o~t.6X  I0in  cm'1,  (b)  Simula¬ 
tion  with  transverse  effects,  but  no  fluctuations: 
«§  =  l8.2XtO,0cm-J,  0„=l.l7xIO-4  rad,  and  Fresnel 
number  F  —  (c)—(D  Simulations  with  transverse  effects 

and  fluctuations  for  n!i=  18. 2x  I0,n  cm"  \ (On)1" 
=  1.37  x  10"4  rad,  and  /•*  =  !„ 


The  simulation  parameters  (except  as  noted)  were 
essentially  those  of  the  Cs  single-pulse  experiment,2' 
namely,  A.  =  2.931  pm,  L- 2  cm,  7*,  =70  ns  ,7'j 
=  80  ns,rs  =8rrr0/3«{!A.2Z.,  r0=55l  ns,  n"  =  1.8 
XlO"  cm-1,  and  /•’=!.  The  initial  gain  profile  is 
Gaussian,  i.c.,  «0(r)=n!jcxp[-(r/rp)2ln2],  so  the 
spatial  width  is  narrower  for  smaller  F,  but  the  peak 
gain  remains  the  same. 

III.  SIMULATION  RESULTS 
A.  SF  pulse  shapes 

Figure  I  is  a  summation  of  14  output  pulses  in 
the  plane-wave  case  with  quantum  fluctuations. 
The  ringing  is  still  very  pronounced  so  quantum 
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FIG.  1.  Intensity  as  a  function  of  time  for  the  average 
of  14  output  pulses  in  the  plane-wave  ease  with  quantum 
fluctuations  such  that  ( 0!t ) 1 "  I.  ft')  x  10  4  rail  and 
/»!}» II.8XI0"’ cm 


FIG.  3.  Errect  of  fluctuations  on  the  average  pulse 
shape.  Average  over  17  trajectories  with  fluctuations 
(solid  curve)  h as  a  slightly  shorter  delay  and  a  smaller  tail 
than  the  dashed  curve  with  no  fluctuations  and  a  uniform 
0n.  I  lent,  n  o  18.2x10"’  cm  1.17x10  ’ 

rad,  ami  /’'-0.32. 
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the  table  is  changed  at  the  beginning  of  each  run. 
The  equations  of  motion  are 


dr 

bp  p 

3r  +  r2 " 

Bn  n—n* 
3r  r, 


< 

•H'- 

II 

Hi. 

> 

(8a) 

(8b) 

_  P9* 

=  -Rc- 

ft 

(8c) 

where  9  and  P  are  the  slowly  varying  complex  am¬ 
plitudes  of  the  electric  field  and  polarization,  respec¬ 
tively;  n  is  the  inversion  density  and  can  initially 
sustain  transverse  variations,  and  ne  its  equilibrium 
value;  r=/  — r/c  is  the  retarded  time;  y  is  the  tran¬ 
sition  dipole  moment  matrix  clement;  and  Ti  and 
Ti  are  the  population-relaxation  and  polarization¬ 
dephasing  times.  Diffraction  is  taken  into  account 
by  the  Laplacian  term 

V\9  m  (1  /p)[B/Bp)pB9/i\p, 


(a2y/aiJ+aJi?/a$:), 

where 


P=r/rp,  §=x/rp,  and  f=y/rp. 

The  boundary  conditions  arc  Vr  -  %  =0  (where  ' 
is  the  electric  field)  on  the  axis  (r  =0  or  x  —0) 
and  at  «  (or  x  =  oo ).  liquations  (8)  arc  nu¬ 
merically  integrated  with  P  =/tnnsinOnexpU^h)  and 
n  »n0 cos^o;  Oq  is  defined  hy  Hq.  (7)  and  ifih  is  uni¬ 
formly  randomly  distributed  between  0  and  2ir.  For 
computational  efficiency,  the  temporal  and  radial 
grids  are  adaptive  nonlinear,  i.e.,  nonlinear  with 
parameters  determined  by  the  computer  noting  the 
evolution  of  the  pulse. w 


FIO.  1.  Intensity  as  a  function  of  time  for  the  average 
of  14  output  pulses  in  the  plane-wave  case  with  quantum 
fluctuations  such  that  (0j>,/1=|.69x  10"4  rad  and 
*8«IUXlOwe«n-\ 


r(ns) 


FIG.  2.  Intensity  integrated  over  the  transverse 
cylindrical  coordinate  as  a  function  of  time  for  single  tra¬ 
jectories.  (a)  Gs  data  for  n®~7.6x  10m  cm~J.  (b)  Simula¬ 
tion  with  transverse  effects,  but  no  fluctuations: 
rto=»18.2xlOia  cm_>,  0o“l-37xlO“4  rad,  and  Fresnel 
number  F=  I.  (c) — (fi  Simulations  with  transverse  effects 
and  fluctuations  for  »J}  =  l8.2x  IOmcm',,<0«)l/l 
=  1.37  X  10  ■"  rad,  and /••  =  !. 


The  simulation  parameters  (except  as  noted)  were 
essentially  those  of  the  C.s  single-pulse  experiment,23 
namely,  A.  =  2.931  pm,  L  =2  cm,  'J\  =70  ns  ,T2 
*80  ns.r*  =8flT<,/3noA2L,  t0=551  ns,  nS=1.8 
X 10"  cm-3,  and  F—  1.  The  initial  gain  profile  is 
Gaussian,  i.c.,  «o(r)  =  nocxp[-(r/r,,)2ln2),  so  the 
spatial  width  is  narrower  for  smaller  /•*,  but  the  peak 
gain  remains  the  same. 

III.  SIMULATION  RESULTS 
A.  SF  pulse  shapes 

Figure  I  is  a  summation  of  14  output  pulses  in 
the  plane-wave  case  with  quantum  fluctuations. 
The  ringing  is  still  very  pronounced  so  quantum 


FIG.  3.  Effect  of  fluctuations  on  the  average  pulse 
shape.  Average  over  17  trajectories  with  fluctuations 
(solid  curve)  has  a  slightly  shorter  delay  and  a  smaller  tail 
than  the  dashed  curve  with  no  fluctuations  and  a  uniform 
Oo.  Here,  «<!- I8.2x !0'°  cm-\<0$>'/l  =  1.37x  10'4 
rad,  and  0.32. 
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HG.  4.  Transverse  energy  current  J/'  and  intensity  are 
plotted  isomctrically  for  four  shots  in  a  statistical  ensem¬ 
ble.  In  some  of  the  shots  the  phase  curvature  is  such  that 
the  associated  energy  flux  flows  inwardly;  i.e.,  the  trans¬ 
verse  energy  current  is  negative,  which  could  lead  to  self- 
focusing.  Inward  energy  flow  never  occurred  for  simula¬ 
tions  using  a  homogeneous  initial  tipping  angle  (without 
quantum  initiation)  for  any  value  of  the  Fresnel  number. 
Here,  nj-9.3x  I0'°  cm-5. /•- 1.49,  and  J04(«3>'/1 
=  2.15,  1.63,  1.79,  and  1.16  rad,  respectively,  from  top  to 
bottom.  Note  the  fluctuations  in  peak  maximum  and  its 
associated  delay  in  the  output  integrated  over  p  (last 
column). 


fluctuations  alone  do  not  remove  it.13  Figure  2(b)  il¬ 
lustrates  the  fact  that,  for  F**l,  transverse  effects 
alone  do  largely  remove  ringing.16  Figures  2(c) 
through  2(0  show  that  transverse  effects  and  quan¬ 
tum  fluctuations  together  result  in  fluctuating  out¬ 
put  pulses  with  very  little  ringing  that  encompass 
the  published  Cs  pulse  shapes  [one  is  shown  in  Fig. 
2(a)].  Figure  3  illustrates  that  on  the  average  (17 
runs)  the  tail  of  the  pulse  is  lower  with  fluctuations 
than  without. 

Figure  4  displays  isometric  plots  of  the  SF  inten¬ 
sity  and  its  associated  fluency  (Jr**  |  '6  1 23<t»/3p), 
where  <t>  is  the  phase  of  the  electric  field  as  a  func¬ 
tion  of  p  and  r  for  four  dements  of  the  statistical 
ensemble.  One  finds  that  the  transverse  energy 
current  Jr  occasionally  flows  inwardly  causing  hot 
spots  in  the  output  beam  as  was  sometimes  observed 
in  the  Cs  experiments.  The  previous  transverse  cal¬ 
culations16  involving  a  uniform  tipping  angle  never 
displayed  inward  transverse  energy  flow.  Figure  4 
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FIG.  S.  Histogram  showing  the  number  of  occurrences 
of  a  particular  delay  time.  Points  do  not  occur  at  integral 
values  of  To  because  of  the  nonlinear  time  mesh,  (a) 
Plane- wave  ease  for  nX  =  11.8xl010  cm”5  and  (dj)1^ 
=  I.69X  IO"4  rad.  (b)  and  <u)  Cylindrical-symmetric 
transverse  case  for  /i«  =*  I8.2X  10ltJ  cm  "5,  and  <0o)l/s 
=  1.37  X 10"4  rad.  (b)  F  =  i.  (c)  F=v~l.  Each  arrow 
denotes  To- 
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FRESNEL  NUMBER 

FIG.  6.  Fresnel-nuinber.  dependence  of  the  uncertainty 
in  delay  lime  normalized  to  the  average  delay.  Points  are 
as  follows:  #,  seven  trajectories  with  /ijj»9.5x  1010  cm"5 
and  (5j>‘/1=  1.89X  IO"4  rad;  □,  «S  =  18X  10‘°  cm"5  and 
<0j>l/J=1.37x  10~4  rad,  for  13  trajectories  for  F=l, 
und  for  16  trajectories  for  /''=ir-';  A,  experimental  value 
for  468  trajectories.  A  peak  close  to  Fm  I  can  be  argued 
as  follows:  For  small  F,  strong  diffractive  coupling 
reduces  fluctuations  in  the  overall  output.  For  large  F,  so 
many  transverse  modes  compete  that  a  good  average  is 
obtained  on  every  shot.  For  Fail,  competition  of  a  few 
modes  is  maximal,  resulting  in  large  fluctuations.  Mean¬ 
ingful  calculations  for  large  F  require  an  increasing  num¬ 
ber  of  transverse  steps,  and  so  we  avoid  the  large-F  re¬ 
gion. 
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also  shows  the  radially  integrated  output  SF  intensi¬ 
ty  as  a  function  of  r  for  the  four  shots  of  the  sta¬ 
tistical  ensemble. 

B.  Delay-time  fluctuations 

Figure  5(a)  is  a  histogram  showing  the  fluctua¬ 
tions  in  delay  time  rD  (r  at  pulse  peak)  when  quan¬ 
tum  fluctuations  are  included  in  the  plane-wave  ap¬ 
proximation.  These  57  runs  yield 

jv  ,  1,/J 

2(4 >-?0)2/lV  , 


£  oL_d _ . _ _ — 

>  0  ;0  20  30  40 


«(9.9±1.3)% 


compared  with  12%  from  the  formula  2.3/ln/V  de¬ 
rived  by  Polder  el  al.,n  and  from  numerical  simula¬ 
tions  of  a  larger  number  of  trajectories.15  Figures 
5(b)  and  5(c)  are  similar  histograms  for  cylindrical- 
symmetry  transverse  simulations  for  F—  I  and 


respectively; 


<r (r0,F= 


>(I3.0±3.6)% 


for  13  trajectories  and  (7.2±1.8)%  for  F=ir~'  and 
16  trajectories.  Figure  6  summarizes  the  Fresnel- 
number  dependence  over  the  range  F =0.3— 1.5. 
The  curve  is  drawn  through  the  points  to  guide  the 
eye.  Because  the  same  starting  point  was  used  in  the 
same  random-number  table  for  the  five  closed  circle 
points,  the  Fresnel  number  dependence  of  cr(rn)/70 


FIG.  7.  Phase  waves.  Fluctuations  can  result  in  the 
second  peak  exceeding  the  first.  /*o  =  9. 5x  10ln  cm-1,  (a) 
F-1.49,  <0j|>'/1-l.2IXlO-4  rad;  <b)  F-1.49, 

(9iS>1/,-=l.24xiO-4  rad;  (c)  F-0.165,  (0j>l'1«2.22 
X 10-4  rad;  (d)  F=0.  IM,  I.79X  10‘4  rad. 

is  probably  determined  much  better  than  the  error 
bars  would  suggest.  The  curve  yields  (12±4)%  for 
0.8  compared  with  (10+2)%  reported  by  Vrehcn 
and  der  Wcduwc  for  Cs.”  Drummond  and  Ebcrly 
have  more  extensive  calculations  of  ofrnl'for 
F«*»l— 16.lllb) 

Figure  7  illustrates  a  difficulty  encountered  in  cal¬ 
culating  a(r0).  Occasionally,  the  first  “peak”  is  not 
the  highest  peak.  If  one  uses  the  second  peak  for 
determining  r0  for  just  one  trajectory  in  a  set  of  10, 
the  value  of  <7(td)  is  dominated  by  that  one  trajecto¬ 
ry.  Consequently,  in  Fig.  6,  r0  is  measured  to  the 
first  peak  even  if  it  is  only  an  inflection  on  the  lead- 


FIO.  8.  Effect  of  Cartesian  vs  cylindrical  geometry  for  the  sum  over  shots  of  the  transversely  integrated  intensity  for 
quantum-fluctuation  calculations.  Curve  a  holds  for  Pm  1.37  for  a  Cartesian  geometry.  F*»0.1 1  for  both  curves  b  and  c; 
curve  b  involves  cylindrical  geometry  while  curve  c  is  Cartesian  (parallelepiped).  Note  that  the  delay  with  F-»  1.37  (curve 
a)  is  shorter  thsn  the  delay  with  F—0.1 1  (curve  c),  just  as  it  was  for  cylindrical  geometry  and  no  fluctuations  (Ref.  16): 
Strong  diffraction  increases  the  delay  because  of  energy  lost  transversely,  but  the  tail  is  greatly  reduced  because  the  diffrac¬ 
tion  makes  the  sample  supcrfiuorcsce  as  a  unit.  Curves  a'— c'  show  the  same  curves  normalized  for  puise-shape  compar¬ 
ison*.  Aoal8.2xl0'°  cm  -1  and  <0n)l/l  is  about  I.J6X  10"4  rad. 
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FIG.  10.  Effects  of  inhomogeneous  broadening  in  the 
uniform  plane-wave  case  with  homogeneous  initial  tipping 
angle,  a:  b  and  c:  T\**  32  ns  in  the  formulas 

(for  b)  g(A<u)»(Tj/ir)exp|  —  [rJ(Aw)/Vw]:)  and  (for  c) 
g(Aa>)®('Fj/tri/J)j  l+(7,J(Aw)/V''jrJl)“'  corresponding 
closely  to  (lie  value  in  the  Cs  experiment.  Notice  that  in¬ 
cluding  T%  damps  the  field  energy  amplitude  and  reduces 
the  tail.  Delay  is  also  affected  slightly. 
»«— -9.5X  10,B«n  5  and  I.89X  I04  rad. 
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FIG.  9.  Transverse  fluctuations  for  a  full  three- 
spatial-dimension  calculation  with  quantum  initiation,  (a) 
Field  energy  is  displayed  isfgnetrically  at  a  time  near  the 
peak  of  the  pulse  [see  arrowi  Fig.  9(b)].  In  (b)  the  trans¬ 
versely  integrated  energy  is  displayed,  (c)  Comparison  of 
seven  output  energy  profiles.  fa  1.37, 
nS-18.2xlO'°cm  and  1.56X  10~4  rad. 

Actually  (a)  and  (b)  were  calculated  for  L- 1.86  cm  and 
(c)  for  £**2  cm. 


ing  edge  of  the  pulse  as  in  Fig.  7(d).  Trajectories  as 
unusual  as  those  of  Fig.  7  occurred  perhaps  once  in 
every  20  to  30  trajectories,  and  they  can  be  interpret¬ 
ed  as  phase  waves  discussed  by  Hopf.13 


C.  Full  three-dimensional  quantum 
fluctuations — Cartesian  geometry 

>  The  cylindrical  symmetry  was  removed  to  allow 
fluctuations  in  all  three  spatial  dimensions.  This 
permits  treatment  of  the  largc-Fresnel-number  case 
in  which  there  may  be  competition  between  trans¬ 
verse  modes  not  possessing  cylindrical  symmetry. 
This  additional  degree  of  freedom  has  little  effect  on 
pulse  shapes  integrated  over  transverse  dimensions 
(Fig.  8),  but  it  elucidates  fluctuations  in  SF  angular 
distributions  (Fig.  9).  For  small  Fresnel  number  the 
diffraction  term  strongly  couples  the  various  parts 
of  the  beam,  and  so  the  beam  behaves  as  a  unit.  On 
the  other  hand,  the  output  for  large  Fresnel  number 
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FIG.  11.  Removal  of  ringing  by  inhomogeneous 
broadening.  Parameters:  Same  as  Fig.  10  with  rj>«Q.67 
ns. 
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FIG.  12.  Transverse  effects  and  inhomogeneous 
broadening.  Parameters:  Same  as  Fig.  10  except  that 
transverse  effects  (F—0.27)  are  now  considered.  Includ¬ 
ing  Tj  in  the  Cs  simulation  is  seen  to  be  a  small  refine¬ 
ment  which  does  suppress  the  tall  slightly,  (a)  Relative  in¬ 
tegrated  outputs,  (b)  Normalised  integrated  outputs  with 
peaks  shifted  to  coincide  with  each  other  to  simplify 
pulse-shape  comparisons. 

is  completely  irregular  and  highly  asymmetrical  [sec 
Ftg.  9(a)  for  the  energy  isometric  near  the  peak  of 
the  output  pulse].  This  is  owing  to  the  loose  cou¬ 
pling  between  the  various  portions  of  the  beam  as 
well  as  the  short-scale  fluctuations.  Nevertheless, 
Ftg.  9(b)  shows  that  the  (transversely)  integrated 
output  signals  remain  smooth,  as  observed-  by  the 
detector  in  the  experiment.  Figure  9(c)  compares 
seven  different  outputs  showing  quantum  fluctua¬ 
tions  in  the  full  three-dimensional  Cartesian  ease. 

D.  Inhomogeneous  broadening 

Fluctuations  in  the  medium  initiation  and  inho¬ 
mogeneous17  broadening  in  the  plane-wave  limit 


*?resent  address:  P.O.  Box  3147,  Kirtland  A.F.B.,  New 
Mexico  17183. 

'R.  H.  Dicke.  Phys.  Rev.  22. 99  (1934). 

lj.  H.  Eberly  and  N.  E.  Rehier,  Phys.  Lett.  A  22.  142 


have  been  calculated  by  Haake,  Haus,  King, 
Schroder,  and  Glauber.14  Their  results  show  that 
simulations,  including  both  inhomogeneous  broaden¬ 
ing  (7*2)  and  fluctuations  but  ignoring  transverse  ef¬ 
fects,  do  not  explain  the  absence  of  ringing  in  the  Cs 
data.  Without  fluctuations  or  transverse  effects, 
Fig.  10  shows  that  rjs s32  ns  as  in  the  Cs  data  has 
litde  effect  on  the  ringing.  Elimination  of  ringing  is 
shown  in  Fig.  1 1  using  a  Tj  almost  as  short  as  r^r- 
Figure  12  shows  that  adding  7^=32  ns  to  the  previ¬ 
ous  simulations  including  fluctuations  and  trans¬ 
verse  effects  changes  the  pulse  shapes  very  little. 

IV.  CONCLUSIONS 

The  addition  of  quantum  fluctuations  in  the  ini¬ 
tial  conditions  of  SF  calculations  docs  not  greatly 
alter  the  general  shape  of  the  total  output  pulse  in¬ 
tegrated  over  the  transverse  dimension.  It  does  re¬ 
sult  in  noticeable  macroscopic  pulse-shape  fluctua¬ 
tions  similar  to  those  observed.  Although  fluctua¬ 
tions  prevent  prediction  of  a  single-shot  pulse  shape, 
by  examining  many  single-shot  calculations  one 
finds  that  fluctuations  reduce  the  on-axis  ringing 
and  the  tail,  on  the  average,  improving  the  agree¬ 
ment  with  existing  Cs  data.  The  standard  deviation 
in  delay  time  is  consistent  with  the  measured  value, 
but  the  uncertainties  in  both  the  simulations  and  ex¬ 
periments  are  large.  The  existing  Cs  data  arc  en¬ 
compassed  by  the  changes  in  output  pulse  shapes 
calculated  including  both  fluctuations  and  trans¬ 
verse  effects.  The  plane-wave  predictions  fail  for  ail 
Fresnel  numbers,  targe  or  small,  so  the  strong  ring¬ 
ing  computed21  for  small-area  pulse  propagation  in 
an  inverted  medium  is  not  expected  in  superfluores¬ 
cence. 
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